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Preface

This book provides a comprehensive introduction into the emerging field
of probabilistic robotics. Probabilistic robotics is a subfield of robotics con-
cerned with perception and control. It relies on statistical techniques for
representing information and making decisions. By doing so, it accommo-
dates the uncertainty that arises in most contemporary robotics applications.
In recent years, probabilistic techniques have become one of the dominant
paradigms for algorithm design in robotics. This monograph provides a first
comprehensive introduction into some of the major techniques in this field.

This book has a strong focus on algorithms. All algorithms in this book
are based on a single overarching mathematical foundation: Bayes rule, and
its temporal extension known as Bayes filters. This unifying mathematical
framework is the core commonality of probabilistic algorithms.

In writing this book, we have tried to be as complete as possible with re-
gards to technical detail. Each chapter describes one or more major algo-
rithms. For each algorithm, we provide the following four things: (1) an ex-
ample implementation in pseudo code; (2) a complete mathematical deriva-
tion from first principles that makes the various assumptions behind each al-
gorithm explicit; (3) empirical results insofar as they further the understand-
ing of the algorithms presented in the book; and (4) a detailed discussion of
the strengths and weaknesses of each algorithm—from a practitioner’s per-
spective. Developing all this for many different algorithms proved to be a
laborious task. The result might at times be a bit difficult to digest for the
casual reader—although skipping the mathematical derivation sections is al-
ways an option! We hope that a careful reader emerges with a much deeper
level of understanding than any superficial, non-mathematical exposition of
this topic would have been able to convey.
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Xviii Preface

This book is the result of more than a decade of research by us, the authors,
our students, and many of our colleagues in the field. We began writing it
in 1999, hoping that it would take not much more than a few months to
complete this book. Five years have passed, and almost nothing from the
original draft has survived. Through working on this book, we have learned
much more about information and decision theory than we thought we ever
would. We are happy to report that much of what we learned has made it
into this book.

This monograph is written for students, researchers, and practitioners in
robotics. We believe everybody building robots has to develop software.
Hence the material in this book should be relevant to every roboticist. It
should also be of interest to applied statisticians, and people concerned with
real-world sensor data outside the realm of robotics. To serve a wide range
of readers with varying technical backgrounds, we have attempted to make
this book as self-contained as possible. Some prior knowledge of linear alge-
bra and basic probability and statistics will be helpful, but we have included
a primer for the basic laws of probability, and avoided the use of advanced
mathematical techniques throughout this text.

This book is also written for classroom use. Each chapter offers a number
of exercises and suggests hands-on projects. When used in the classroom,
each chapter should be covered in one or two lectures. Chapters should be
skipped or reordered quite arbitrarily; in fact, in our own teaching we usually
start right in the middle of the book, with Chapter 7. We recommend that the
study of the book be accompanied by practical, hands-on experimentation as
directed by the exercises at the end of each chapter. Nothing more important
in robotics than doing it yourself!

Despite our very best efforts, we believe there will still be techni-
cal errors left in this book. Many of these errors have been corrected
in this third printing of the book. We continue to post corrections on
the book’s Web site, along with other materials relevant to this book:

www.probabilistic-robotics.org
We hope you enjoy this book!

Sebastian Thrun
Wolfram Burgard
Dieter Fox
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1.1

Introduction

Uncertainty in Robotics

Robotics is the science of perceiving and manipulating the physical world
through computer-controlled devices. Examples of successful robotic sys-
tems include mobile platforms for planetary exploration, industrial robotics
arms in assembly lines, cars that travel by themselves, and manipulators that
assist surgeons. Robotics systems are situated in the physical world, perceive
information on their environments through sensors, and manipulate through
physical forces.

While much of robotics is still in its infancy, the idea of “intelligent” manip-
ulating devices has an enormous potential to change society. Wouldn't it be
great if all our cars were able to safely steer themselves, making car accidents
a notion of the past? Wouldn't it be great if robots, and not people, would
clean up nuclear disaster sites like Chernobyl? Wouldn't it be great if our
homes were populated by intelligent assistants that take care of all domestic
repair and maintenance tasks?

To do these tasks, robots have to be able to accommodate the enormous
uncertainty that exists in the physical world. There is a number of factors
that contribute to a robot’s uncertainty.

First and foremost, robot environments are inherently unpredictable. While
the degree of uncertainty in well-structured environments such as assembly
lines is small, environments such as highways and private homes are highly
dynamic and in many ways highly unpredictable. The uncertainty is partic-
ularly high for robots operating in the proximity of people.

Sensors are limited in what they can perceive. Limitations arise from sev-
eral factors. The range and resolution of a sensor is subject to physical limi-
tations. For example, cameras cannot see through walls, and the spatial res-
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1 Introduction

olution of a camera image is limited. Sensors are also subject to noise, which
perturbs sensor measurements in unpredictable ways and hence limits the
information that can be extracted. And finally, sensors can break. Detecting
a faulty sensor can be extremely difficult.

Robot actuation involves motors that are, at least to some extent, unpre-
dictable. Uncertainty arises from effects like control noise, wear-and-tear,
and mechanical failure. Some actuators, such as heavy-duty industrial robot
arms, are quite accurate and reliable. Others, like low-cost mobile robots, can
be extremely flaky.

Some uncertainty is caused by the robot’s software. All internal models
of the world are approximate. Models are abstractions of the real world.
As such, they only partially model the underlying physical processes of the
robot and its environment. Model errors are a source of uncertainty that has
often been ignored in robotics, despite the fact that most robotic models used
in state-of-the-art robotics systems are rather crude.

Uncertainty is further created through algorithmic approximations. Robots
are real-time systems. This limits the amount of computation that can be
carried out. Many popular algorithms are approximate, achieving timely
response through sacrificing accuracy.

The level of uncertainty depends on the application domain. In some
robotic applications, such as assembly lines, humans can cleverly engineer
the system so that uncertainty is only a marginal factor. In contrast, robots
operating in residential homes or on other planets will have to cope with sub-
stantial uncertainty. Such robots are forced to act even though neither their
sensors, nor their internal models, will provide it with sufficient informa-
tion to make the right decisions with absolute certainty. As robotics is now
moving into the open world, the issue of uncertainty has become a major
stumbling block for the design of capable robot systems. Managing uncer-
tainty is possibly the most important step towards robust real-world robot
systems.

Hence this book.

Probabilistic Robotics

This book provides a comprehensive overview of probabilistic robotics. Prob-
abilistic robotics is a relatively new approach to robotics that pays tribute to
the uncertainty in robot perception and action. The key idea in probabilistic
robotics is to represent uncertainty explicitly using the calculus of probability
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1.2 Probabilistic Robotics 5

theory. Put differently, instead of relying on a single “best guess” as to what
might be the case, probabilistic algorithms represent information by prob-
ability distributions over a whole space of guesses. By doing so, they can
represent ambiguity and degree of belief in a mathematically sound way.
Control choices can be made robust relative the uncertainty that remains,
and probabilistic robotics can even actively chose to reduce their uncertainty
when this appears to be the superior choice. Thus, probabilistic algorithms
degrade gracefully in the face of uncertainty. As a result, they outperform
alternative techniques in many real-world applications.

We shall illustrate probabilistic robotics with two motivating examples:
one pertaining to robot perception, and another to planning and control.

MOBILE ROBOT Our first example is mobile robot localization. Robot localization is the

LOCALIZATION  problem of estimating a robot’s coordinates relative to an external reference
frame. The robot is given a map of its environment, but to localize itself rela-
tive to this map it needs to consult its sensor data. Figure 1.1 illustrates such
a situation. The environment is known to possess three indistinguishable
doors. The task of the robot is to find out where it is, through sensing and
motion.

This specific localization problem is known as global localization. In global
localization, a robot is placed somewhere in a known environment and has to
localize itself from scratch. The probabilistic paradigm represents the robot’s
momentary belief by a probability density function over the space of all lo-
cations. This is illustrated in diagram (a) in Figure 1.1. This diagram shows
a uniform distribution over all locations. Now suppose the robot takes a
first sensor measurement and observes that it is next to a door. Probabilis-
tic techniques exploit this information to update the belief. The “posterior’
belief is shown in diagram (b) in Figure 1.1. It places an increased proba-
bility at places near doors, and lower probability near walls. Notice that this
distribution possesses three peaks, each corresponding to one of the indistin-
guishable doors in the environment. Thus, by no means does the robot know
where it is. Instead, it now has three, distinct hypotheses which are each
equally plausible given the sensor data. We also note that the robot assigns
positive probability to places not next to a door. This is the natural result
of the inherent uncertainty in sensing: With a small, non-zero probability,
the robot might have erred in its assessment of seeing a door. The ability to
maintain low-probability hypotheses is essential for attaining robustness.

Now suppose the robot moves. Diagram (c) in Figure 1.1 shows the effect
on a robot’s belief. The belief has been shifted in the direction of motion.
It also possesses a larger spread, which reflects the uncertainty that is intro-
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Figure 1.1 The basic idea of Markov localization: A mobile robot during global local-
ization. Markov localization techniques will be investigated in Chapters 7 and 8.
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1.2 Probabilistic Robotics 7

(a)

_._L‘LD )
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< |

(b)

Figure 1.2 Top image: a robot navigating through open, featureless space may lose
track of where it is. Bottom: This can be avoided by staying near known obstacles.
These figures are results of an algorithm called coastal navigation, which will be dis-
cussed in Chapter 16. Images courtesy of Nicholas Roy, MIT.
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8 1 Introduction

duced by robot motion. Diagram (d) in Figure 1.1 depicts the belief after
observing another door. This observation leads our algorithm to place most
of the probability mass on a location near one of the doors, and the robot is
now quite confident as to where it is. Finally, Diagram (e) shows a belief as
the robot travels further down the corridor.

This example illustrates many aspects of the probabilistic paradigm.
Stated probabilistically, the robot perception problem is a state estimation

BAYES FILTER ~ problem, and our localization example uses an algorithm known as Bayes
filter for posterior estimation over the space of robot locations. The repre-
sentation of information is a probability density function. The update of this
function represents the information gained through sensor measurements,
or the information lost through processes in the world that increase a robot’s
uncertainty.

Our second example brings us into the realm of robotic planning and con-
trol. As just argued, probabilistic algorithms can compute a robot’s momen-
tary uncertainty. But they can also anticipate future uncertainty, and take
such uncertainty into consideration when determining the right choice of

COASTAL NAVIGATION  control. One such algorithm is called coastal navigation. An example of coastal
navigation is shown in Figure 1.2. This figure shows a 2-D map of an actual
building. The top diagram compares an estimated path with an actual path:
The divergence is the result of the uncertainty in robot motion that we just
discussed. The interesting insight is: not all trajectories induce the same level
of uncertainty. The path in Figure 1.2a leads through relatively open space,
deprived of features that could help the robot to remain localized. Figure 1.2b
shows an alternative path. This trajectory seeks a distinct corner, and then
“hugs” the wall so as to stay localized. Not surprisingly, the uncertainty will
be reduced for the latter path, hence chances of arriving at the goal location
are actually higher.

This example illustrates one of the many ways proper consideration of
uncertainty affects the robot’s controls. In our example, the anticipation of
possible uncertainty along one trajectory makes the robot prefer a second,
longer path, just so as to reduce the uncertainty. The new path is better, in
the sense that the robot has a much higher chance of actually being at the
goal when believing that it is. In fact, the second path is an example of active
information gathering. The robot has, through its probabilistic considera-
tion, determined that the best choice of action is to seek information along
its path, in its pursuit to reach a target location. Probabilistic planning tech-
niques anticipate uncertainty and can plan for information gathering, and
probabilistic control techniques realize the results of such plans.
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Implications

Probabilistic robotics seamlessly integrates models with sensor data, over-
coming the limitations of both at the same time. These ideas are not just a
matter of low-level control. They cut across all levels of robotic software,
from the lowest to the highest.

