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ntroduced about 20 years ago, bar 
codes have spread from supermarkets 
to department stores, the factory 

floor, the military, the health industry, the 
insurance industry, and more. The barcode 
industry uses the term symbology to denote 

be retrieved without access to a database. 
While a price look-up file (PLU) is neces- 
sary and convenient in a retail environ- 
ment, this may not be the case at a distribu- 

To compare encoding 
and decoding schemes 

I 
each particular bar code scheme, while the 
term symbol refers to the bar code label requires us to first look tion center receiving from and shipping to 

remote warehouses or overseas depots. 
itself. The last few years have seen the in- 
troduction of many new symbologies, and 
an ongoing debate compares them with 

into information and 
coding theory- This 

The basic problem we face is that of 
encoding information on some medium 
using printing technology. Any such en- 
coding has the following conflicting re- 
auirements: 

article discusses each other and with schemes for encoding 
printed information on a substrate. There- 
fore, we need to look into information and problems and possible 
coding theory to make meaningful com- We want the code to have a high den- 
parisons. solutions in encoding sity of information. 

We want to be able to read the code 

We want to minimize the cost of the 

We want to minimize the cost of the 

information. Early codes, in particular UPC (Univer- 
sal Product Code), resulted from careful 
studies,’ but such studies faced the techno- 
logical constraints of 20 years ago and 
responded to the expected applications of distinction between the two forms in the 
that time. A more recent study’ focused following example: The bar code of a 
only on some aspects of the encoding. The supermarket item consists of 11 digits, 
continuing drop in the price of computing which represent an identifying number but It is essential to look at all the factors to 
hardware makes feasible in the near future not a description of the product. For ex- reach practical and meaningful conclu- 
the use of powerful processors that would ample, the price look-up must be accessed sions. Bar codes have been criticized often 
have been deemed prohibitively expensive in a database keyed to the number in the bar for having a low density of coded informa- 
to use in the past. Thus, we can justify code. An alternative would be to use a tion, but some of their “inefficiencies” 
examining encoding and decoding much longer bar code (or other encoding) were introduced deliberately to facilitate 
schemes that looked impractical 20 years to store all the relevant information, such their robust reading by a wide variety of 
ago. as price, name of the product, manufac- means. 

Recent years have also seen demands to turer, weight, inventory data, expiration An important distinction exists between 
increase the density of information pack- the method of “painting” bits on paper 
ing to create a “portable data file” as op- (channel encoding) and that of encoding 
posed to the plate file,, of conven- 
tional bar code symbols. YOU can see the The distinction is well understood in cod- 

reliably. 

printing process. 

reading equipment. 

* Pavlidisis with theDepartment ofComputerScience, 

serves as a scientific advisor to Symbol Technologies. 
State University of New York at Stony Brook, and information into bits (source encoding)‘ 

C 0 M P U T E R 14 00lR-9162/90/0400-0074$Ol.00 0 1990 lEEE 

Authorized licensed use limited to: Sterne Kessler Goldstein Fox. Downloaded on April 27,2026 at 14:47:41 UTC from IEEE Xplore.  Restrictions apply. 

Apple EX1013 
IPR2026-00316 

U.S. Patent No. 11,664,123



ing theory: the electronics of representing 
a zero or a one are dealt with separately 
from how English text, for example, is 
encoded into bits. The distinction is often 
overlooked in the discussion of bar codes 
because most of the early codes were de- 
fined as mappings between alphanumeric 
characters and “painted” paper. 

In this article we review the overall prin- 
ciples of bar coding and discuss in detail 
two bar codes in wide use, UPC and Code 
39, plus briefly outline some other bar 
codes and alternatives to bar coding. We 
touch on the information content of bar 
codes and deal with the noise and distor- 
tions that affect the reading of bar codes. 
Then we outline the process for bar code 
design using coding theory and introduce a 
distance between bar codes to allow the 
use of error detection and error correction 
techniques. Finally, we present design 
tables and a specific example showing how 
to increase the information density en- 
coded in bar codes by using error detection 
and error correction. 

The state of the art 

Bar codes encode information along one 
dimension with intervals of alternating 
diffuse reflectivity, usually black and 
white color. The intervals are actually 
stored as rectangles whose vertical height 
carries no information but facilitates the 
scanning process. The term bars denotes 
the rectangles with the foreground color 
while the term spaces denotes the intervals 
with the background color between the 
bars. The bars have the darker color, and 
special care is taken to ensure that. 

You might think this doesn’t work on 
soda cans, where the bars have a metallic 
color that reflects more light than the back- 
ground. However, the reflection from the 
bars is specular and directed away from the 
sensor. The spaces have a dull color with 
diffuse reflection, part of which is always 
captured by the sensor. Similarly, on trans- 
parent bottles the bars are not colored, so 
light goes through them rather than reflect- 
ing to the sensor. 

There are two fundamental ways of 
encoding information in such a one-di- 
mensional medium. In one we subdivide 
the available interval into modules and 
assign 1’s and 0’s to each module. Mod- 
ules with 1’s are painted and form the bars, 
while modules with 0’s correspond to 
spaces. Obviously, a single bar or space 
may contain many modules. Such schemes 
are called delta codes in communication 

\Module boundaries 

I I  I II 
1 0 0  1 1 1 0 0 0  

Figure 1. Encoding of the binary string 100111000 by a delta code (top) and 
width code (bottom). 

theory. A more descriptive name would 
have been color codes, but we prefer the 
standard term to limit the introduction of 
new terminology. 

In another scheme we assign each bit to 
a bar or space and make that element wide 
if the bit is one and narrow if the bit is 0. We 
refer to such schemes as width codes, al- 
though the common name used in the bar- 
coding industry is binary codes, because 
only two widths are used. We prefer the 
term “width code” because it describes 
more accurately the method used and be- 
cause the word binary has too broad a 
meaning in computer literature. 

Figure 1 shows two encodings of the 
binary string 1001 11000. In both cases the 
minimum printed width is the same. The 
delta code requires nine such widths (the 
number of bits), while the width code re- 
quires 13 such widths if a wide element is 
twice as wide as a narrow element. 

It was recognized from the beginning 
that, for bar codes to gain wide acceptance, 
they should be allowed to be printed in 
different sizes and read at a range of non- 
constant distances (for example, by hand- 
held laser scanners) and by devices with 
variable scanning speed. (The speed is 
extremely and unpredictably variable in 
hand-held wands. However, even laser 
scanners exhibit some variation in speed.) 
These requirements impose the constraint 

that such printed codes be self-clocking, 
which means that both the number of 
modules and the number of bars and spaces 
per code word must be fixed. Thus, delta 
codes (which inherently have a fixed 
number of modules) are required to have a 
fixed number of bars and spaces. A code 
with n modules and k pairs of bars and 
spaces is called an (n,k) code. Width codes 
are required to have not only a fixed num- 
ber of bars and spaces but also a fixed 
number of wide elements to achieve a fixed 
width. Among the most popular bar codes, 
the UPC is a (7,2) delta code (seven mod- 
ules, two bars and two spaces), while Code 
39 is a width code with nine elements (five 
bars and four spaces), three of which are 
wide. 

