
TRANSMIT DIVERSITY AS A COMBINATION OF SPATIAL AND DELAY 
DIVERSITY 

M. Oussama Damen, Karim Abed-Meraim 

ENST de Paris, 
46 rue Barrault, 75634 Paris 

ABSTRACT 

We document here performance results of some of the 
algebraic space-time (ST) block codes based on the 
combination of Hadamard spreading sequences with ro- 
tated constellations. Given a vector z in a rotated 
constellation in dimension n that has full spatial diver- 
sity, we spread each component xj of x by a different 
Hadamard sequence of length n and send the resulted 
sequence over n antennas at the time j. These codes 
transmit at a rate of I symbol/sec and have a maxi- 
mum transmit diversity gain and near maximum cod- 
ing gain but they only exist for n = 1 , 2  and n multiple 
of 4. We also propose new schemes for the other dimen- 
sions to obtain maximum transmit diversity and near 
maximum coding gain based on the combination of de- 
lay and the spatial diversity of rotated constellations. 
We compare the proposed codes with some existing ST 
block codes and comment on the large improvement in 
performance at the detrimental of moderate increase of 
decoding complexity. 

1. INTRODUCTION 

ecently, signal processing over multiple transmit- R receive antennas has received a lot of attention 
[9, 7, 1, 8, 3, 41. This is due to the large capacity 
of the multi-antenna system and the constant need to 
transmit at higher data rate with better performance 
over the wireless channel. The theory of space-time 
(ST) codes has been established in [9] where hand con- 
structed trellis ST codes were presented. In [8] ST 
block codes from orthogonal design have been explored, 
where ST codes over real constellations were given till 
dimension n = 8 verifying the full transmit diversity 
criteria and transmitting at 1 symbol/sec. Over com- 
plex constellations, ST block codes of rate 1/2 sym- 
bol/sec have been presented for n = 3 ,4 .  In [4] we 
have introduced a general framework to build algebraic 
ST codes of a rate of 1 symbol/sec with full transmit 
diversity over real and complex constellations. 
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In this paper we document some performance re- 
sults of these codes and give further analysis of their 
good performance. Furthermore, we propose new sim- 
ple schemes of algebraic ST codes with maximum trans- 
mit diversity and near maximum coding gain for any R 
in the absence of multi-path. 

2. SYSTEM MODEL 

In a system of n transmit and m receive antennas, we 
transmit n symbols simultaneously from all the trans- 
mit antennas at each time. The launched power is nor- 
malized by n. The transmit diversity is obtained by the 
joint coding of the transmitted symbols over n antennas 
and 1 symbol periods; its maximum value equals to TI. 

A block ST code is defined by an n x 1 matrix B where 
one transmits bj ,  from the transmitter 1 5 j 5 n ,  at 
time 1 5 t 5 1 .  In a quasi-static fading model the 
received signal is given by 

r = H B + u ,  (1) 
where H denotes the channel transfer ( m  x n) matrix, 
with hkj the fade between transmitter j and receiver 
k. We assume that the transmit and receive antennas 
are spaced enough such that we can model hkj by in- 
dependent complex Gaussian random variables of vari- 
ance 0.5 per real dimension. U is m x 1 complex AWGN 
matrix component-wise independent. 

Over a quasi-static fading, for a block ST code B 
one has [9] 

e The rank criterion: In order to achieve the max- 
imum transmit-receive diversity nm, the matrix 
B ( z ,  e)  taken on the difference 2 - e ,  has to be 
full rank for any pair of distinct codewords x, e .  
The rank of B ( z , e ) ,  r ,  is called the diversity 
gain. 

e The determinant criterion: The minimum of the 
r-th root of the sum of determinants of all r x 
r principal cofactors of A(z,  e )  e BBH taken' 

'The superscript denotes the transpose conjugate. 
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over all the codewords pairs (x , e)  must be max- 
imized (coding gain). 

In [4] we proposed the following ST coding scheme: 
1 = n,  B = !2, with 

8, 2 3l,diag(+l, . . . , z,), (2) 

where 'A!, denotes the Hadamard transform in dimen- 
sion n and x = (21 , . .  . , z,)~ = M,aT, with a the 
transmitted symbols vector2; M ,  is a full spatial di- 
versity rotation [2]. These codes have a transmit diver- 
sity of n and a coding gain3 d, = (dPn,min)2/n, with 
d ~ , , ~ i ,  the minimum product distance [a] of the ro- 
tated constellation given by the quantity 

n 
6, 

n 

I 2 ( 1  3 1  4 1  6 I 0.4472 11 0.2733 I 0.1581 I 0.1222 

where Q is the considered rotated constellation in di- 
mension n. 

Here, we propose a ST schemes for the dimensions 
n for which there exist no Hadamard transform. 

3. COMBINATION OF DELAY AND 
SPATIAL DIVERSITY 

3.1. Coding Algorithm 

Given a column vector z = M,aT in a rotated constel- 
lation in dimension n with dpn,min > 0, we propose to 
send xj at the antenna j at time j and zeros elsewhere. 
In other words, we propose to choose 1 = n,  B = Y, 
with 

(4) 
n Yn = diag(x1,. . . , z,). 