In contrast with traditional programming techniques in robotics—such
as model-based motion planning techniques or reactive behavior-based
approaches—probabilistic approaches tend to be more robust in the face of
sensor limitations and model limitations. This enables them to scale much
better to complex real-world environments than previous paradigms, where
uncertainty is of even greater importance. In fact, certain probabilistic al-
gorithms are currently the only known working solutions to hard robotic
estimation problems, such as the localization problem discussed a few pages
ago, or the problem of building accurate maps of very large environments.

In comparison to traditional model-based robotic techniques, probabilistic
algorithms have weaker requirements on the accuracy of the robot’s models,
thereby relieving the programmer from the insurmountable burden to come
up with accurate models. Probabilistic algorithms have weaker requirements
on the accuracy of robotic sensors than those made by many reactive tech-
niques, whose sole control input is the momentary sensor input. Viewed
probabilistically, the robot learning problem is a long-term estimation problem.
Thus, probabilistic algorithms provide a sound methodology for many fla-
vors of robot learning.

However, these advantages come at a price. The two most frequently cited
limitations of probabilistic algorithms are computational complexity, and a need
to approximate. Probabilistic algorithms are inherently less efficient than their
non-probabilistic counterparts. This is due to the fact that they consider en-
tire probability densities instead of a single guess. The need to approximate
arises from the fact that most robot worlds are continuous. Computing exact
posterior distributions tends to be computationally intractable. Sometimes,
one is fortunate in that the uncertainty can be approximated tightly with a
compact parametric model (e.g., Gaussians). In other cases, such approxima-
tions are too crude to be of use, and more complicated representations must
be employed.

Recent developments in computer hardware has made an unprecedented
number of FLOPS available at bargain prices. This development has cer-
tainly aided the field of probabilistic robotics. Further, recent research has
successfully increased the computational efficiency of probabilistic algo-
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rithms, for a range of hard robotics problems—many of which are described
in depth in this book. Nevertheless, computational challenges remain. We
shall revisit this discussion at numerous places, where we investigate the
strengths and weaknesses of specific probabilistic solutions.

Road Map

This book is organized in four major parts.

¢ Chapters 2 through 4 introduce the basic mathematical framework that
underlies all of the algorithms described in this book, along with key al-
gorithms. These chapters are the mathematical foundation of this book.

e Chapters 5 and 6 present probabilistic models of mobile robots. In
many ways, these chapters are the probabilistic generalization of classi-
cal robotics models. They form the robotic foundation for the material
that follows.

* The mobile robot localization problem is discussed in Chapters 7 and 8.
These chapters combine the basic estimation algorithms with the proba-
bilistic models discussed in the previous two chapters.

* Chapters 9 through 13 discuss the much richer problem of robotic map-
ping. As before, they are all based on the algorithms discussed in the
foundational chapters, but many of them utilize tricks to accommodate
the enormous complexity of this problem.

* Problems of probabilistic planning and control are discussed in Chap-
ters 14 through 17. Here we begin by introducing a number of fundamen-
tal techniques, and then branch into practical algorithms for controlling a
robot probabilistically. The final chapter, Chapter 17, discusses the prob-
lem of robot exploration from a probabilistic perspective.

The book is best read in order, from the beginning to the end. However, we
have attempted to make each individual chapter self-explanatory. Frequent
sections called “Mathematical Derivation of ...” can safely be skipped on first
reading without compromising the coherence of the overall material in this
book.

TESLA EXHIBIT 1010, Page 31



1.5 Teaching Probabilistic Robotics 11

1.5 Teaching Probabilistic Robotics

When used in the classroom, we do not recommend to teach the chapters
in order—unless the students have an unusually strong appreciation of ab-
stract mathematical concepts. Particle filters are easier to teach than Gaussian
filters, and students tend to get more excited by mobile robot localization
problems than abstract filter algorithms. In our own teachings, we usually
begin with Chapter 2, and move directly to Chapters 7 and 8. While teaching
localization, we go back to the material in Chapters 3 through 6 as needed.
We also teach Chapter 14 early, to expose students to the problems related to
planning and control early on in a course.

As a teacher, feel free to use slides and animations from the book’s Web site

www.probabilistic-robotics.org
to illustrate the various algorithms in this book. And feel free to send us, the
authors, pointers to your class Web sites and any material that could help
others in teaching Probabilistic Robotics.

The material in this book is best taught with hands-on implementation
assignments. There is nothing more educational in robotics than program-
ming an actual robot. And nobody can explain the pitfalls and challenges in
robotics better than Nature!

1.6 Bibliographical Remarks

The field of robotics has gone through a series of paradigms for software design. The first major
MODEL-BASED  paradigm emerged in the mid-1970s, and is known as the model-based paradigm. The model-
PARADIGM  based paradigm began with a number of studies showing the hardness of controlling a high-
DOF robotic manipulator in continuous spaces (Reif 1979). It culminated in text like Schwartz
et al.’s (1987) analysis of the complexity of robot motion, a first singly exponential general mo-
tion planning algorithm by Canny (1987), and Latombe’s (1991) seminal introductory text into
the field of model-based motion planning (additional milestone contributions will be discussed
in Chapter 14). This early work largely ignored the problem of uncertainty—even though it
extensively began using randomization as a technique for solving hard motion planning prob-
lems (Kavraki et al. 1996). Instead, the assumption was that a full and accurate model of the
robot and the environment be given, and the robot be deterministic. The model had to be suf-
ficiently accurate that the residual uncertainty was managed by a low-level motion controller.
Most motion planning techniques simply produced a single reference trajectory for the control
of a manipulator, although ideas such as potential fields (Khatib 1986) and navigation functions
(Koditschek 1987) provided mechanisms for reacting to the unforeseen—as long as it could be
sensed. Applications of these early techniques, if any, were confined to environments where
every little bit of uncertainty could be engineered away, or sensed with sufficient accuracy.
The field took a radical shift in the mid-1980s, when the lack of sensory feedback became the
focus of an entire community of researchers within robotics. With strong convictions, the field
BEHAVIOR-BASED  of behavior-based robotics rejected the idea of any internal model. Instead, it was the interaction
ROBOTICS
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with a physical environment of a situated agent (Kaelbling and Rosenschein 1991) that created
the complexity in robot motion (a phenomena often called emergent behavior (Steels 1991)). Con-
sequently, sensing played a paramount role, and internal models were rejected (Brooks 1990).

The enthusiasm in this field was fueled by some early successes that were far beyond the
reach of traditional model-based motion planning algorithms. One of them was “Genghis,”
a hexapod robot developed by Brooks (1986). A relatively simple finite state automaton was
able to control the gait of this robot even in rugged terrain. The key to success of such tech-
niques lay in sensing: the control was entirely driven by environment interaction, as perceived
through the robot’s sensors. Some of the early work impressed by creating a seemingly complex
robot through clever exploitation of environment feedback (Connell 1990). More recently, the
paradigm enjoyed commercial success through a robotic vacuum cleaning robot (IRobots Inc.
2004), whose software follows the behavior-based paradigm.

Due to the lack of internal models and a focus on simple control mechanism, most robot sys-
tems were confined to relatively simple tasks, where the momentary sensor information was
sufficient to determine the right choice of control. Recognizing this limitation, more recent
work in this field embraced hybrid control architectures (Arkin 1998), in which behavior-based
technique provided low-level control, whereas a model-based planner coordinated the robot’s
actions at a high, abstract level. Such hybrid architectures are commonplace in robotics today.
They are not dissimilar to the seminal work on three-layered architectures by Gat (1998), which
took its origins in “Shakey the Robot” (Nilsson 1984).

Modern probabilistic robotics has emerged since the mid-1990s, although its roots can be
traced back to the invention of the Kalman filter (Kalman 1960). In many ways, probabilistic
robotics falls in between model-based and behavior-based techniques. In probabilistic robotics,
there are models, but they are assumed to be incomplete and insufficient for control. There are
also sensor measurements, but they too are assumed to be incomplete and insulfficient for con-
trol. Through the integration of both, models and sensor measurements, a control action can
be devised. Statistics provides the mathematical glue to integrate models and sensor measure-
ments.

Many of the key advances in the field of probabilistic robotics will be discussed in future
chapters. Some of the cornerstones in this field include the advent of Kalman filter techniques
for high-dimensional perception problems by Smith and Cheeseman (1986), the invention of
occupancy grid maps by (Elfes 1987; Moravec 1988), and the re-introduction of partially observ-
able planning techniques due to Kaelbling et al. (1998). The past decade has seen an explosion
of techniques: Particle filters have become vastly popular (Dellaert et al. 1999), and researchers
have developed new programming methodologies focused on Bayesian information processing
(Thrun 2000b; Lebeltel et al. 2004; Park et al. 2005). This development went hand in hand with
the deployment of physical robot systems driven by probabilistic algorithms, such as industrial
machines for cargo handling by Durrant-Whyte (1996), entertainment robots in museums (Bur-
gard et al. 1999a; Thrun et al. 2000a; Siegwart et al. 2003), and robots in nursing and health care
(Pineau et al. 2003d). An open-source software package for mobile robot control that heavily
utilizes probabilistic techniques is described in Montemerlo et al. (2003a).

The field of commercial robotics is also at a turning point. In its annual World Robotics Sur-
vey, the United Nations and the International Federation of Robotics 2004 finds a 19% annual increase
in the size of the robotic market worldwide. Even more spectacular is the change of market seg-
ments, which indicates a solid transition from industrial applications to service robotics and
consumer products.
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6.1 Introduction

Environment measurement models comprise the second domain-specific model
in probabilistic robotics, next to motion models. Measurement models de-
scribe the formation process by which sensor measurements are generated in
the physical world. Today’s robots use a variety of different sensor modal-
ities, such as tactile sensors, range sensors, or cameras. The specifics of the
model depends on the sensor: Imaging sensors are best modeled by pro-
jective geometry, whereas sonar sensors are best modeled by describing the
sound wave and its reflection on surfaces in the environment.

Probabilistic robotics explicitly models the noise in sensor measurements.
Such models account for the inherent uncertainty in the robot’s sensors. For-
mally, the measurement model is defined as a conditional probability dis-
tribution p(z; | z,m), where z; is the robot pose, z; is the measurement at
time ¢, and m is the map of the environment. Although we mainly address
range-sensors throughout this chapter, the underlying principles and equa-
tions are not limited to this type of sensors. Instead the basic principle can
be applied to any kind of sensor, such as a camera or a bar-code operated
landmark detector.

To illustrate the basic problem of mobile robots that use their sensors to

SONAR RANGE SCAN  perceive their environment, Figure 6.1a shows a typical sonar range scan ob-
tained in a corridor with a mobile robot equipped with a cyclic array of 24
ultrasound sensors. The distances measured by the individual sensors are
depicted in light gray and the map of the environment is shown in black.
Most of these measurements correspond to the distance of the nearest ob-
ject in the measurement cone; some measurements, however, have failed to
detect any object.
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@) (b) specular
reflection

smooth
object
surface

Sensor

Figure 6.1 (a) Typical ultrasound scan of a robot in its environment. (b) A misread-
ing in ultrasonic sensing. This effect occurs when firing a sonar signal towards a
reflective surface at an angle « that exceeds half the opening angle of the sensor.