The self-clocking constraint for bar 
codes is more stringent than that for optical 
and magnetic recording,’-6 which share 
many of the features of bar codes. In such 
systems information is encoded under the 
run-length-limited (RLL) constraint. This 
constraint is specified by a pair of con- 
stants (d,k) where 0 5 d < k, which means 
two consecutive 1’s  are separated by at 
least d ,  but no more than k, 0’s. The 
constant d is used to control the intersym- 
bo1 interference effects. The constant k is 
used to provide self-clocking through a 
phase-locked loop (PLL) with window- 
ing.’ This weaker constraint is possible 
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1 2 3 4 5 6 

Figure 2. Derivation of the UPC code words. The seven modules (top line) have 
six boundaries (second line). A partition of the modules into two bars and two 
spaces requires three internal boundaries that can be placed in each of six 
locations. 

because optical and magnetic recording 
systems are closed systems where the dis- 
tance between the scanner and the symbol 
as well as the size of the symbol are fixed 
and known. Neither is known for bar codes, 
which are classified as open systems. 

Besides self-clocking we need some 
means to detect the direction of the scan. 
Practical requirements may demand that 
bar codes be scanned in either direction. 
(Many scanning devices, including those 
used in retailing, have repetitive scans in 
alternating directions.) There are two types 
of solutions to this problem. One is to have 
a unique start/stop code word on each 
symbol. The other is to use only one of two 
code words if they are mirror images of 
each other. For example, three modules of 
a delta code with only one bar and one 
space yield the combinations 

The last two are the mirror images of the 
first two and therefore cannot be distin- 
guished if you do not know the scanning 
direction. This results in taking only half of 
all possible code words. UPC uses only 
code words whose mirror image is not in 
the code, while Code 39 uses a unique 
start/stop code word. We next review both 
of these codes in detail. 

Some bar code types 
Universal Product Code. UPC is the 

symbology used in American supermar- 
kets for more than 15 years. What we 
describe here is version A, where each 
symbol encodes 12 digits. However, all 
versions use the same basic structure for 
the code words. Each UPC code word 
consists of two bars and two spaces with a 
total width of seven modules. The number 
of possible code words can be computed as 
follows: Two bars and two spaces require 
three dividers in one of six positions (be- 
tween modules) as shown in Figure 2. 
Therefore, the total number of partitions 
will be the same as the number of ways to 
choose three objects out of six, or 20. You 
can then construct 40 code words, depend- 
ing on whether the first element is a bar or 
a space. However, you cannot include code 
words that are mirror images of each other 
because of the need for bidirectional scan- 
ning. This leaves you with 20 possible 
code words. 

While symbols must be readable by 
scanning in either direction, we also want 
to detect the direction of scanning after- 
wards. UPC achieves that by assigning two 
code words for each digit: those used on 
the right part of the symbol start with a bar 
and those used on the left part start with a 

space. The two versions can be distin- 
guished because the ones starting with a 
bar have an even number of bar modules 
(even parity) and those starting with a 
space have an odd number of bar modules 
(odd parity). Table 1 shows this arrange- 
ment. (We will explain the last two col- 
umns of the table later.) You can see that 
each digit is assigned a single width com- 
bination. For example, 0 is 3,2,1,1. UPC 
specifies a symbol format as shown in 
Figure 3. 

The symbol contains the following 
groups of code words: 

a left guard pattern 101 
six digits of odd parity: 
- one digit denoting the industry type 
(such as 0 for grocery, 3 for pharma- 
ceutical, etc.) 
- five digits with the manufacturer’s 
code 
a center guard pattern 01010 of five 
modules 
six digits of even parity: 
- five digits with the item code 
- one check digit 
a right guard pattern 101 

Laser scanners in the supermarkets use 
essentially orthogonal patterns. The height 
of each half of the symbol is expected to 
exceed its width so that one of the two 
beams is guaranteed to scan a symbol half. 
(It is a property of a block with height 
greater than width that an x pattern is guar- 
anteed to read it by at least one line of the 
x in any orientation of the symbol.) The 
symbol can be assembled afterwards be- 
cause each part is identified by the parity 
pattern. UPC allows “scanning by halfs” 
because the left and the right parts of the 
code are inherently identifiable from the 
local properties of each code word. 

One major source of distortions of bar 
codes is uniform ink spread (see the sec- 
tion “Noise and distortions” for more on 
this topic), which generally causes bars to 
be comparatively wider than spaces. For 
this reason bar code readers measure not 
the width of each bar or space but the edge- 
to-edge difference of successive bars. 
Figure 4 shows that the sum of the widths 
of a badspace pair is not affected by ink 
spread. 

The last column of Table 1 shows the 
pair of edge-to-edge distances (called the 
?-distances) for each UPC code word. The 
pair characterizes the character uniquely 
except for the pairs 1 and 7 and 2 and 8. For 
those, an additional calculation must be 
performed, typically a comparison of the 
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element widths themselves. For example, 
if the second element is wider than the 
third, we decide in favor of an even 8 rather 
than an even 2. Of course, for an 8 the 
second element is twice as long as the 
third, while the opposite holds true for a 2. 
Because of the ink spread and the preclas- 
sification provided by the t-distances, we 
use a more liberal rule. 

Code 39 (three of nine). Code 39 is a 
width code with three wide elements out of 
a total of nine: five bars and four spaces 
between them. It has been the standard for 
the Department of Defense since 1980. 
The total number of code words that it can 
generate is the number of ways three items 
can be chosen out of nine, or 84. It has code 
words for the I O  digits, the 26 letters, and 
eight special symbols (hyphen, period, 
space, asterisk (*), $, /, +, and %) so that a 
total of only 44 code words are used. The 
asterisk is used only as the first and last 
code word of a symbol. 

Table 2 shows some of the codes. A 1 
means a wide element and a 0 means a 
narrow element. If an edge shift (the most 
common reading error) occurs, it will 
change both the bar and the space patterns. 
For example, 10001,0100 might become 
11001,0000. The latter does not corre- 
spond to any Code 39 pattern. 

The patterns for both the bars and the 
spaces have been chosen in such a way that 
changing a single bit in either of them 
results in an illegal code word. Spaces have 
only an odd number of wide elements and 
bars only an even number. This allows the 
immediate detection of single errors. The 
code is called self-checking for that reason. 
The number of bar patterns with two wide 
elements is 10 (the number of ways to 
choose two out of five), and there are four 
space patterns with one wide element. This 
yields 40 code words. Four additional code 
words are obtained by using the four pat- 
terns with three wide spaces and only nar- 
row bars. 