Proposition 1 Given a full spatial diversity rotation 
M ,  with dpn,min > 0, the ST block code Y n  has a 
transmit diversity of n and a coding gain 

sn = (dPn,min)2'n (5) 

Proof: Let y = x - e = M,(a - b)T such that 
a # b. Consider the ST code Yn (4) at the word 
y. Since M ,  generates a full spatial diversity lattice, 
one has yj # 0 V j  = 1 . .  .n taken over all the vectors 
a # b in the considered constellation. It follows that 
the matrix diag(y1, . . . , y,) has afull rank, and also Y, 
has a full rank over all the differences of codewords. 
For the coding gain compute 

n 

"The superscript * denotes the transpose. 
Over normalized constellations and after the power normal- 

ization by the number of transmit antennas. 
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Taking the minimum over y of the determinant above 
and then taking the n-th root one obtains the coding 

0 
Table 1 lists the coding gain of Y, codes over nor- 

malized constellations for n = 2,3 ,4 ,6  where the rota- 
tions are taken from [a]. 

For the dimensions n = 2 and n multiple of 4, 8, 
and Yn have the same performance. The inconvenience 
of Yn compared to E, [4] is the high peak to aver- 
age values of the launched power over n periods and n 
transmit antennas. Also Y , are more sensitive to peak 
power limitation at the transmitter. 

gain of the Yn ST code (5). 

3.2. Decoding Algorithm 

A perfect channel state-information (CSI) is supposed 
available at the receiver. For the ST codes Yn, the 
received signal in (1) could be written as 

diag( J;IH 1 1 
r1 = Vec(rT) = 2 + Vec(vT) [ diag( f iNm) ] 

= ALQM~CP+V~, (7) 

where H j  denotes the j t h  row of H representing the 
j t h  receiver. Vec(r) arranges the matrix T in one col- 
umn vector by putting its columns one after the other. 

Let CLp denote the mn x mn matrix of the inverse 
of the phase of the matrix A, i.e., 

,-phase(hml) ,-phase(h,,) 
, ' " I  ..., 

The receiver performs a coherence detection by correct- 
ing the phase of the new channel transfer matrix A 

r 2  = . A p r 1 = A p A ~ , a ~ + A p u l  

= A'M,aT + u2, (8) 

where u2 is a complex mn x 1 Gaussian noise component- 
wise independent with variance a2 per real dimension: 
E [ V ~ V ? ]  = 2a21m,. If the number of receivers equals 
one then one can apply directly the sphere decoder 
(SD) [ lo ,  61 on (8). when m > 1, we propose the fol- 
lowing treatment based on single values decomposition 
w) PI 
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Figure 1: Symbol error rate as a function of SNR, one 
receive antenna. 

0 [ U , X , V ]  = SVD(A'): A' = UI=VT, with I= 
n x n diagonal matrix, U is an mn x n matrix and 
V is an n x n matrix with UTU = VVT = I , .  

~3 t UTr2 = XVTM,aT + 2 4 ,  where u 3  = 
UTu2 with E[U~Y?]  = UTE[u2uF]U = 2u21,. 

Apply the SD on 1-3. 

The SD has a polynomial complexity in n and inde- 
pendent of the size of the used constellation [lo,  6, 51. 

Writing the received signal as in (7) allows one to 
understand how the ST Yn codes exploit the trans- 
mit diversity. Using a ST Y, code over n transmit- 
ters and m receivers is equivalent to sending the word 
($1, . . . , z,) over one transmitter and m receivers dur- 
ing n periods of time, where the channel changes ran- 
domly every time instant. The latter scheme has a di- 
versity of mn [2] since the lattice from which we trans- 
mit the words has a full spatial diversity. 

4. SIMULATION RESULTS 

We normalize the used constellations such that the av- 
erage energy per symbol E, = 1.  The transfer matrix 
H is modeled as in (1) ;  the AWGN has a variance 
u2 = 1/(2SNR) per real dimension. Comparisons with 
the ST block codes from orthogonal design [B] (denoted 
by 8,) are done for n = 3 , 4 ,  at the same spectral effi- 
ciency. 

Figure 1 shows the performance of the codes Y , for 
n = 2,3,4,6 with the normalized 4-QAM modulation 
and one receive antenna. It also shows the performance 
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Figure 2: Symbol error rate as a function of SNR, two 
receive antennas. 

of the codes 9 3  and G4 with the normalized 16-&AM 
modulation. At a symbol error probability of lo-', 
YS shows a gain of 10 dB over Y2. At the spectral 
efficiency of 2 bits/sec, and at  the same diversity gain 
Y 3  shows a coding gain of more than 2 dB over 9 3 ;  Y4 
shows a gain of more than 1 dB over 8 4 .  

Figure 2 shows the performance of the codes Yn 
and 9, for n = 3,4  at the spectral efficiency of 4 
bits/sec with two receive antennas. We notice that the 
improvement over the ST codes from orthogonal design 
is enhanced when the spectral efficiency increases. The 
latter observation is explained as follows: For a normal- 
ized constellation, the ST codes Y, and G, preserve 
their diversity and coding gains. On the other hand, 
when increasing the size of the modulation one looses 
approximately 3 dB per each added bit. Since at the 
same SNR Yn transmits twice times the number of bits 
transmitted by G,, the difference in performance is en- 
larged when the size of the constellation increases. For 
example, at the spectral efficiency of 4 bits/sec and two 
receive antennas, Y, has a gain of more than 7 dB over 
8, for n = 3,4.  

5. CONCLUSION 

We presented in this paper new schemes for exploiting 
the transmit diversity in a multi-antenna environment. 
Either by the use of Hadamard spreading sequences for 
n multiple of 4, or the combination of delay and spa- 
tial diversity for the other dimensions, we have shown 
that by the use of full spatial diversity rotated constel- 
lations one can transmit at 1 symbol/sec with maxi- 
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mum transmit diversity and near maximumcoding gain 
along with moderate decoding complexity. 
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