The inability for sonar to reliably measure range to nearby objects is of-
ten paraphrased as sensor noise. Technically, this noise is quite predictable:
When measuring smooth surfaces (such as walls), the reflection is usually

SPECULAR REFLECTION  specular, and the wall effectively becomes a mirror for the sound wave. This
can be problematic when hitting a smooth surface at an angle. Here the echo
may travel into a direction other than the sonar sensor, as illustrated in Fig-
ure 6.1b. This effect often leads to overly large range measurements when
compared to the true distance to the nearest object in the main cone. The
likelihood of this to happen depends on a number of properties, such as the
surface material, the angle between the surface normal and the direction of
the sensor cone, the range of the surface, the width of the main sensor cone,
and the sensitivity of the sonar sensor. Other errors, such as short readings,
may be caused by cross-talk between different sensors (sound is slow!) or by
unmodeled objects in the proximity of the robot, such as people.

LASER RANGE SCAN Figure 6.2 shows a typical laser range scan, acquired with a 2-D laser range
finder. Laser is similar to sonar in that it also actively emits a signal and
records its echo, but in the case of laser the signal is a light beam. A key
difference to sonars is that lasers provide much more focused beams. The
specific laser in Figure 6.2 is based on a time-of-flight measurement, and
measurements are spaced in one degree increments.

As a rule of thumb, the more accurate a sensor model, the better the
results—though there are some important caveats that were already dis-
cussed in Chapter 2.4.4. In practice, however, it is often impossible to model
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Figure 6.2 A typical laser range scan, acquired with a SICK LMS laser. The envi-
ronment shown here is a coal mine. Image courtesy of Dirk Hahnel, University of
Freiburg.

a sensor accurately, primarily due to the complexity of physical phenomena.

Often, the response characteristics of a sensor depends on variables we
prefer not to make explicit in a probabilistic robotics algorithm (such as the
surface material of walls, which for no particular reason is commonly not
considered in robotic mapping). Probabilistic robotics accommodates inac-
curacies of sensor models in the stochastic aspects: By modeling the mea-
surement process as a conditional probability density, p(z; | z;), instead of a
deterministic function z; = f(x), the uncertainty in the sensor model can be
accommodated in the non-deterministic aspects of the model. Herein lies a
key advantage of probabilistic techniques over classical robotics: in practice,
we can get away with extremely crude models. However, when devising
a probabilistic model, care has to be taken to capture the different types of
uncertainties that may affect a sensor measurement.

Many sensors generate more than one numerical measurement value
when queried. For example, cameras generate entire arrays of values (bright-
ness, saturation, color); similarly, range finders usually generate entire scans
of ranges. We will denote the number of such measurement values within a
measurement z; by K, hence we can write:

61) 2z = {z,...,zK}

We will use z} to refer to an individual measurement (e.g., one range value).
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The probability p(z; | x,m) is obtained as the product of the individual
measurement likelihoods

K
©2)  plze|ze,m) = [] o] @,m)
k=1

Technically, this amounts to an independence assumption between the noise
in each individual measurement beam—just as our Markov assumption as-
sumes independent noise over time (c.f., Chapter 2.4.4). This assumption is
only true in the ideal case. We already discussed possible causes of depen-
dent noise in Chapter 2.4.4. To recapitulate, dependencies typically exist due
to a range of factors: people, who often corrupt measurements of several ad-
jacent sensors; errors in the model m; approximations in the posterior; and
so on. For now, however, we will simply not worry about violations of the
independence assumption, as we will return to this issue in later chapters.

6.2 Maps

To express the process of generating measurements, we need to specify the
environment in which a measurement is generated. A map of the environ-
ment is a list of objects in the environment and their locations. We have
already informally discussed maps in the previous chapter, where we de-
veloped robot motion models that took into consideration the occupancy of
different locations in the world. Formally, a map m is a list of objects in the
environment along with their properties:

(63) m = {m1>m27"'7mN}

Here N is the total number of objects in the environment, and each m,, with
1 < n < N specifies a property. Maps are usually indexed in one of two
ways, known as feature-based and location-based. In feature-based maps, nis a
feature index. The value of m,, contains, next to the properties of a feature,
the Cartesian location of the feature. In location-based maps, the index n
corresponds to a specific location. In planar maps, it is common to denote a
map element by m, , instead of m,,, to make explicit that m,, , is the property
of a specific world coordinate, (z y).
Both types of maps have advantages and disadvantages. Location-based
VOLUMETRIC MAPS  maps are volumetric, in that they offer a label for any location in the world.
Volumetric maps contain information not only about objects in the environ-
ment, but also about the absence of objects (e.g., free-space). This is quite
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different in feature-based maps. Feature-based maps only specify the shape of
the environment at the specific locations, namely the locations of the objects
contained in the map. Feature representation makes it easier to adjust the
position of an object; e.g., as a result of additional sensing. For this reason,
feature-based maps are popular in the robotic mapping field, where maps
are constructed from sensor data. In this book, we will encounter both types
of maps—in fact, we will occasionally move from one representation to the
other.

A classical map representation is known as occupancy grid map, which will
be discussed in detail in Chapter 9. Occupancy maps are location-based:
They assign to each z-y coordinate a binary occupancy value that speci-
fies whether or not a location is occupied with an object. Occupancy grid
maps are great for mobile robot navigation: They make it easy to find paths
through the unoccupied space.

Throughout this book, we will drop the distinction between the physical
world and the map. Technically, sensor measurements are caused by physi-
cal objects, not the map of those objects. However, it is tradition to condition
sensor models on the map m; hence we will adopt a notation that suggests
measurements depend on the map.

6.3 Beam Models of Range Finders

Range finders are among the most popular sensors in robotics. Our first mea-
surement model in this chapter is therefore an approximative physical model
of range finders. Range finders measure the range to nearby objects. Range
may be measured along a beam—which is a good model of the workings
of laser range finders—or within a cone—which is the preferable model of
ultrasonic sensors.

6.3.1 The Basic Measurement Algorithm

Our model incorporates four types of measurement errors, all of which are
essential to making this model work: small measurement noise, errors due
to unexpected objects, errors due to failures to detect objects, and random
unexplained noise. The desired model p(z; | z;, m) is therefore a mixture of
four densities, each of which corresponds to a particular type of error:

1. Correct range with local measurement noise. In an ideal world, a range
finder would always measure the correct range to the nearest object in its

TESLA EXHIBIT 1010, Page 38



154

MEASUREMENT NOISE

(a) Gaussian distribution py;¢

p(z; | z,m)
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(c) Uniform distribution pmax
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Figure 6.3 Components of the range finder sensor model. In each diagram the hor-
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(b) Exponential distribution pghort

p(z; | z,m)

\

kx*
2y Zmax

(d) Uniform distribution pyang
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2y Zmax

izontal axis corresponds to the measurement z¥, the vertical to the likelihood.

measurement field. Let us use zf* to denote the “true” range of the object
measured by zF. In location-based maps, the range 2}* can be determined
using ray casting; in feature-based maps, it is usually obtained by search-
ing for the closest feature within a measurement cone. However, even if
the sensor correctly measures the range to the nearest object, the value it
returns is subject to error. This error arises from the limited resolution
of range sensors, atmospheric effect on the measurement signal, and so
on. This measurement noise is usually modeled by a narrow Gaussian with
mean z* and standard deviation oy;;. We will denote the Gaussian by

phis. Figure 6.3a illustrates this density pyit, for a specific value of 2P

In practice, the values measured by the range sensor are limited to the
interval [0; Zmax], where zpax denotes the maximum sensor range. Thus,
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the measurement probability is given by

T]N(Zf;zf*7aiit) lfOSZf Szmax

. k =
(6.4) phit (2 | z¢,m) { 0 otherwise

where 2}* is calculated from z; and m via ray casting, and N (zF; 28, 02.,)
denotes the univariate normal distribution with mean z}* and standard
deviation oyt

R b
(65) NGz om) = —===e T

\% 27”121%

The normalizer 7 evaluates to

Zmax —1
66 o - ( N(zf;zf*,aﬁit)dsz“)
0

The standard deviation oy is an intrinsic noise parameter of the measure-
ment model. Below we will discuss strategies for setting this parameter.

2. Unexpected objects. Environments of mobile robots are dynamic,
whereas maps m are static. As a result, objects not contained in the map
can cause range finders to produce surprisingly short ranges—at least
when compared to the map. A typical example of moving objects are peo-
ple that share the operational space of the robot. One way to deal with
such objects is to treat them as part of the state vector and estimate their
location; another, much simpler approach, is to treat them as sensor noise.
Treated as sensor noise, unmodeled objects have the property that they
cause ranges to be shorter than z;"*, not longer.

The likelihood of sensing unexpected objects decreases with range. To
see, imagine there are two people that independently and with the same
fixed likelihood show up in the perceptual field of a proximity sensor. One
person’s range is r1, and the second person’s range is 7. Let us further
assume that r; < r, without loss of generality. Then we are more likely
to measure 7; than ro. Whenever the first person is present, our sensor
measures ;. However, for it to measure ry, the second person must be
present and the first must be absent.

Mathematically, the probability of range measurements in such situations
is described by an exponential distribution. The parameter of this distribu-
tion, Ashort, is an intrinsic parameter of the measurement model. Accord-
ing to the definition of an exponential distribution we obtain the following
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equation for peport (25 | 24, m):

A h 67)‘511014,211C lf 0 < Zk < Zk*
(67) pshort(ziC ‘ ,’I,‘t,m) — { 7] Ashort < 2P <2

0 otherwise

As in the previous case, we need a normalizer 7 since our exponential is
limited to the interval [0; zf*|. Because the cumulative probability in this
interval is given as

ko
Zt

(6.8) / Ashort € 5heret 2
0

_e_/\shortzf* + e_A:;hortO
— 1 _ E*Ashortzf*

the value of 7 can be derived as:

1

k
1— e_Ashortzt *

(6.9) n o=

Figure 6.3b depicts this density graphically. This density falls off expo-
nentially with the range 2}.

3. Failures. Sometimes, obstacles are missed altogether. For example, this
happens frequently for sonar sensors as a result of specular reflections.
Failures also occur with laser range finders when sensing black, light-
absorbing objects, or for some laser systems when measuring objects in
SENSOR FAILURE bright sunlight. A typical result of a sensor failure is a max-range measure-
ment: the sensor returns its maximum allowable value z,,,x. Since such
events are quite frequent, it is necessary to explicitly model max-range
measurements in the measurement model.

We will model this case with a point-mass distribution centered at zpax:

1 if 2 = zmax

k o o _
(610) pmax(zt |xt7m) - I(Z*Zmax) o { 0 otherwise

Here I denotes the indicator function that takes on the value 1 if its ar-
gument is true, and is 0 otherwise. Technically, pmax does not possess a
probability density function. This is because pmax is a discrete distribu-
tion. However, this shall not worry us here, as our mathematical model of
evaluating the probability of a sensor measurement is not affected by the
non-existence of a density function. (In our diagrams, we simply draw
Pmax as a very narrow uniform distribution centered at zpyax, SO that we
can pretend a density exists).
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‘k*
2y Zmax

Figure 6.4 “Pseudo-density” of a typical mixture distribution p(zf | z¢, m).