In contrast to UPC, Code 39 has no 
specifications for the arrangement of code 
words on the symbol except that the aster- 
isk must be the first and last character and 
can appear only there. Called the special 
start-and-stop character, the asterisk 
makes it possible to determine the direc- 
tion of scanning. (Of course, Code 39 and 
all other codes have printing specifications 
for the spacing of code words on a symbol.) 

As Table 2 shows, Code 39 contains 
code words that are mirror images of each 
other, such as the pairs (P,*) and (K,U). 
Therefore, the direction cannot be decided 

April 1990 

Table 1. Specification of Universal Product Code. 

Left Right 
(odd) (even) 

Width &Distances 
Pattern (odd) (even) 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

0001 101 
001 1001 
001001 1 
01 1 1  101 
010001 I 
01 10001 
0101 1 1  1 
0111011 
01 101 11 
000101 1 

11 10010 
11001 10 
1101 100 
1000010 
101 1100 
1001 1 10 
10 10000 
1000 100 
100 1000 
1 1  10100 

5,3 
4,4 
3,3 
5 s  

3 s  
2,2 
4,4 
3,3 
4.2 

2,4 

Industry 
designator (0) Check digit (5) 

Right guard bar 
pattern (101) 

Center guard bar 
pattern (01010) 

A Right five characters 
of code 

Left guard bar 

Left five characters 
of code 

1 2 3 4 5  6 7 8 9 0  

Figure 3. Illustration of the specifications of the UPC symbol. The readable 
characters are normally printed in OCR-B font. The diagram is not drawn to 
scale. 

I 
I k 4 + =  

-4 
I l l  

I I I I I I I I  

Printing without 
ink spread 

Printing with 
ink spread 

Figure 4. Illustration of the invariance 
of the edge-to-edge distance under ink 
spread. 

Table 2. Part of the specification of 
Code 39. 

Bars Spaces Pattern 

1 10001 0100 
2 01001 0100 

A 01001 0010 

K 10001 0001 

P 01100 0001 

U 10001 1000 

z 01100 1000 
* 00110 1000 
$ 00000 1110 
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Table 3. Information content of some real codes. 

Code Name Closest Number of Total Width H 
Theoretical Model Symbols Used (in modules) 

UPC delta(7,2) 10 7 0.474 

Code 128 delta(l1,3) 106 11 0.617 

Code 93 delta(9,3) 48 9 0.621 

Code 39 width(9,3) 44 13.5* 0.404 

Codabar width(7,2) 16 1 0* 0.400 

* Assuming a 2.5: 1 wide over narrow ratio. 

locally but must be determined from the 
start-and-stop code word. If the first code 
word is decoded as P, then we conclude 
that we are looking at the last code word of 
a symbol. The major practical implication 
of this design is that Code 39 does not 
allow local detection of the scan direction 
and cannot be decoded, even partially, 
without at least one of the start-and-stop 
code words. 

Other bar codes. While UPC and Code 
39 are two of the most widely used codes, 
quite a few others have been implemented. 
One of the earliest bar codes (circa 1968) is 
Code 2 of 5 ,  which is a width code using 
only one of the colors with the other sew- 
ing only as a delimiter. It has been used for 
airline baggage and cargo handling, among 
other applications. Interleaved Code 2 of 5 
is similar, using both colors with each 
denoting a separate character. 

Another width code, Codabar, consists 
of four bars and three spaces. One of the 
bars and one of the spaces is wide, yielding 
a total of 12 code words. Four additional 
code words are obtained by using three 
wide bars, and four more code words using 
one wide bar and two wide spaces. Co- 
dabar has been used by libraries and at 
blood banks. 

Besides UPC, (n,k) codes in wide use 
include the following: 

Code 93, introduced in 1982, has nine 
modules and three pairs of bars and spaces, 
plus a 47-character set and a stop code 
word. The basic set encodes the 10 digits, 
26 uppercase characters, seven punctua- 
tion marks, and four shift code words to 
extend the meaning of the other characters. 

Code 128, introduced in 1981, has 11 
modules and three pairs of bars and spaces. 
This code has 105 distinct characters plus 
a stop code word. It is probably the first 

code with a clear distinction between chan- 
nel encoding and source encoding. Three 
of the code words are used at the start of the 
symbol to denote one of three types of 
source encoding. Two of the types involve 
a mixture of alphanumerics, while the third 
encodes the numbers between 0 and 105. 

A recent development in bar coding is 
the introduction of stacked bar codes, also 
called two-dimensional codes. Such 
schemes use a one-dimensional code in a 
series of rows as the basic encoder. Code 
49, introduced in 1987, is based on a new 
(n ,k)  code with 16 modules and four pairs 
of bars and spaces. Code 16K was intro- 
duced in 1988 based on an extension of 
Code 128. Identcode and PDF417 were 
introduced in 1989. The former is based on 
Code 39 and the latter on a new ( n , k )  code 
with 17 modules and four pairs of bars and 
spaces. Such stacked bar codes present a 
significant advance and additional chal- 
lenges. (Because of space limitations, we 
will discuss these in a future article.) 

For more details on bar code specifica- 
tions and for a complete review of all the 
existing symbologies, refer to the bar- 
coding literature.8-10 

Information content of 
bar codes 

If a code has n modules and can generate 
S ( n )  code words, then we define its infor- 
mation content, per module, as 

If we need a width W to print the n modules 
on the substrate, then we define the density 
of the code (in bits per unit length) as 

1 1 D(n) = Wlog,S(n) = y H ( n )  

where X denotes the module width. An un- 
restricted delta code can encode up to 2" 
code words so that its information density 
is 

(3) 

In a width code, with the ratio of wide to 
narrow equal to two, the number of effec- 
tive modules will be n-j, if j is the number 
of bits set to 1 .  Then the number of possible 
code words is 

(4) 

This is equal to the nth Fibonacci number, 
which is given by 

This equation is a special case of a well- 
known result by Shannon in 1948. The first 
fraction in Equation 5 equals 1.618 and the 
second equals -0.61 8, so that as n increases 
the second term goes to zero. For values of 
n greater than 5, the following provides a 
very good approximation: 

S,.(n) = 0.4472 . ( 1.6 I,)"+' (6) 

Therefore, the density of an unrestricted 
width code is 

log2( 1.6 18 . 0.4472) 
W + 

or 
0.694 0.467 

D J n )  = x w  (7) 

Thus, width codes have a density of ap- 
proximately 70 percent that of delta codes 
with the same module width. 

The above densities are theoretical 
maxima. The need for self-clocking, re- 
dundancy for error detection, and other 
factors make it necessary to use lower 
densities. Table 3 lists the information 
content and some important parameters for 
some of the existing codes. We need to 
look separately at each factor that affects 
the information content. We start with the 
effects of self-clocking and proceed with 
the calculation of the capacity of ( n , k )  delta 
codes and the capacity of (rn,w) width 
codes. The latter symbol denotes a code of 
rn elements, w of them wide. 

(n,k) codes. The maximum number of 
distinct code words of an ( n , k )  code is well 
known': 
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n-l n-l n-2 ... n-2k+l) 
S(n,k) = i2k-11 =( (2k)!l)(;k-;)...3.2 

This is the number of combinations of 2k- 
1 out of n-l objects. Derive the result by 
observing that there are n-1 module 
boundaries and 2k-1 bar/space boundaries 
(also see the section “Universal Product 
Code”). These combinations represent 
only the number of distinct zones, and we 
should expect twice as many code words 
because each zone pattern can be given one 
of two color arrangements. On the other 
hand, we cannot use half of the zone pat- 
terns, because of the need for bidirectional 
scanning. For each width pattern we must 
reject the one obtained by reversing the 
width sequence. These two factors cancel 
each other, and we are left with the number 
given by Equation 8. 

UPC is a (7,2) code, therefore it has 20 
possible code words (as we have already 
seen in that section above). Since the 
number of modules is n, the information 
content is 

(9) 

For a given n ,  S is maximum when 2k-1 is 
exactly half of n-1, which implies n-l = 
2(2k-1) or 

Codes where n and k satisfy the above 
equation are called symmetric codes. 
Table 4 lists the values of S and H for 
various (n,k) codes. 

We observe from Table 4 that a (7,2) 
code has H equal to 0.617, while from 
Table 3 we see that UPC has H equal to 
0.474. The difference, 0.143, is the loss 
because of the need for error detection. 

It is possible to derive an approximate 
but concise expression for S(n,k) using 
Stirling’s formula,” which approximates 
n ! .  For symmetric ( n , k )  codes (that is, a 
(4k-1 , k )  code) Equation 8 yields 

Equation 11 shows the “loss” factor of 
( n , k )  codes compared to the theoretical 
maximum of 2” for delta codes. The loss 

1 
factor is 

Table 4. Characteristics of some (n,k)  codes. 

k ( n k )  S H Name of Related Code** 

2* 7 2  20 0.6 17 UPC 

3 9,3 56 0.645 Code 93 

3* 11,3 252 0.725 Code 128 

4 14,4 1,716 0.767 

4* 15,4 3,432 0.783 

4 16,4 6,435 0.791 Code 49 

4 17,4 11,440 0.793 PDF4 17 
5* 1 9 3  48,620 0.819 

* Symmetric codes. 
** Recall that the actual codes do not use all possible code words 

Table 5. Statistics for some (n,k,m) codes. 

n , k  m L s-L Efficiency 

11,3 5 6 246 99.56% 

4 6+30=36 216 97.2 1 % 

3 36+90= 126 126 87.46% 

16,4 8 8 6,427 99.98% 

7 8+56=64 6,37 1 99.88% 

6 64+224=288 6,147 99.47% 

5 288+672=960 5,475 98.15% 

Taking the binary logarithm of S and divid- 
ing by n we find that 

(12) H,(n) = 1 - 

This yields 0.626 for the (7,2) code and 
0.7285 for the ( 1  1,3) code, which are quite 
close to the correct values 0.617 and 
0.7252. Most important, it shows the effect 
of increasing n. As n + 03, H(n)  + I ,  the 
maximum theoretical information content. 
The equation for the density is 

D,(n) =-H(n) =x- 2w (13) 

where W is the width of a code word. 

1og2[2Tc(n-l )I 
2n 

1 1 log,[2Nn-1)1 
X 

(n,k,m) codes. (n,k) codes with large n 
contain some bars or spaces of width equal 
to n-2k+l, which ranges from 4 for a (7,2) 
code to 1 1  for a (19,5) code. Very wide 
intervals are detrimental for the reading 
process because they can be confused with 
margins or other demarcations. Therefore, 
some symbologies omit the combinations 
containing very wide intervals. We will 

show that this eliminates relatively few 
codes. 

Let U be a particular (integer) width. If U 
is greater than n/2 - k + I ,  then the code can 
have at most one instance of U. For ex- 
ample, a (16.4) code can have at most one 
width equal to 6, but two widths equal to 5 .  
We can easily calculate the number of code 
words containing an element of such 
width. The particular width can occur in 
any of 2k places. This leaves n-u modules 
to be distributed into 2k-1 places. There 
are 

such possibilities. Therefore, if rn is greater 
than or equal to n/2 - k + 1, the number of 
‘‘lost’’ code words is 

We use the notation (n,k,m) to denote a 
code that has all the code words of an (n ,k )  
code except those with width higher than 
m. Table 5 lists L for a set of codes. The 
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Table 6. Information content of width (binary) codes with rn elements, w of them 
wide. 

same color but in an adjacent zone 
of the substrate. 

h w )  S H D Name of Related Code 

5 2  10 0.415* 1 Interleaved 2 of 5 

7 2  21 0.439 1 Codabar** 

9,3 84 0.474 1 Code 39 

* Counting both space- and bar-encoded code words. 
** Actually, Codabar consists of two codes: (4 , l )  and (3, l )  for a total of 12 code words 
plus four special code words obtained from a (4,3) code and another four from a (4,2) 
code. 

efficiency is computed as 

log,(S-L) 
h * S  

the ratio of remaining bits over the bits for 

The small drop in information content 
suggests that codes with large n increase 
the information content without increasing 
the difficulty of decoding. Such codes may 
be represented by the longest element 
expressed in module units. Code (l6,4,6) 
is a code with maximum element length 5. 
Code (1 1.3) has the same maximum ele- 
ment length, but its information content is 
only 0.725, which is less than that for code 
( I  6,4,6). Note that Code 49 uses a (16,4,6) 
code as its basis (with efficiency of 99.47 
percent) and that Code 128 is really an 
( l l , 3 ,4 )  code with efficiency of 97.21 
percent. 

W). 

(m,w) width codes. The capacity of 
(m,w) width codes equals the number ob- 
tained by selecting w objects out of m or 

m m(m- I ) .  . . ( m-w+ I )  
S w ( m ’ w ) =  [ w ]  = w(w1) ... 3.2 (16) 

Their length equals m+wr where r is the 
ratio of wide over narrow minus one. 
Therefore, the information content is given 
by 

Table 6 lists the capacity of some (m,w)  
codes assuming the width of wide ele- 
ments is 2.5 times the width of narrow 
elements. We see that the information 
capacity of a (9.3) width code is 0.474, 
while the capacity of Code 39 (see Table 3) 
is 0.404. The difference, 0.070, is due to 
the error detection feature of the code. 