4. Random measurements. Finally, range finders occasionally produce en-
UNEXPLAINABLE tirely unexplainable measurements. For example, sonars often generate
MEASUREMENTS phantom readings when they bounce off walls, or when they are subject
to cross-talk between different sensors. To keep things simple, such mea-
surements will be modeled using a uniform distribution spread over the

entire sensor measurement range [0; zyax|:

1

ifQ <2k < z
611 k — Zmax — ~t max
( : Prana(7 | e, m) { 0 otherwise

Figure 6.3d shows the density of the distribution p,anq-

These four different distributions are now mixed by a weighted average, de-
fined by the parameters zyit, Zshort, Zmax, ANd Zrand With Znit + Zshort + Zmax +

Zrand = 1.
T
Zhit phit(zf | l’t,m)
k
Zshort pshort(zt |xt7m)
6.12 2l xe,m) = s .
612)  p(e | 2em) Zmax Praax (2 | 2, m)
Zrand prand(zf | xtvm)

A typical density resulting from this linear combination of the individual
densities is shown in Figure 6.4 (with our visualization of the point-mass
distribution pmax as a small uniform density). As the reader may notice, the
basic characteristics of all four basic models are still present in this combined
density.

TESLA EXHIBIT 1010, Page 42



158 6 Robot Perception

1: Algorithm beam_range_finder_model(z;, x;, m):

2: qg=1

3: fork=1to K do

4: compute z}* for the measurement z} using ray casting
5: P = 2nit - Phie(2¢ | 1, M) + Zshort - Pshort (2F | 21, m)

6: +2Zmax - Pmax (2 | 1, M) + Zrand - Prana (2F | 21, m)
7: q4=4q-p

8: return q

Table 6.1 Algorithm for computing the likelihood of a range scan z;, assuming con-
ditional independence between the individual range measurements in the scan.

The range finder model is implemented by the algorithm
beam_range_finder_model in Table 6.1. The input of this algorithm is
a complete range scan z;, a robot pose z;, and a map m. Its outer loop (lines
2 and 7) multiplies the likelihood of individual sensor beams 2/, following
Equation (6.2). Line 4 applies ray casting to compute the noise-free range for
a particular sensor measurement. The likelihood of each individual range
measurement z} is computed in line 5, which implements the mixing rule for
densities stated in (6.12). After iterating through all sensor measurements 2}
in z;, the algorithm returns the desired probability p(z; | z¢, m).

6.3.2 Adjusting the Intrinsic Model Parameters

In our discussion so far we have not addressed the question of how to choose
the various parameters of the sensor model. These parameters include the
mixing parameters zhit, Zshort, Zmax, ANd Zrana. They also include the param-
eters opi, and Aghors. We will refer to the set of all intrinsic parameters as ©.
Clearly, the likelihood of any sensor measurement is a function of ©. Thus,
we will now discuss an algorithm for adjusting model parameters.

One way to determine the intrinsic parameters is to rely on data. Fig-
ure 6.5 depicts two series of 10,000 measurements obtained with a mobile
robot traveling through a typical office environment. Both plots show only
range measurements for which the expected range was approximately 3 me-
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(a) Sonar data (b) Laser data

o 5000

Figure 6.5 Typical data obtained with (a) a sonar sensor and (b) a laser-range sensor
in an office environment for a “true” range of 300 cm and a maximum range of 500
cm.

ters (between 2.9m and 3.1m). The left plot depicts the data for sonar sensors,
and the right plot the corresponding data for laser sensors. In both plots, the
z-axis shows the number of the reading (from 1 to 10,000), and the y-axis is
the range measured by the sensor.

Whereas most of the measurements are close to the correct range for both
sensors, the behaviors of the sensors differ substantially. The ultrasound
sensor appears to suffer from many more measurement noise and detection
errors. Quite frequently it fails to detect an obstacle, and instead reports max-
imum range. In contrast, the laser range finder is more accurate. However, it
also occasionally reports false ranges.

A perfectly acceptable way to set the intrinsic parameters © is by hand:
simply eyeball the resulting density until it agrees with your experience.
Another, more principled way is to learn these parameters from actual data.
This is achieved by maximizing the likelihood of a reference data set Z = {z;}
with associated positions X = {z;} and map m, where each z; is an actual
measurement, x; is the pose at which the measurement was taken, and m is
the map. The likelihood of the data Z is given by

6.13) p(Z| X,m,0)

Our goal is to identify intrinsic parameters © that maximize this likelihood.
Any estimator, or algorithm, that maximizes the likelihood of data is known

MAXIMUM LIKELIHOOD  as a maximum likelihood estimator, or ML estimator.
ESTIMATOR Table 6.2 depicts the algorithm learn_intrinsic_parameters, which is an
algorithm for calculating the maximum likelihood estimate for the intrinsic
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>

11:
12:
13:
14:

15:
16:

Algorithm learn_intrinsic_parameters(Z, X, m):

repeat until convergence criterion satisfied
for all z; in Z do
n = [ pnit(zi | ©,m) + Pshort (2 | i, M)
+ Pmax (i | i, M) + Prand(2i | 2:,m) ]

calculate 2}

-1

€i,hit = 1) Phit(zi \ i%m)
€ short = 1) Dshort (i | T4, m)
€imax = 1] pmax(zi ‘ L, m)

€irand = 1) prand(zi | Ty, m)

Zhit = |Z]7F Y0, €init

Zshort = |Z‘_1 Zl €;,short

Zmax = | 2|71 Y, € max

Zrand = | 2|71 Y, €irand

Ohit = \/ﬁ > €imit(zi — 2F)?
\ S eommon

short =
; Cishort i

return © = {Zhitv Zshorts #maxs “rand; Ohit Ashort}

Table 6.2 Algorithm for learning the intrinsic parameters of the beam-based sensor
model from data.

parameters. As we shall see below, the algorithm is an instance of the expec-
tation maximization (EM) algorithm, an iterative procedure for estimating ML
parameters.

Initially, the algorithm learn_intrinsic_parameters in Table 6.2 requires
a good initialization of the intrinsic parameters oniy and Aghors. In lines 3
through 9, it estimates auxiliary variables: Each e; xxx is the probability that
the measurement z; is caused by “xxx,” where “xxx” is chosen from the four
aspects of the sensor model, hit, short, max, and random. Subsequently, it es-
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timates the intrinsic parameters in lines 10 through 15. The intrinsic parame-
ters, however, are a function of the expectations calculated before. Adjusting
the intrinsic parameters causes the expectations to change, for which reason
the algorithm has to be iterated. However, in practice the iteration converges
quickly, and a dozen iterations are usually sufficient to give good results.

Figure 6.6 graphically depicts four examples of data and the ML measure-
ment model calculated by learn_intrinsic_parameters. The first row shows
approximations to data recorded with the ultrasound sensor. The second row
contains plots of two functions generated for laser range data. The columns
correspond to different “true” ranges. The data is organized in histograms.
One can clearly see the differences between the different graphs. The smaller
the range 2;* the more accurate the measurement. For both sensors the
Gaussians are narrower for the shorter range than they are for the longer
measurement. Furthermore, the laser range finder is more accurate than the
ultrasound sensor, as indicated by the narrower Gaussians and the smaller
number of maximum range measurements. The other important thing to no-
tice is the relatively high likelihood of short and random measurements. This
large error likelihood has a disadvantage and an advantage: On the negative
side, it reduces the information in each sensor reading, since the difference in
likelihood between a hit and a random measurement is small. On the posi-
tive side this model is less susceptible to unmodeled systematic perturbations,
such as people who block the robot’s path for long periods of time.

Figure 6.7 illustrates the learned sensor model in action. Shown in Fig-
ure 6.7a is a 180 degree range scan. The robot is placed in a previously
acquired occupancy grid map at its true pose. Figure 6.7b plots a map of
the environment along with the likelihood p(z; | ¢, m) of this range scan
projected into x-y-space (by maximizing over the orientation ¢). The darker
a location, the more likely it is. As is easily seen, all regions with high likeli-
hood are located in the corridor. This comes at little surprise, as the specific
scan is geometrically more consistent with corridor locations than with loca-
tions inside any of the rooms. The fact that the probability mass is spread out
throughout the corridor suggests that a single sensor scan is insufficient to
determine the robot’s exact pose. This is largely due to the symmetry of the
corridor. The fact that the posterior is organized in two narrow horizontal
bands is due to the fact that the orientation of the robot is unknown: each of
these bands corresponds to one of the two surviving heading directions of
the robot.
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(a) Sonar data, plots for two different ranges

el x
2t 2t

(b) Laser data, plots for two different ranges

Kb Kl
2t 2t

Figure 6.6 Approximation of the beam model based on (a) sonar data and (b) laser
range data. The sensor models depicted on the left were obtained by a maximum
likelihood approximation to the data sets depicted in Figure 6.5.

6.3.3 Mathematical Derivation of the Beam Model

To derive the ML estimator, it shall prove useful to introduce auxiliary vari-
ables ¢;, the so-called correspondence variable. Each ¢; can take on one of
four values, hit, short, max, and random, corresponding to the four possible
mechanisms that might have produced a measurement z;.

Let us first consider the case in which the ¢;’s are known. We know which
of the four mechanisms described above caused each measurement z;. Based
on the values of the ¢;’s, we can decompose Z into four disjoint sets, Zni,
Zshorty Lmax, and Zyand, which together comprise the set Z. The ML estima-
tors for the intrinsic parameters zhit, Zshort, Zmax, aNd Zzrana are simply the
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(a) Laser scan and part of the map

(b) Likelihood for different positions

Figure 6.7 Probabilistic model of perception: (a) Laser range scan, projected into a
previously acquired map m. (b) The likelihood p(z: | z+,m), evaluated for all posi-
tions x; and projected into the map (shown in gray). The darker a position, the larger

p(z | 2, m).

normalized ratios:

Zhit | Zni]
Zshort —1 |Zshort|
6.14 s = |Z
( ) Zmax | ‘ |Zmax|
Zrand ‘Zrand |

The remaining intrinsic parameters, opi; and Aghort, are obtained as follows.
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For the data set Zyi;, we get from (6.5)

615)  p(Znie | X,m,0) =[] puielzi | 2i,m,0)
2; € Znit

kN2
3 Gi==)

[ 5=c =
= hit
2i € Zhit 27Ta.hlt

Here 2} is the “true” range, computed from the pose z; and the map m. A
classic trick of ML estimation is to maximize the logarithm of the likelihood,
instead of the likelihood directly. The logarithm is a strictly monotonic func-
tion, hence the maximum of the log-likelihood is also the maximum of the
original likelihood. The log-likelihood is given by

1 1 2
616) logp(Zi | X.m0) = 3 |- logamof, - LEZED

ag
2i € Znit hit

which is now easily transformed as follows

(6.17)  logp(Znis | X, m,0)

1 zi — 2¥)?
= -3 Z [1og 2ol + (1021)}
2; € Znit hit
—25)?
= |Zh1t‘10g27T+2|Zh1t‘10g0—h1t + Z 7,]
2i € Zhit hlt

1
const. — | Zpis|log oniy — z—— Z (2 — 2)°
20hit 2i € Znit

The derivative of this expression in the intrinsic parameter oy, is as follows:

o1l Zi )(7 7@ Zi 1
(6.18) ng( gt | o ) = —7| ht| + 3 Z (27 —Z;)2
Ohit Ohit Ot 21 € Zoie

The maximum of the log-likelihood is now obtained by setting this derivative
to zero. From that we get the solution to our ML estimation problem.