Alternatives to bar 
codes 

A natural question is whether anyone 
could have come up with a better way to 
label items than bar codes. We can abstract 
the problem and state it as follows: 

Given a line segment, devise a scheme 
of subdivision into subsegments hav- 
ing one of two colors so that the re- 
corded information is maximized sub- 
ject to constraints on the probability of 
undetectable reading errors. 

The restriction to two colors is an impor- 
tant industrial constraint, and any depar- 
ture from it will involve significant finan- 
cial commitments by the industry. If we 
ignore the constraint of self-clocking, then 
we have a simple theoretical solution. Let 
L be the length of the segment and d the 
shortest length we can print. (For an ordi- 
nary laser printer, d is about 3 mils.) Then 
divide L into n = L/d intervals and use a 
delta code that yields the maximum den- 
sity according to Equation 3. 

However, such an increase in density 
comes only at a significant price. We must 
give up the self-clocking requirement and, 
consequently, many of the simple tech- 
niques for reading bar codes. We can de- 
code a bar code without self-clocking in 
one of three ways: 

By capturing acomplete symbol and 
then using image processing tech- 
niques to analyze it. If we know the 
symbol length, we do not need any 
scaling information. 
By printing “timing” marks of a 
different color interleaved with the 
code markings. 
By printing “timing” marks of the 

The first solution requires more expensive 
equipment both for capturing the data and 
for processing them. (Current bar codes 
can be read by wand systems selling for 
about $100 per unit.) The second solution 
requires more expensive equipment for 
capturing the data but not for processing 
them. However, i t  requires a more expen- 
sive printing process. The third solution 
imposes a small increase in printing costs 
but requires more area, thus reducing the 
density of the encoding. It also requires an 
imaging type scanner, eliminating simple 
devices such as wands. 

It is doubtful whether such expenses can 
be justified, because Table 4 shows that 
( n , k )  codes with large n come close to 80 
percent of the theoretical maximum. 
Therefore, the reduction in density because 
of self-clocking is not that serious. 

Even if you were willing to pay the high 
price required for a small increase in den- 
sity, it is still unclear whether you could 
actually achieve a net gain in information 
density. You can see the reasons by look- 
ing at the nature of the noise and distor- 
tions affecting the reading of information 
printed on a substrate. Most of the con- 
tamination of the information by noise 
occurs during the scanning of the printed 
medium, because you must deal with light 
reflected from a surface that might be 
poorly printed or dirty, experience inter- 
ference with ambient light or other print- 
ing, and so forth. Noise during the trans- 
mission of the data from the scanning 
device to a cash register or a computer 
terminal is much lower. We will show in 
the next section that the scanning noise 
affects mostly the edges of segments and 
has minimal effects in the middle of bars or 
spaces. 

If we do not wish to increase the total 
number of edges, then self-clocking elimi- 
nates very few useful combinations. For 
example, the unrestricted delta code for 
seven modules has 128 possible code 
words. The (7,2) code has 40 (if we ignore 
for the moment the bidirectionality re- 
quirement). Only 12 code words have one 
edge; two have none. The other 74 code 
words have more edges. Since the two code 
words with no edges could be confused 
with the background, we will gain only 12 
code words if we give up self-clocking and 
do not increase the sensitivity to noise. 

Electronic communications outperform 
printed codes for two reasons: the avail- 
abilityoftwovalues(+or-) withrespect to 
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ground; and the availability of a clock in 
synchronous electronic communication 
channels. These are not available when we 
print on a substrate unless we incur the 
significant costs of a third color (both for 
printing and for reading). These problems 
are shared with other technologies, in par- 
ticular optical and magnetic 
where the recording polarities are binary. 

Sometimes we hear the following argu- 
ment: Since part of our problems are 
caused by the need to measure length, why 
not limit ourselves to looking for the pres- 
ence or absence of patterns without regard 
to their dimensions? However, in the ab- 
sence of a clock, pure detection is virtually 
impossible. We might not have to measure 
the length of bars, but we must measure the 
length of spaces. The only way around the 
lack of a clock is to allow only contact 
scanning (or at a fixed distance) and re- 
quire that the codes all have the same size. 
This is the case with optical and magnetic 
recording systems, as mentioned above in 
“The state of the art.” 

The only realistic solution for increas- 
ing the density of encoding in a rectangular 
area is to use the vertical dimension. This 
strategy has been implemented in the 
stacked bar codes discussed in the section 
“Other bar codes.” 

Noise and distortions 
The design of bar codes has been influ- 

enced by the type of noise and distortions 
encountered during their scanning. The 
distinction between noise and distortions 
is subtle but important: If we scan a bar 
code twice, the effects of distortions will 
repeat but the effects of the noise most 
likely will change. We will show that the 
effects are most significant near the edges 
between the bars and the spaces. 

A major source of distortions is ink 
spread. Bar codes are printed in two ways. 
On-demand printing demonstrates gener- 
ally low quality and has significant ink 
spread. In-advance printing, although of 
higher quality, still is not entirely free from 
ink spread. A cursory inspection of boxes 
in the supermarket might suggest that bar 
codes are sharply printed. However, for 
decoding we need to discriminate differ- 
ences in width of 0.01 inches - barely 
discernible by the human eye. We have 
already shown (in “Universal Product 
Code”) how ink spread has heavily influ- 
enced the design of decoding algorithms 
(see also Savir and Laurer’). Clearly, this 
distortion only affects the edges. 

April 1990 

Figure 5. Oscilloscope tracings of bar codes with a laser scanner. The input for 
the left-hand image was produced with a low-quality dot matrix printer and the 
input for the right with a high-quality, high-density printer. In this case, the 
pulse amplitude is an indication of the pulse width (see also Figure 6). 

Figure 6. Results from a simulator of bar code scanning waveforms running on a 
Sun-3/160 workstation. The thin lines denote the ideal waveform from a bar code 
scan. The dotted lines represent the distorted waveform output by the sensor. 
The double lines denote the apparent pulse locations and widths obtained by an 
adaptive threshold method. 

Errors are also caused by the methods 
used for detecting bars and spaces. Be- 
cause of uncertainties about the contrast 
and because ofproblems with ambient illu- 
mination, it is advisable to look for changes 
in the intensity of the reflected light rather 
than in the absolute level of the light (auto- 
matic gain controls notwithstanding). In- 
deed, most bar code systems use edge de- 
tection or highly adaptive thresholding 
techniques that look, in effect, at the slope 
of the waveform produced when a bar code 
is scanned. While the ideal signal would be 
a set of rectangular pulses, the real signal 
has a rounded form because of convolution 
distortion. This term refers to the averag- 

ing of the signal due to the finite size of the 
beam spot and the delays in the electronic 
circuits. Such rounding changes the slope 
and causes significant errors even in the 
absence of noise. 

Figure 5 shows a photograph of oscillo- 
scope traces from the scanning of actual 
bar codes. This is a far cry from the crisp, 
alternating black and white bars seen by 
the human eye. 

The effects of distortion without noise 
appear in Figure 6, where we used a com- 
puter simulation. There, we assume with- 
out any loss of generality that the high 
levels correspond to bars and the low lev- 
els to spaces. 
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Table 7. Specific numbers of example in Figure 6. 

I Bar Space Bar Space Bar Space Bar Space Bar 
I 

Ideal Widths 0.50 0.50 0.20 0.40 0.40 0.20 0.20 0.20 0.20 
Measured Widths 0.50 0.50 0.30 0.31 0.40 0.29 0.20 0.20 0.20 

Notice in Figure 6 that the second, 
fourth, and fifth pulses have the same real 
widths, but the waveform of the second 
pulse differs from the other two. As a 
consequence of the convolution distortion, 
the second pulse appears wider than the 
other two. The specific numbers of the 
example shown in the figure appear in 
Table 7. Both sets of widths are expressed 
in the same arbitrary units. Notice that a 
0.2 input width is mapped in one case to 0.3 
and in the other two to 0.2. Because of the 
severe distortions of very narrow pulses, 
the minimum width of modules used in bar 
codes must exceed the width of the mini- 
mum detectable pulse to compensate for 
the distortion. 

Using more sophisticated decoding 
techniques can help remedy the situation. 
For example, we could compare the width 
of a bar or a space not only to the widths of 
its immediate neighbors, but also to the 
widths of other code words. Such decoding 
might require more computing power than 
commonly used now, but it offers a way of 
tolerating higher code densities. 

In addition to those already mentioned 
above, many other sources of noise exist. 
Some are multiplicative, such as the 
speckle noise inherent to coherent laser 
illumination and that due to the paper 
substrate. Others are additive, such as the 
ambient illumination (low frequency noise 
in the case of artificial light and shot noise 
in the case of sunlight, the electronics of 
the scanner, etc. See Barkan and SklarI2 
and Barkan and Swartz” for more on these 
topics.). While the effects of those noise 
sources do not necessarily concentrate at 
the edges, they show no preference for the 
interior, either. Thus, overall we have 
greater sensitivity at the edges. 

Since most problems occur around the 
edges, we deal with signal-dependent dis- 
tortions and noise. That makes inappli- 
cable many of the analytical techniques 
used in electronic communications, where 
the noise is usually signal independent. 
Consider, for example, a message (stream 
of bits) of the form shown in the top row of 
Figure 7. A white square stands for a 0 and 
a black square for 1. In electronic commu- 
nications a 0 can be mapped into a negative 
voltage pulse and a 1 into a positive voltage 
pulse. The nature of noise is such that it is 
equally likely to misread a pulse at the ends 
or the middle of a run of similar polarity 
pulses. Thus, the distortions shown in the 
second and third rows are equally likely. 

We can encode the same sequence on 
paper by painting “modules” black for 1’s 
and white foro’s. The result will be a white 
band of twomodules, a black of six, a white 
of two, etc. It is rather unlikely that a 
module in the middle of the blank band will 
be read as a white, but it is much more 
likely that one in the edges will. This prob- 
lem exists in other technologies as well, 
particularly optical and magnetic record- 
ing.3-6 There, most of the noise also occurs 
at the edges, giving rise to intersymbol 
interference. 

Bar code design: 
Preliminaries 

The design of a bar code involves the 
following major parameters: 

the number, N, of distinct symbols that 
must be encoded; 
the error rate, Er,  for rejections (when 
a code word is flagged as unreadable); 

the error rate, E ) ,  for substitutions or 
misdecodes (when one code word is 
read for another); 
the density of information D measured 
as bits per inch; and 
the number of modules n. 

The number of zones k in an (n,k) code is 
closely related to n. For symmetric codes 
we have the relation n=4k-1. Usually N is 
given and we wish to minimize the two 
error rates, maximize the density, and keep 
n low. We wish to keep n low because the 
complexity of the decoding algorithm and 
the size of decoding tables increase with n.  
These parameters cannot all be optimized 
at the same time because they all depend on 
the module size X. We will discuss the 
possible trade-offs among them next. 

The trade-off between rejection and 
substitution rates, already well known 
from statistical decision theory, can be 
seen intuitively from the following ex- 
treme cases: If we set the rejection rate to 
100 percent, then we cannot have any 
substitution errors. Alternatively, if we do 
not mind how many substitution errors 
occur, we can have a zero rejection rate. 

The rejection and substitution rates’ 
relative sizes are controlled by a parameter 
in the decision step for a given overall 
decoding quality. Therefore, we will focus 
only on the substitution rate, assuming a 
zero rejection rate. If we can make that 
small during the design of the bar code, 
then we can make i t  even smaller by allow- 
ing some rejection errors. In bar code prac- 
tice we usually work with a lo-’ rejection 
rate and a 10“ substitution rate. 

An error typically occurs when we mis- 
read the width of an element in terms of 
modules. For example, instead of, say, 
3,2,1,1 (the code word for 0 in the UPC), 
we read 1,4,1,1 (the code word for 3 in the 
UPC). Clearly, the smaller the module size, 
the more likely it will have errors when 
reading the code, because a given amount 
of edge shift will constitute a higher per- 
centage of the total width if X is small. 
Moreover, the number of possible values 
to be discriminated should affect the error. 
Unfortunately, there have been no system- 
atic studies of these relationships. 

The Laplacian channel model looks like 
a reasonable approximation for the proba- 
bility of an edge shift equal to at least one 
module: 

where T is a normalizing constant. If a code 
word has rn edges, then the probability of 
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no errors is (1-p)" and the probability of 
having at least one significant edge shift is 

P ( m X ) =  1 -(l-p(X))m= mp(X),p(X)<< llm 
(19) 

We will use Equation 19 and the current 
bar code reading specifications to obtain 
an idea of the physical size of T. Assuming 
a UPC code word with four edges and an 
expected error rate of about we find 
that P(4,X)=4.10~6. Substituting into Equa- 
tion 18 and taking the natural logarithm of 
both sides, we find 

- 2T 2 - 611110 - In4 = -15.2 or X 2 30.4T 

For a minimum module width of 10 mils, 
this expression yields Tequal to about 0.3 
mil. 

The probability of at least z significant 
edge shifts is 

X - 

with the approximation holding for z much 
smaller than m and p much smaller than 
l/m so that their product is much less 
than 1. 