1
. — [ . *)2
(6.19)  onit \/|Zhit| Z (zi — 2})

2i € it

The estimation of the remaining intrinsic parameter Ashors proceeds just
about in the same way. The posterior over the data Zgy is given by

(620) p(Zshort | X,m, 6) = H pshort(zi | T, m)

2i € Zshort
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— H )\Short e*)\shortzi

2i € Zshort

The logarithm is

(621) log p(Zshort ‘ X,m, 8) Z log Ashort — Ashort Zi

2; € Zshort

IOg )\short - )\short Z Zq

21€Zshort

= |Zshort

The first derivative of this expression with respect to the intrinsic parameter
Ashort 1S as follows:

81 ZS or X7 76 ZS or
(6.22) 08 P(Zshort | m, ©) _ | ht|_ Z 2

B)) A
short short 2i€ Zshort

Setting this to zero gives us the ML estimate for the intrinsic parameter Ashort

‘Zshort ‘

ZZ’L € Zehors i

This derivation assumed knowledge of the parameters ¢;. We now extend it
to the case where the ¢;’s are unknown. As we shall see, the resulting ML
estimation problem lacks a closed-form solution. However, we can devise a
technique that iterates two steps, one that calculates an expectation for the
¢i’s and one that computes the intrinsic model parameters under these ex-
EM ALGORITHM  pectations. As noted, the resulting algorithm is an instance of the expectation
maximization algorithm, usually abbreviated as EM.
To derive EM, it will be beneficial to define the likelihood of the data Z
first:

(623) )‘short =

(6.24) logp(Z | X,m,0)
= Z logp(zl ‘ J}i,m,@)

Zi€EZ

= Z log phit(2; | 23, m) + Z 10g Pshort (2i | i, m)
2, € Zni 2, € Zshort
+ > 10gpmax(zi | zi,m) + > 10gpranalzi | xi,m)
2i€ Zmax 2;€Zrand

This expression can be rewritten using the variables ¢;:

(625 logp(Z | X,m,0) = > I(c; =hit) logpuis(z | w:,m)
2, €Z
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+1I(c; = short) log pshort (2: | i, m)

+I(¢; = max) 10g pmax (7 | T, m)

+I(c; = rand) log prand(2i | i, m)
where I is the indicator function. Since the values for ¢; are unknown, it is
common to integrate them out. Put differently, EM maximizes the expecta-

tion Efllogp(Z | X, m, ©)], where the expectation is taken over the unknown
variables ¢;:

(6.26)  Ellogp(Z | X, m,O)]
= Zp(c,- = hit) log puit(2i | i, m) + p(c; = short) log pshort(2i | i, m)

+p(¢; = max) log pmax(2i | i, m) + p(c; = rand) 1log prana(z; | z;, m)
= > einit 10gpuit(2i | 2i,m) + € short 108 Psnort (2 | 23, m)

3

+ei7max logpmax(zi | l’i,m) + €4 rand 1ngrand(zi | xi,m)

With the definition of the variable e as indicated. This expression is maxi-
mized in two steps. In a first step, we consider the intrinsic parameters op;;
and Agnort given and calculate the expectation over the variables c;.

€ hit p(c; = hit) Phit(2i | 4, m)
(627) €i,short — P(Cz = ShOI‘t) _ Pshort (Z’L | Ty, m)
€i,max p(¢; = max) Pmax(Zi | T, m)
€4,rand P(Cz = rand) prand(zi | Ty, m)

The normalizer is given by

628) n = [pnic(2 | zi, M) + Dshort (2i | T3, m)

+pmax(zi | T, m) +prand(zi ‘ mi7m) ]_1

This step is called the “E-step,” indicating that we calculate expectations over
the latent variables ¢;. The remaining step is now straightforward, since the
expectations decouple the dependencies between the different components
of the sensor model. First, we note that the ML mixture parameters are sim-
ply the normalized expectations

Zhit €4 hit
Zshort - €i,short
(6.29) = 27" :
Zmax - €i,max
B
Zrand €4,rand
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The ML parameters opi, and Agnore are then obtained analogously, by replac-
ing the hard assignments in (6.19) and (6.23) by soft assignments weighted
by the expectations.

1
630) omi = e S eopi (s — 2P
( e \/Zwe%hit 3 etz =)

and

. (& i,sh
(631) )\short M
Zziez € ,short Zi

6.3.4 Practical Considerations

In practice, computing the densities of all sensor readings can be quite in-
volved from a computational perspective. For example, laser range scanners
often return hundreds of values per scan, at a rate of several scans per sec-
ond. Since one has to perform a ray casting operation for each beam of the
scan and every possible pose considered, the integration of the whole scan
into the current belief cannot always be carried out in real-time. One typi-
cal approach to solve this problem is to incorporate only a small subset of
all measurements (e.g., 8 equally spaced measurements per laser range scan
instead of 360). This approach has an important additional benefit. Since
adjacent beams of a range scan are often not independent, the state estima-
tion process becomes less susceptible to correlated noise in adjacent mea-
surements.

When dependencies between adjacent measurements are strong, the ML
model may make the robot overconfident and yield suboptimal results. One
simple remedy is to replace p(z} | x;, m) by a “weaker” version p(zf | z;, m)®
for @ < 1. The intuition here is to reduce, by a factor of ¢, the information
extracted from a sensor measurement (the log of this probability is given by
alog p(zF | ©1,m)). Another possibility—which we will only mention here—
is to learn the intrinsic parameters in the context of the application: For exam-
ple, in mobile localization it is possible to train the intrinsic parameters via
gradient descent to yield good localization results over multiple time steps.
Such a multi-time step methodology is significantly different from the single
time step ML estimator described above. In practical implementations it can
yield superior results; see Thrun (1998a).

The main drain of computing time for beam-based models is the ray cast-
ing operation. The runtime costs of computing p(z; | x¢, m) can be sub-
stantially reduced by pre-cashing the ray casting algorithm, and storing the
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result in memory—so that the ray casting operation can be replaced by a
(much faster) table lookup. An obvious implementation of this idea is to de-
compose the state space into a fine-grained three-dimensional grid, and to
pre-compute the ranges 2/ for each grid cell. This idea was already investi-
gated in Chapter 4.1. Depending on the resolution of the grid, the memory
requirements can be significant. In mobile robot localization, we find that
pre-computing the range with a grid resolution of 15 centimeters and 2 de-
grees works well for indoor localization problems. It fits well into the RAM
for moderate-sized computers, yielding speed-ups by an order of magnitude
over the plain implementation that casts rays online.

6.3.5 Limitations of the Beam Model

The beam-based sensor model, while closely linked to the geometry and
physics of range finders, suffers two major drawbacks.

In particular, the beam-based model exhibits a lack of smoothness. In clut-
tered environments with many small obstacles, the distribution p(zf | 4, m)
can be very unsmooth in z;. Consider, for example, an environment with
many chairs and tables (like a typical conference room). A robot like the ones
shown in Chapter 1 will sense the legs of those obstacles. Obviously, small
changes of a robot’s pose z; can have a tremendous impact on the correct
range of a sensor beam. As a result, the measurement model p(zf | z;,m) is
highly discontinuous in x;. The heading direction 0, is particularly affected,
since small changes in heading can cause large displacements in z-y-space at
a range.

Lack of smoothness has two problematic consequences. First, any approx-
imate belief representation runs the danger of missing the correct state, as
nearby states might have drastically different posterior likelihoods. This
poses constraints on the accuracy of the approximation which, if not met,
increase the resulting error in the posterior. Second, hill climbing methods
for finding the most likely state are prone to local minima, due to the large
number of local maxima in such unsmooth models.

The beam-based model is also computational involved. Evaluating p(zF |
x4, m) for each single sensor measurement 2} involves ray casting, which is
computationally expensive. As noted above, the problem can be partially
remedied by pre-computing the ranges over a discrete grid in pose space.
Such an approach shifts the computation into an initial off-line phase, with
the benefit that the algorithm is faster at run time. However, the resulting
tables are very large, since they cover a large three-dimensional space. Thus,
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pre-computing ranges is computationally expensive and requires substantial
memory.

6.4 Likelihood Fields for Range Finders

6.4.1 Basic Algorithm

LIKELIHOOD FIELD  We will now describe an alternative model, called likelihood field, which over-
comes these limitations. This model lacks a plausible physical explanation.
In fact, it is an “ad hoc” algorithm that does not necessarily compute a condi-
tional probability relative to any meaningful generative model of the physics
of sensors. However, the approach works well in practice. The resulting pos-
teriors are much smoother even in cluttered space, and the computation is
more efficient.

The key idea is to first project the end points of a sensor scan z; into the
global coordinate space of the map. To do so, we need to know where rel-
ative to the global coordinate frame the robot’s local coordinate system is
located, where on the robot the sensor beam z;, originates, and where the
sensor points. As usual let z; = (z y 6)7 denote a robot pose at time ¢.
Keeping with our two-dimensional view of the world, we denote the rela-
tive location of the sensor in the robot’s fixed, local coordinate system by
(Tk.sens Yk.sens) ., and the angular orientation of the sensor beam relative to
the robot’s heading direction by ), scns. These values are sensor-specific. The
end point of the measurement 2} is now mapped into the global coordinate
system via the obvious trigonometric transformation.

6.32) ( T ) _ (a:) n (c?s 0 — sin0> ( Tk sens ) 4o (c98(9 + Ok sens) )
Yr Y sinf  cos@ Yk sens sin(6 + 6k sens)
These coordinates are only meaningful when the sensor detects an obstacle.
If the range sensor takes on its maximum value zf = Zmax, these coordinates
have no meaning in the physical world (even though the measurement does
carry information). The likelihood field measurement model simply discards
max-range readings.

Similar to the beam model discussed before, we assume three types of
sources of noise and uncertainty:

1. Measurement noise. Noise arising from the measurement process is
modeled using Gaussians. In z-y-space, this involves finding the nearest
obstacle in the map. Let dist denote the Euclidean distance between the
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(a) example environment (b) likelihood field

i

Figure 6.8 (a) Example environment with three obstacles (gray). The robot is located
towards the bottom of the figure, and takes a measurement zF as indicated by the
dashed line. (b) Likelihood field for this obstacle configuration: the darker a location,
the less likely it is to perceive an obstacle there. The probability p(zf | z¢,m) for the
specific sensor beam is shown in Figure 6.9.

(@) phit(zzk | ¢, m) (b) p(zf | £, m)

01 02 03 Zmax 01 02 03 Zmax
Figure 6.9 (a) Probability puit(2f) as a function of the measurement 2, for the sit-
uation depicted in Figure 6.8. Here the sensor beam passes by three obstacles, with
respective nearest points 01, 02, and o0s. (b) Sensor probability p(zf | z¢,m), obtained
for the situation depicted in Figure 6.8, obtained by adding two uniform distributions.
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measurement coordinates (xztk Yok )T and the nearest object in the map m.
Then the probability of a sensor measurement is given by a zero-centered
Gaussian, which captures the sensor noise:

(6.33) phit(zf|xt,m) = &4, (dist)

Figure 6.8a depicts a map, and Figure 6.8b shows the corresponding Gaus-
sian likelihood for measurement points (2.r .« )T in 2-D space. The
brighter a location, the more likely it is to measure an object with a range
finder. The density py;; is now obtained by intersecting (and normaliz-
ing) the likelihood field by the sensor axis, indicated by the dashed line in
Figure 6.8. The resulting function is the one shown in Figure 6.9a.