The number of required code words N 
obviously imposes a lower bound on n. 
However, a comparison of Tables 3 and 6 
shows that n is never set at that minimum. 
It is usually set at a higher value to allow 
for some error detection because of redun- 
dancy. If we keep the module size fixed (in 
other words, we keep the error rate fixed), 
then an increase in n will lower the density. 
If we keep the code word length fixed so 
the density remains fixed, then it appears 
that an increase in n will increase the error 
rate. However, the number of available 
code words increases exponentially with n, 
and we can take advantage of this increase 
to introduce error detection and error cor- 
rection schemes. The concept has already 
been used empirically in all the earlier bar 
codes, which typically use only half of the 
available code words. 

In the next two sections we present a 
methodology for a systematic analysis of 
the trade-offs. The methodology is based 
on the analysis developed by Wang.I4 
Consult that work for mathematical details 
of the development. 

Error detection is possible when we use 
only a fraction of the possible code words. 
We can set things up so that a single error 
will convert a code word into one not used. 
UPC and Code 39 have that property. If we 
arrange things so that i t  requires three er- 
rors to convert one used code word into 
another also used, then we can also do error 
correction. For each erroneous code word 

Table 8. Transformations of strings because of noise. 

Noise Effect Transformation Weight 

None 
One edge shift to the left 
One edge shift to the right 
Warping or pair of edge shifts 
Warping or pair of edge shifts 
Warping or pair of edge shifts 
Warping or pair of edge shifts 
Combinations of edge shifts 

Merging of three into one xyz+(x+y+;)  TY (a) 
Splitting of one into three x+uvy,(u+v+y=x) zv (b) 

U we try to find another v from which U can 
be derived by one or two errors. Then we 
can assume that v is the correct version of 
U. We discuss such strategies next. 

Coding theory and 
bar codes: Diagonal 
distance 

The cornerstone of error correction tech- 
niques is the definition of a distance be- 
tween a pair of messages. The most com- 
mon such measure, the Hamming distance, 
equals the number of places two strings 
differ. If only a subset of all possible code 
words has been chosen, then a corrupted 
message is assumed to represent the near- 
est correct code word. 

In this article we use only elementary 
concepts of coding theory, which you can 
find in any text on the subject. The book by 
HilliJ is a particularly readable source. 

Bar codes are read as sequences of 
widths of bars and spaces. To compare 
such widths with each other, we must be 
careful about how the Hamming distance 
is computed. For example, the signal 324 
represents a bar with width 3 followed by 
a space with width 2, and then a bar with 
width 4. If the first element is a little "fat" 
from ink spread during the printing proc- 
ess, then the signal will probably be read as 
414. Using a general radix, the Hamming 
distance between 414 and 324 is 2, the 
number of differing elements. However, 
the correct Hamming distance is only 1, as 
shown by the binary representations: 

324 111 00 1111 
414 1 1 1  101111 

Instead of having to go to the binary 

representation each time, we can introduce 
a different way of calculating the distance 
between the strings. Such a step is advis- 
able for four more reasons: 

(1) Most scanners detect the change of 
reflectance (edge) of the substrate rather 
than the existence of bars or spaces. There- 
fore, a single physical event will cause an 
edge shift. In contrast to communications 
systems, where the individual pulses are 
detected, the scanner does not see the 
underlying module structure. 

(2) The Hamming distance between the 
first string in Figure 7 and either the second 
or third is 1, while the second string is far 
less likely than the third. Coding theory is 
based on the premise that the smaller the 
distance, the more likely that one string is 
a distortion of the other. 

(3) In the case of width codes, there are 
no corresponding binary representations 
when the wide-to-narrow ratio is not an in- 
teger. 

(4) Due to scanning speed variation or 
substrate distortions (for example, a bar 
code printed on a plastic bag might stretch 
because of the elasticity of the plastic), an 
element can be shortened or lengthened. 

We call such effects warping errors, for 
example 

324 111 00 1111 
314 11101111 

In this case the distance of the binary 
representations cannot be measured by the 
Hamming distance because we have an 
insertion error. 

Therefore, it is best to define a metric 
that will give the answer 1 when a single 
physical disturbance occurs. 

Table 8 gives a partial list of the trans- 

April 1990 83 

Authorized licensed use limited to: Sterne Kessler Goldstein Fox. Downloaded on April 27,2026 at 14:47:41 UTC from IEEE Xplore.  Restrictions apply. 



Table 9. Meaning of the minimum distance. 

Minimum Distance Meaning 

1 Uniqueness 

2 Single-error detection 

3 Single-error correction (or double-error detection) 

4 Single-error correction plus double-error detection 
(or triple-error detection) 

S Double-error correction 1 

y." 

1 2 X 

Figure 8. Topology of the diagonal distance. Each axis corresponds to the length of 
an interval, and points of the plane correspond to pairs of successive intervals. 
A single edge shift causes a transition where the sum of x and y remains constant. 
The plot has been distorted so the geometrical distance corresponds to the string 
distance. Motions along perpendicular lines represent edge shifts. 

formations caused by noise and distortions 
during the reading of bar codes. .L- and y 
denote the widths of two successive ele- 
ments in one string, and T is a corstant 
greater than 1 .  

Given two strings X and Y ,  we can 
compute their distance on the basis of 
Table 8. The new distance is given by the 
minimum sum of weights of transitions in 
the table, which are needed to transform X 
to Y or vice versa. The weights in Table 8 
are based on the Laplacian channel model. 

We use the term diagonal distance to 
describe this new distance because of the 
geometrical interpretation shown in Fig- 
ure 8. There, the x and y axes represent 
successive elements (bars or spaces) of a 

string. Points along a vertical diagonal are 
equally close to their neighbors on the .v 
and J axes. 

We can define the minimum distance 
d,,,(C) of a code C as 

where d(\,,H,) is the diagonal distance 
between v and MI. The error-detecting and 
error-correcting capability of C is deter- 
mined by the dm,n(C). Table 9 describes the 
meaning of the minimum distance for any 
encoding schcmc. 

These concepts allow us to determine 
the error-detecting and error-correcting 
capability of any code and in particular 

UPC and Code 39. A look at the width 
pattern for UPC (see that section above) 
suggests that the minimum pairwise diago- 
nal distance is 2. For example. the code for 
the digit 7 is 1.3.1.2. A single edge shift 
may yield 1.2,2,2, which is not the code for 
any digit. One more shift might produce 
2,1,2,3, which i s  the code for the digit 2. In 
other words, i t  requires at least two edge 
shifts or one shift by two modules to con- 
vert one code word into another. There- 
fore. UPC has single-error detection capa- 
bility, meaning a single edge shifts results 
in an illegal code. The previous discussion 
(in the section on Code 39) also showed 
that the dn,>" for Code 39 equals 2, therefore 
Code 39 has single-error detection capa- 
bility. commonly referred to as s d f - r . h r c ~ X -  
1 1 1 g .  

Note that we do not consider here the 
error control capability of the check-sum 
digit, since we focus on the encoding of 
bits or bytes on the printing medium rather 
than the overall encoding of information. 

Bar code design: 
Specifics 

Use of the diagonal distance has enabled 
US to prepare a set of tables to use for 
specific designs. If we insist on a minimum 
distance d between code words, then for 
each code word we select we must elimi- 
nate all code words lying in a sphere of 
radius (d-l)/2. 

Table 10 provides an approximate esti- 
mate of how many code words exist at a 
given radius away from another code word. 
For example, if we wish to have distance 5 ,  
then we must discard all codes at radius 2 
or smaller. For a (7.2) code, Table I O  
yields 1+3+5.8, or about 10. Since a (7.2) 
code has only 20 code words, this would 
allow the encoding of only two distinct 
symbols -not ofpractical interest. On the 
other hand. for a (15.4) code and distance 
5 ,  Table 10 yields 1+7+40.8, or about 49. 
Table 2 yields a total of 3,442 code words. 
so we can encode 3.442/49 or 70 distinct 
symbols. This would cover more symbols 
than most current codes provide and also 
allow double-error correction (see Table 
9). UPC, a (7,2) code, has a minimum 
distance 2 that translates into a radius equal 
to 0 3 .  This lies outside the table, hut we 
extrapolate to 2 (that is, we can use only 
half the available code words). 

We proceed now to provide estimates of 
the density for given codes. Tables 1 1 to 13 
list the ratio of module width X over T and 

84 COMPUTER 

Authorized licensed use limited to: Sterne Kessler Goldstein Fox. Downloaded on April 27,2026 at 14:47:41 UTC from IEEE Xplore.  Restrictions apply. 



Table 10. Average number of code words 
at a given radius for various (n,k)  codes. 

1 Radius (7,2) ( 1  1,3) (15,4) (19,5) 1 
1 3.0 5.0 
2 5.80 19.3 
3 4.80 35.6 
4 3.40 51.2 
5 1.30 48.7 
6 0.700 42.0 
7 25.1 
8 15.9 
9 5.57 
I O  2.62 
11 
12 
13 
14 
15 
16 

7.0 
40.8 
122 
275 
430 
562 
573 
522 
382 
266 
141 
76.0 
24.2 
9.47 

9.0 
70.4 
297 
93 1 
2,086 
3,777 
5,473 
6,83 1 
7,191 
6,792 
5,520 
4,143 
2,643 
1,594 
763 
358 

the corresponding density D for a set of 
(n ,k )  codes and minimum distances d,,,. 
The maximum density value is highlighted 
in bold. (Complete design tables appear in 
Wang.I4) We illustrate their use with an 
example. 

Example. We need 44 code words. We 
select d,,, = 3 so that we can have single- 
error correction (according to Table 9). 
Then the radius should be 1. We start with 
an (1 1,3) code. According to Table I O ,  the 
sphere volume is 1 + 5 = 6, while the total 
number of code words, according to Table 
4, is 252. Therefore, the number of avail- 
able code words is 252/6 = 42. This is 
slightly less than the desired 44, but we 
keep it. The values of Table I O  are approxi- 
mate averages, and we should be able to 
select 44 code words that will allow us 
error correction. 

The density for this code is found from 
Table 12 to be maximum ford,,, = 3. For Er 
= we have X/T = 16.78 and D = 0.029 
bits per length T. For T = 0.6 mil this yields 
48 bits per inch and module size X = 
16.77x0.6 or 10 mils. 

For the same goal we can try another 
combination: d,,, = 5 (double-error correc- 
tion) and a (15,4) code. We already saw 
that this yields 70 code words, so we have 
more than enough. From Table 13 we find 
that for E, = the ratioX/T = 12.4 and the 
density is 0.032 bits per length Tor 55 bits 
per inch with module size equal to 7.5 mils. 
This density is 14 percent higher than that 
obtained with a (1 1,3) code and has been 
achieved without an increase in the error 

Table 11. Design parameters for (7,2) codes. 

E,=IO ’ E,=lOh E,=IO 9 

XIT D XIT D XIT D d,,, 

43.643 0.014 1 16.012 0.039 29.828 0.020 
2 10.675 0.040 19.885 0.021 29.095 0.014 
3 8.666 0.038 15.573 0.022 22.481 0.015 
4 6.932 0.032 12.459 0.018 17.985 0.012 
5 5.65 1 0.026 10.256 0.014 14.861 0.010 

Table 12. Design parameters for (11,3) codes. 

E<= 10.’ E , = 1 0 6  E,=IOq 
XI T D XIT D XIT D dmm 

I 17.034 0.042 30.849 0.023 44.665 0.016 
2 11.356 0.049 20.566 0.027 29.776 0.018 
3 9.869 0.050 16.777 0.029 23.685 0.021 
4 7.896 0.046 13.421 0.027 18.948 0.019 
5 6.986 0.043 11.591 0.025 16.196 0.019 
6 5.988 0.038 9.935 0.023 13.882 0.017 
7 5.422 0.034 8.875 0.020 12.330 0.015 

Table 13. Design parameters for (15,4) codes. 

E\= 10.’ 
XI T 

E,=106 
D XIT D 

~ % = 1 0  9 

XIT D 

17.707 
1 1.805 
10.618 
8.494 
7.810 
6.695 
6.261 
5.566 
5.189 

0.044 3 1.522 
0.054 21.015 
0.054 17.525 
0.054 14.020 
0.052 12.415 
0.049 10.64 1 
0.046 9.715 
0.041 8.635 
0.038 7.952 

0.024 
0.030 
0.033 
0.033 
0.032 
0.03 1 
0.029 
0.026 
0.024 

45.338 0.017 
30.225 0.021 
24.433 0.023 
19.546 0.0236 
17.020 0.0240 
14.589 00227 
13.169 0.021 
11.706 0.020 
10.715 0.018 

rate. It is an engineering question whether 
this increase in density is justified by the 
increase in the decoding cost caused by 
going from 11 modules to 15. 

Table 11 provides an interesting insight 
on UPC. The maximum density for a (7,2) 
code is achieved for dm,” = 2. This is exactly 
the value used in UPC, so we might be 
justified in calling UPC an oprirnal density 
(7.2) code. 

e have provided a method for 
applying the results of coding W theory to bar codes. As new 

applications demand new types of bar 
codes, the results presented in this article 

make i t  possible to optimize the informa- 
tion density of the new codes under realis- 
tic constraints. The methodology is par- 
ticularly useful for the design of two- 
dimensional or stacked bar codes. = 
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