2. Failures. As before, we assume that max-range readings have a distinct
large likelihood. As before, this is modeled by a point-mass distribution

pmaX'

3. Unexplained random measurements. Finally, a uniform distribution
Prand 1S used to model random noise in perception.

Just as for the beam-based sensor model, the desired probability p(zf | z¢,m)
integrates all three distributions:

(634) Zhit * Phit + Zrand - Prand + Zmax - Pmax

using the familiar mixing weights znit, 2rand, and zmax. Figure 6.9b shows
an example of the resulting distribution p(zf | z¢,m) along a measurement
beam. It should be easy to see that this distribution combines pyi;, as shown
in Figure 6.9a, and the distributions pmax and prana. Much of what we said
about adjusting the mixing parameters transfers over to our new sensor
model. They can be adjusted by hand or learned using the ML estimator.
A representation like the one in Figure 6.8b, which depicts the likelihood of
an obstacle detection as a function of global z-y-coordinates, is called the
likelihood field.

Table 6.3 provides an algorithm for calculating the measurement proba-
bility using the likelihood field. The reader should already be familiar with
the outer loop, which multiplies the individual values of p(zf | x;,m), as-
suming independence between the noise in different sensor beams. Line 4
checks if the sensor reading is a max range reading, in which case it is simply
ignored. Lines 5 to 8 handle the interesting case: Here the distance to the
nearest obstacle in z-y-space is computed (line 7), and the resulting likeli-
hood is obtained in line 8 by mixing a normal and a uniform distribution. As

TESLA EXHIBIT 1010, Page 56



172 6 Robot Perception

1: Algorithm likelihood_field_range_finder_model(z;, z;, m):
2: qg=1
3: for all k do
4: if Zf 7é Zmax
5: T=1T + Tk sens COS @ — Yk sens 51N 0 + 25 coS(0 4 O cens)
6: Yok = Y + Yk,sens €08 0 + T sens sin 6 + z¢ sin(0 + Ok sens)
7: dist = min {\/(xzf —a/)2 + (yzf —y)2| (z',y') occupied in m}
=y’ £ £
q=q- (2nit - prob(dist, o) + Zandom )
9: return q

Table 6.3 Algorithm for computing the likelihood of a range finder scan using Eu-
clidean distance to the nearest neighbor. The function prob(dist, onit) computes the
probability of the distance under a zero-centered Gaussian distribution with standard
deviation opit.

before, the function prob(dist, oni) computes the probability of dist under a
zero-centered Gaussian distribution with standard deviation oy;;.

The search for the nearest neighbor in the map (line 7) is the most costly
operation in algorithm likelihood_field_range_finder_model. To speed up
this search, it is advantageous to pre-compute the likelihood field, so that
calculating the probability of a measurement amounts to a coordinate trans-
formation followed by a table lookup. Of course, if a discrete grid is used, the
result of the lookup is only approximate, in that it might return the wrong
obstacle coordinates. However, the effect on the probability p(zf | z;,m) is
typically small even for moderately course grids.

6.4.2 Extensions

A key advantage of the likelihood field model over the beam-based model
discussed before is smoothness. Due to the smoothness of the Euclidean
distance, small changes in the robot’s pose z; only have small effects on the
resulting distribution p(zF | z;,m). Another key advantage is that the pre-
computation takes place in 2-D, instead of 3-D, increasing the compactness
of the pre-computed information.
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Figure 6.10 (a) Occupancy grid map of the San Jose Tech Museum, (b) pre-processed
likelihood field.

However, the current model has three key disadvantages: First, it does not
explicitly model people and other dynamics that might cause short readings.
Second, it treats sensors as if they can “see through walls.” This is because
the ray casting operation was replaced by a nearest neighbor function, which
is incapable of determining whether a path to a point is intercepted by an
obstacle in the map. And third, our approach does not take map uncertainty
into account. In particular, it cannot handle unexplored areas, for which the
map is highly uncertain or unspecified.

The basic algorithm likelihood_field_range finder_model can be ex-
tended to diminish the effect of these limitations. For example, one might
sort map occupancy values into three categories: occupied, free, and unknown,
instead of just the first two. When a sensor measurement 2} falls into the
category unknown, its probability p(zf | x;,m) is assumed to be the constant
value ﬁ The resulting probabilistic model is crude. It assumes that in the
unexplored space every sensor measurement is equally likely.

Figure 6.10 shows a map and the corresponding likelihood field. Here
again the gray-level of an 2-y-location indicates the likelihood of receiving a
sensor reading there. The reader may notice that the distance to the nearest
obstacle is only employed inside the map, which corresponds to the explored
terrain. Outside, the likelihood p(zF | #;,m) is a constant. For computational
efficiency, it is worthwhile to pre-compute the nearest neighbor for a fine-
grained 2-D grid.

Likelihood fields over the visible space can also be defined for the most
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(a) sensor scan (b) likelihood field
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Figure 6.11 (a) Sensor scan, from a bird’s eye perspective. The robot is placed at the
bottom of this figure, generating a proximity scan that consists of the 180 dots in front
of the robot. (b) Likelihood function generated from this sensor scan. The darker a
region, the smaller the likelihood for sensing an object there. Notice that occluded
regions are white, hence infer no penalty.

recent scan, which in fact defines a local map. Figure 6.11 shows such a
likelihood field. It plays an important role in techniques that align individual
scans.

6.5 Correlation-Based Measurement Models

There exist a number of range sensor models in the literature that measure
correlations between a measurement and the map. A common technique is
MAP MATCHING  known as map matching. Map matching requires techniques discussed in later
chapters of this book, namely the ability to transform scans into occupancy
maps. Typically, map matching compiles small numbers of consecutive scans
into local maps, denoted migca1. Figure 6.12 shows such a local map, here in
the form of an occupancy grid map. The sensor measurement model com-
pares the local map miocal to the global map m, such that the more similar
m and Miocal, the larger p(miocal | ¢, m). Since the local map is represented
relative to the robot location, this comparison requires that the cells of the
local map are transformed into the coordinate framework of the global map.
Such a transformation can be done similar to the coordinate transform (6.32)
of sensor measurements used in the likelihood field model. If the robot is
at location z, we denote by m y 1oca1(2+) the grid cell in the local map that
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Figure 6.12 Example of a local map generated from 10 range scans, one of which is
shown.

corresponds to (z y)7 in global coordinates. Once both maps are in the same
reference frame, they can be compared using the map correlation function,

which is defined as follows:
Zm,y(mw,y =) - (Ma,y,1ocal (e) — M)

\/Zw7y(mx,y —m)? Zw,y(mx,y,local (x:) —m)?

Here the sum is evaluated over cells defined in both maps, and m is the
average map value:

(6.35) Pm,migear,®e

1
636) m = IN Z(mz,y + Mgy local)
T,y

where N denotes the number of elements in the overlap between the local
and global map. The correlation p, m,,..,.», Scales between +1. Map match-
ing interprets the value

(6.37)  p(miocal | T, m) = ma’X{pm,mlocahxt’O}

as the probability of the local map conditioned on the global map m and the
robot pose z;. If the local map is generated from a single range scan z;, this
probability substitutes the measurement probability p(z; | z;, m).

Map matching has a number of nice properties: just like the likelihood field
model, it is easy to compute, though it does not yield smooth probabilities in
the pose parameter z;. One way to approximate the likelihood field (and to
obtain smoothness) is to convolve the map m with a Gaussian smoothness
kernel, and to run map matching on this smoothed map.
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A key advantage of map matching over likelihood fields is that it explic-
itly considers the free-space in the scoring of two maps; the likelihood field
technique only considers the end point of the scans, which by definition cor-
respond to occupied space (or noise). On the other hand, many mapping
techniques build local maps beyond the reach of the sensors. For example,
many techniques build circular maps around the robot, setting to 0.5 areas
beyond the range of actual sensor measurements. In such cases, there is a
danger that the result of map matching incorporates areas beyond the actual
measurement range, as if the sensor can “see through walls.” Such side-
effects are found in a number of implemented map matching techniques.

A further disadvantage is that map matching does not possess a plausi-
ble physical explanation. Correlations are the normalized quadratic distance
between maps, which is not the noise characteristic of range sensors.

6.6 Feature-Based Measurement Models

6.6.1 Feature Extraction

The sensor models discussed thus far are all based on raw sensor measure-

FEATURES ~ ments. An alternative approach is to extract features from the measurements.
If we denote the feature extractor as a function f, the features extracted from
a range measurement are given by f(z;). Most feature extractors extract a
small number of features from high-dimensional sensor measurements. A
key advantage of this approach is the enormous reduction of computational
complexity: While inference in the high-dimensional measurement space can
be costly, inference in the low-dimensional feature space can be orders of
magnitude more efficient.

The discussion of specific algorithms for feature extraction is beyond the
scope of this book. The literature offers a wide range of features for a number
of different sensors. For range sensors, it is common to identify lines, corners,
or local minima in range scans, which correspond to walls, corners, or objects
such as tree trunks. When cameras are used for navigation, the processing of
camera images falls into the realm of computer vision. Computer vision has
devised a myriad of feature extraction techniques from camera images. Pop-
ular features include edges, corners, distinct patterns, and objects of distinct
appearance. In robotics, it is also common to define places as features, such
as hallways and intersections.
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6.6.2 Landmark Measurements

In many robotics applications, features correspond to distinct objects in the
physical world. For example, in indoor environments features may be door
posts or windowsills; outdoors they may correspond to tree trunks or corners
LANDMARKS  of buildings. In robotics, it is common to call those physical objects landmarks,
to indicate that they are being used for robot navigation.
The most common model for processing landmarks assumes that the sen-
sor can measure the range and the bearing of the landmark relative to the
RANGE AND BEARING ~ robot’s local coordinate frame. Such sensors are called range and bearing
SENSOR  sensors. The existence of a range-bearing sensor is not an implausible as-
sumption: Any local feature extracted from range scans come with range and
bearing information, as do visual features detected by stereo vision. In addi-
SIGNATURE OF A tion, the feature extractor may generate a signature. In this book, we assume
LANDMARK g sjgnature is a numerical value (e.g., an average color); it may equally be
an integer that characterizes the type of the observed landmark, or a multi-
dimensional vector characterizing a landmark (e.g., height and color).
If we denote the range by r, the bearing by ¢, and the signature by s, the
feature vector is given by a collection of triplets

r} r?
(638) f(zt) = {ftlaft27"'} = { ¢% ’ % a}
st st

The number of features identified at each time step is variable. However,
many probabilistic robotic algorithms assume conditional independence be-
tween features

639)  p(f(z) |zem) = []p(ri, ¢} si | xe,m)

Conditional independence applies if the noise in each individual measure-
ment (r! ¢! s!)T is independent of the noise in other measurements
(r] ¢! s))T (for i # j). Under the conditional independence assumption,
we can process one feature at a time, just as we did in several of our range
measurement models. This makes it much easier to develop algorithms that
implement probabilistic measurement models.

Let us now devise a sensor model for features. In the beginning of this
chapter, we distinguished between two types of maps: feature-based and
location-based. Landmark measurement models are usually defined only for
feature-based maps. The reader may recall that those maps consist of lists
of features, m = {my,mao,...}. Each feature may possess a signature and a
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(6.40)

6.6.3
DATA ASSOCIATION

PROBLEM

CORRESPONDENCE
VARIABLE

6 Robot Perception

location coordinate. The location of a feature, denoted m; , and m; ,, is simply
its coordinate in the global coordinate frame of the map.

The measurement vector for a noise-free landmark sensor is easily speci-
fied by the standard geometric laws. We will model noise in landmark per-
ception by independent Gaussian noise on the range, bearing, and the signa-
ture. The resulting measurement model is formulated for the case where the
i-th feature at time ¢ corresponds to the j-th landmark in the map. As usual,
the robot pose is given by z; = (z y 0)7.

i V(M —2)? + (mjy —y)? €02
i = atan2(mjy —y,mjz —x) =0 | +| 2
Sé Sj Eo2

Heree,,, 5, and ¢,,, are zero-mean Gaussian error variables with standard
deviations o, 04, and o, respectively.

Sensor Model with Known Correspondence

A key problem for range/bearing sensors is known as the data association
problem. This problem arises when landmarks cannot be uniquely identified,
so that some residual uncertainty exists with regards to the identity of a land-
mark. For developing a range/bearing sensor model, it shall prove useful to
introduce a correspondence variable between the feature f; and the landmark
m; in the map. This variable will be denoted by ¢} with ¢} € {1,..., N + 1};
N is the number of landmarks in the map m. If ¢ = j < N, then the i-th
feature observed at time ¢ corresponds to the j-th landmark in the map. In
other words, ¢{ is the true identity of an observed feature. The only excep-
tion occurs with ¢; = N + 1: Here a feature observation does not correspond
to any feature in the map m. This case is important for handling spurious
landmarks; it is also of great relevance for the topic of robotic mapping, in
which the robot may encounter previously unobserved landmarks.

Table 6.4 depicts the algorithm for calculating the probability of a feature
f{ with known correspondence ¢ < N. Lines 3 and 4 calculate the true
range and bearing to the landmark. The probability of the measured ranges
and bearing is then calculated in line 5, assuming independence in the noise.
As the reader easily verifies, this algorithm implements Equation (6.40).
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1:  Algorithm landmark_model_known_correspondence(f;, ¢, z;, m):
2: j=c

3: F=/(mjz —x)>+ (mj, —y)?

4: ¢ = atan2(m;, — y,m; , — T)

5: ¢ = prob(ri — 7, 0,) - prob(¢! — ¢,04) - prob(si — s;,0.)

6: return q

Table 6.4 Algorithm for computing the likelihood of a landmark measurement. The
algorithm requires as input an observed feature f; = (i ¢ si)”, and the true iden-
tity of the feature ci, the robot pose z; = (z y 0)”, and the map m. Its output is the
numerical probability p(f/ | ¢i, m, ).

6.6.4 Sampling Poses

Sometimes it is desirable to sample robot poses x; that correspond to a mea-
surement f; with feature identity c;. We already encountered such sampling
algorithms in the previous chapter, where we discussed robot motion mod-
els. Such sampling models are also desirable for sensor models. For example,
when localizing a robot globally, it shall become useful to generate sample
poses that incorporate a sensor measurement to generate initial guesses for
the robot pose.

While in the general case, sampling poses x; that correspond to a sensor
measurement z; is difficult, for our landmark model we can actually provide
an efficient sampling algorithm. However, such sampling is only possible
under further assumptions. In particular, we have to know the prior p(z; |
ci,m). For simplicity, let us assume this prior is uniform (it generally is not!).
Bayes rule then suggests that

(641) p(xt | f)ti7ci7m) = np<ftl | Ciath) p(xt ‘ Ci,m)
= np(fi |z, m)

Sampling from p(z; | f},ci, m) can now be achieved from the “inverse” of the
sensor model p(f{ | ¢i,z;,m). Table 6.5 depicts an algorithm that samples
poses z;. The algorithm is tricky: Even in the noise-free case, a landmark
observation does not uniquely determine the location of the robot. Instead,
the robot may be on a circle around the landmark, whose diameter is the
range to the landmark. The indeterminacy of the robot pose also follows
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1: Algorithm sample_landmark_model_known_correspondence(f, ci, m):
2: j=¢ct

3: 4 = rand(0, 27)

4: # = ri + sample(a,)

5: b=+ sample(og)

6: T =Mmyj,z + 7 cosy

7 Yy =my,y +7sing

8: 0=4—7—¢

9: return (z y )T

Table 6.5 Algorithm for sampling poses from a landmark measurement fi =
(ri @t si)T with known identity ci.

from the fact that the range and bearing provide two constraints in a three-
dimensional space of robot poses.

To implement a pose sampler, we have to sample the remaining free pa-
rameter, which determines where on the circle around the landmark the
robot is located. This parameter is called 4 in Table 6.5, and is chosen at ran-
dom in line 3. Lines 4 and 5 perturb the measured range and bearing, exploit-
ing the fact that the mean and the measurement are treated symmetrically in
Gaussians. Finally, lines 6 through 8 recover the pose that corresponds to 4,
#,and &.

Figure 6.13 illustrates the pose distribution p(z; | ff,ci,m) (left
diagram) and also shows a sample drawn with our algorithm sam-
ple_landmark_model_known_correspondence (right diagram). The poste-
rior is projected into x-y-space, where it becomes a ring around the measured
range r.. In 3-D pose space, it is a spiral that unfolds the ring with the angle
6.

6.6.5 Further Considerations

Both algorithms for landmark-based measurements assume known corre-
spondence. The case of unknown correspondence will be discussed in detail
in later chapters, when we address algorithms for localization and mapping
under unknown correspondence.
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Figure 6.13 Landmark detection model: (a) Posterior distribution of the robot’s pose
given that it detected a landmark in 5m distance and 30deg relative bearing (projected
onto 2-D). (b) Sample robot poses generated from such a detection. The lines indicate
the orientation of the poses.

A comment is in order on the topic of landmark signature. Most pub-
lished algorithms do not make the use of appearance features explicit. When
the signature is not provided, all landmarks look equal, and the data asso-
ciation problem of estimating the correspondence variables is harder. We
have included the signature in our model because it is a valuable source of
information that can often be easily extracted from the sensor measurements.

As noted above, the main motivation for using features instead of the full
measurement vector is computational in nature: It is much easier to manage
a few hundred features than a few billion range measurements. Our model
presented here is extremely crude, and it clearly does not capture the physi-
cal laws that underlie the sensor formation process. Nevertheless, the model
tends to work well in a great number of applications.

It is important to notice that the reduction of measurements into features
comes at a price. In the robotics literature, features are often (mis)taken for
sufficient statistics of the measurement vector z;. Let X be a variable of interest
(e.g., a map, a pose), and Y some other information that we might bring to
bear (e.g., past sensor measurements). Then f is a sufficient statistics of z; if

p(X | f(=z),Y)

In practice, however, a lot of information is sacrificed by using features in-
stead of the full measurement vector. This lost information makes certain

X | 2,Y) =
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problems more difficult, such as the data association problem of determin-
ing whether or not the robot just revisited a previously explored location. It
is easy to understand the effects of feature extraction by introspection: When
you open your eyes, the visual image of your environment is probably suf-
ficient to tell you unambiguously where you are—even if you were globally
uncertain before. If, on the other hand, you only sense certain features, such
as the relative location of door posts and windowsills, you would probably
be much less certain as to where you are. Quite likely the information may
be insufficient for global localization.

With the advent of fast computers, features have gradually lost importance
in the field of robotics. Especially when using range sensors, most state-of-
the-art algorithms rely on dense measurement vectors, and they use dense
location-based maps to represent the environment. Nevertheless, features
are still great for educational purposes. They enable us to introduce the ba-
sic concepts in probabilistic robotics, and with proper treatment of problems
such as the correspondence problem they can be brought to bear even in
cases where maps are composed of dense sets of scan points. For this reason,
a number of algorithms in this book are first described for feature represen-
tations, and then extended into algorithms using raw sensor measurements.

6.7 Practical Considerations

This section surveyed a range of measurement models. We placed a strong
emphasis on models for range finders, due to their great importance in
robotics. However, the models discussed here are only representatives of
a much broader class of probabilistic models. In choosing the right model, it
is important to trade off physical realism with properties that might be de-
sirable for an algorithm using these models. For example, we noted that a
physically realistic model of range sensors may yield probabilities that are
not smooth in the alleged robot pose—which in turn causes problems for al-
gorithms such as particle filters. Physical realism is therefore not the only
criterion in choosing the right sensor model; an equally important criterion
is the goodness of a model for the algorithm that utilizes it.

As a general rule of thumb, the more accurate a model, the better. In par-
ticular, the more information we can extract from a sensor measurement, the
better. Feature-based models extract relatively little information, by virtue
of the fact that feature extractors project high-dimensional sensor measure-
ments into lower dimensional space. As a result, feature-based methods tend
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to produce inferior results. This disadvantage is offset by superior computa-
tional properties of feature-based representations.

When adjusting the intrinsic parameters of a measurement model, it is of-
ten useful to artificially inflate the uncertainty. This is because of a key limita-
tion of the probabilistic approach: to make probabilistic techniques computa-
tionally tractable, we have to ignore dependencies that exist in the physical
world, along with a myriad of latent variables that cause these dependen-
cies. When such dependencies are not modeled, algorithms that integrate
evidence from multiple measurements quickly become overconfident. Such

OVERCONFIDENCE  overconfidence can ultimately lead to wrong conclusions, which negatively af-
fects the results. In practice, it is therefore a good rule of thumb to reduce the
information conveyed by a sensor. Doing so by projecting the measurement
into a low-dimensional feature space is one way of achieving this. However,
it suffers the limitations mentioned above. Uniformly decaying the infor-
mation by exponentiating a measurement model with a parameter ¢, as dis-
cussed in Chapter 6.3.4, is a much better way, in that it does not introduce
additional variance in the outcome of a probabilistic algorithm.

6.8 Summary

This section described probabilistic measurement models.

¢ Starting with models for range finders—and lasers in particular—we dis-
cussed measurement models p(zf | 2, m). The first such model used ray
casting to determine the shape of p(z | z¢, m) for particular maps m and
poses ;. We devised a mixture model that addressed the various types of
noise that can affect range measurements.

* We devised a maximum likelihood technique for identifying the intrin-
sic noise parameters of the measurement model. Since the measurement
model is a mixture model, we provided an iterative procedure for max-
imum likelihood estimation. Our approach was an instance of the ex-
pectation maximization algorithm, which alternates a phase that calcu-
lates expectations over the type of error underlying a measurement, with
a maximization phase that finds in closed form the best set of intrinsic
parameters relative to these expectations.

* An alternative measurement model for range finders is based on likeli-
hood fields. This technique used the nearest distance in 2-D coordinates
to model the probability p(zf | z;,m). We noted that this approach tends
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to yield smoother distributions p(zf | z;,m). This comes at the expense of
undesired side effects: The likelihood field technique ignores information
pertaining to free-space, and it fails to consider occlusions in the interpre-
tation of range measurements.

¢ A third measurement model is based on map matching. Map matching
maps sensor scans into local maps, and correlates those maps with global
maps. This approach lacks a physical motivation, but can be implemented
very efficiently.

* We discussed how pre-computation can reduce the computational bur-
den at runtime. In the beam-based measurement model, the pre-
computation takes place in 3-D; the likelihood field requires only a 2-D
pre-computation.

* We presented a feature-based sensor model, in which the robot extracts
the range, bearing, and signature of nearby landmarks. Feature-based
techniques extract from the raw sensor measurements distinct features.
In doing so, they reduce the dimensionality of the sensor measurements
by several orders of magnitude.

* At the end of the chapter, a discussion on practical issues pointed out
some of the pitfalls that may arise in concrete implementations.

6.9 Bibliographical Remarks

This chapter only skims the rich literature on physical modeling of sensors. More accurate
models of sonar range sensor can be found in Blahut et al. (1991); Grunbaum et al. (1992) and in
Etter (1996). Models of laser range finders are described by Rees (2001). An empirical discussion
of proper noise models can be found in Sahin et al. (1998). Relative to these models, the models
in this chapter are extremely crude.

An early work on beam models for range sensors can be found in the seminal work by
Moravec (1988). A similar model was later applied to mobile robot localization by Burgard et al.
(1996). A beam-based model like the one described in this chapter together with the pre-caching
of range measurements has first been described by Fox et al. (1999b). The likelihood fields have
first been published by Thrun (2001), although they are closely related to the rich literature on
scan matching techniques (Besl and McKay 1992). They in fact can be regarded as a soft variant
of the correlation model described by Konolige and Chou (1999). Methods for computing the
correlation between occupancy grid maps have also been quite popular. Thrun (1993) computes
the sum of squared errors between the individual cells of two grid maps. Schiele and Crow-
ley (1994) present a comparison of different models including correlation-based approaches.
Yamauchi and Langley (1997) analyzed the robustness of map matching to dynamic environ-
ments. Duckett and Nehmzow (2001) transform local occupancy grids into histograms that can
be matched more efficiently.
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Range and bearings measurements for point landmarks are commonplace in the SLAM lit-
erature. Possibly the first mention is by Leonard and Durrant-Whyte (1991). In earlier work,
Crowley (1989) devised measurement models for straight line objects.

Exercises

1. Many early robots navigating using features used artificial landmarks in
the environment that were easy to recognize. A good place to mount such
markers is a ceiling (why?). A classical example is a visual marker: Sup-
pose we attach the following marker to the ceiling:

Let the world coordinates of the marker be z,,, and vy,,,, and its orientation
relative to the global coordinate system §,,. We will denote the robot’s
pose by z,, y,, and 6,.

Now assume that we are given a routine that can detect the marker in
the image plane of a perspective camera. Let ; and y; denote the coor-
dinates of the marker in the image plane, and §; its angular orientation.
The camera has a focal length of f. From projective geometry, we know
that each displacement d in z-y-space gets projected to a proportional dis-
placement of d - % in the image plane. (You have to make some choices on
your coordinate systems; make these choices explicit).

Your questions:

(a) Describe mathematically where to expect the marker (in global coor-
dinates ., yYm,9m) when its image coordinates are z;,y;,6;, and the
robot is at z,., y,, 0,

(b) Provide a mathematical equation for computing the image coordi-
nates z;, y;, 6; from the robot pose z,, ¥, 8, and the marker coordinates
xm7 yﬂh 0m

(c) Now give a mathematical equation for determining the robot co-

ordinates z,,y,,0, assuming we know the true marker coordinates
T Ym, Om and the image coordinates x;, y;, ;.
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(d) So far we assumed there is only a single marker. Now suppose there
are multiple (indistinguishable) markers of the type shown above.
How many such markers must a robot be able to see to uniquely iden-
tify its pose? Draw such a configuration, and argue why it is sufficient.

Hint: You don’t need to consider the uncertainty in the measurement for
answering this question. Also, note that the marker is symmetrical. This
has an impact on the answer of these questions!

2. In this exercise, you will be asked to extend our calculation in the previ-
ous exercise to include error covariances. To simplify the calculation, we
now assume a non-symmetric marker whose absolute orientation can be
estimated:

-l

Also for simplicity, we assume there shall be no noise in the orientation.
However, the z-y estimates in the image plane will be noisy. Specifically,
let the measurements be subject to zero-mean Gaussian noise with covari-

ance
o2 0 0
Y = 0 o2 0
0 0 O

for some positive value of o2.
Calculate for the three questions above the corresponding covariances. In
particular,
(a) Given the image coordinates z;,y;,0; and the robot coordinates
Zr, Yr, 0, what is the error covariance for the values of ,,, Y, O

(b) Given the robot coordinates x,,¥.,6, and the marker covariance
Zm, Ym, Om, what is your error covariance for the values of z;, y;, 6;?

(c) Given the marker covariance %, Ym0 and the image coordinates
x;, Yi, 0;, what is your error covariance for the values of z., y,, 0,.?
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Notice that not all those distributions may be Gaussian. For this exercise,
it is fine to apply a Taylor series expansion to attain a Gaussian posterior,
but you have to explain how you did this.

3. Now you are being asked to implement a routine sample_marker_model,
which accepts as an input the location of a marker x,,, Y, 6, and the lo-
cation of the perceived marker in the image plane x;, y;, ;, and generates
as an output samples of the robot pose z,,y;, .. The marker is the same
ambiguous marker as in Exercise 1:

Generate a plot of samples for the robot coordinates z, and vy, for the
following parameters (you can ignore the orientation ¢, in your plot).

problem # T, Ym O i Yi 0; h/f o?
#1 Ocm Ocm 0° | Oem  Oem  0° | 200 | 0.lem?
#2 Ocm Ocm 0° | lem Oem  0° | 200 | 0.lem?
#3 Ocm Ocm 0° | 2em  Oem  45° | 200 | 0.1em?
#4 Ocm Ocm 0° | 2em  Oem  45° | 200 | 1.0em?
#5 50cm  150cm 10° | lem  6em 200° | 250 | 0.5¢m?

All your plots should show coordinate axes with units. Notice: If you
cannot devise an exact sampler, provide an approximate one and explain
your approximations.

4. For this exercise you need access to a robot with a sonar sensor, of the type
often used in indoor robotics. Place the sensor in front of a flat wall, at a
range d and an angle ¢. Measure the frequency at which the sensor detects
the wall. Plot this value for different values of d (in 0.5 meter increments)
and different values of ¢ (in 5 degree increments). What do you find?
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Occupancy Grid Mapping

Introduction

The previous two chapters discussed the application of probabilistic tech-
niques to a low-dimensional perceptual problem, that of estimating a robot’s
pose. We assumed that the robot was given a map in advance. This assump-
tion is legitimate in quite a few real-world applications, as maps are often
available a priori or can be constructed by hand. Some application domains,
however, do not provide the luxury of coming with an a priori map. Surpris-
ingly enough, most buildings do not comply with the blueprints generated
by their architects. And even if blueprints were accurate, they would not
contain furniture and other items that, from a robot’s perspective, determine
the shape of the environment just as much as walls and doors. Being able to
learn a map from scratch can greatly reduce the efforts involved in installing
a mobile robot, and enable robots to adapt to changes without human super-
vision. In fact, mapping is one of the core competencies of truly autonomous
robots.

Acquiring maps with mobile robots is a challenging problem for a number
of reasons:

* The hypothesis space, which is the space of all possible maps, is huge.
Since maps are defined over a continuous space, the space of all maps has
infinitely many dimensions. Even under discrete approximations, such
as the grid approximation that shall be used in this chapter, maps can
easily be described 10° or more variables. The sheer size of this high-
dimensional space makes it challenging to calculate full posteriors over
maps; hence, the Bayes filtering approach that worked well for localiza-
tion is inapplicable to the problem of learning maps, at least in its naive
form discussed thus far.
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¢ Learning maps is a “chicken-and-egg” problem, for which reason it is
often referred to as the simultaneous localization and mapping (SLAM) or
concurrent mapping and localization problem. First, there is a localization
problem. When the robot moves through its environment, it accumu-
lates errors in odometry, making it gradually less certain as to where it
is. Methods exist for determining the robot’s pose when a map is avail-
able, as we have seen in the previous chapter. Second, there is a mapping
problem. Constructing a map when the robot’s poses are known is also
relatively easy—a claim that will be substantiated in this chapter and sub-
sequent chapters. In the absence of both an initial map and exact pose
information, however, the robot has to do both: estimating the map and
localizing itself relative to this map.

Of course, not all mapping problems are equally hard. The hardness of the
mapping problem is the result of a collection of factors, the most important
of which are:

¢ Size. The larger the environment relative to the robot’s perceptual range,
the more difficult it is to acquire a map.

¢ Noise in perception and actuation. If robot sensors and actuators were
noise-free, mapping would be a simple problem. The larger the noise, the
more difficult the problem.

¢ Perceptual ambiguity. The more frequently different places look alike,
the more difficult it is to establish correspondence between different loca-
tions traversed at different points in time.

¢ Cycles. Cycles in the environment are particularly difficult to map. If a
robot just goes up and down a corridor, it can correct odometry errors
incrementally when coming back. Cycles make robots return via different
paths, and when closing a cycle the accumulated odometric error can be
huge!

To fully appreciate the difficulty of the mapping problem, consider Fig-
ure 9.1. Shown there is a data set, collected in a large indoor environment.
Figure 9.1a was generated using the robot’s raw odometry information. Each
black dot in this figure corresponds to an obstacle detected by the robot’s
laser range finder. Figure 9.1b shows the result of applying mapping algo-
rithms to this data, one of which was the techniques described in this chapter.
This example gives a good flavor of the problem at stake.
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(a)

(b)

Figure 9.1 (a) Raw range data, position indexed by odometry. (b) Occupancy grid
map.

In this chapter, we first study the mapping problem under the restrictive
assumption that the robot poses are known. Put differently, we side-step
the hardness of the SLAM problem by assuming some oracle informs us
of the exact robot path during mapping. This problem, whose graphical

MAPPING wiTH  model is depicted in Figure 9.2, is also known as mapping with known poses.
KNOWNPOSES  We will discuss a popular family of algorithms, collectively called occupancy
grid mapping. Occupancy grid mapping addresses the problem of generat-
ing consistent maps from noisy and uncertain measurement data, under the
assumption that the robot pose is known. The basic idea of the occupancy
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t+1

O

Figure 9.2 Graphical model of mapping with known poses. The shaded variables

(poses = and measurements z) are known. The goal of mapping is to recover the map
m.

grids is to represent the map as a field of random variables, arranged in an
evenly spaced grid. Each random variable is binary and corresponds to the
occupancy of the location it covers. Occupancy grid mapping algorithms
implement approximate posterior estimation for those random variables.

The reader may wonder about the significance of a mapping technique
that requires exact pose information. After all, no robot’s odometry is perfect!
The main utility of the occupancy grid technique is in post-processing: Many
of the SLAM techniques discussed in subsequent chapters do not generate
maps fit for path planning and navigation. Occupancy grid maps are often
used after solving the SLAM problem by some other means, and taking the
resulting path estimates for granted.

9.2 The Occupancy Grid Mapping Algorithm

The gold standard of any occupancy grid mapping algorithm is to calculate
the posterior over maps given the data

(91) p(m ‘ Zl:tvxlzt)

As usual, m is the map, z1.; the set of all measurements up to time ¢, and
x1.¢ is the path of the robot defined through the sequence of all poses. The
controls u;.; play no role in occupancy grid maps, since the path is already
known. Hence, they will be omitted throughout this chapter.

The types of maps considered by occupancy grid maps are fine-grained
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grids defined over the continuous space of locations. By far the most com-
mon domain of occupancy grid maps are 2-D floor plan maps, which de-
scribe a 2-D slice of the 3-D world. 2-D maps are usually the representation of
choice when a robot navigates on a flat surface, and the sensors are mounted
so that they capture only a slice of the world. Occupancy grid techniques
generalize to 3-D representations but at significant computational expenses.

Let m; denote the grid cell with index ¢. An occupancy grid map partitions
the space into finitely many grid cells:

92 m = {m}

Each m, has attached to it a binary occupancy value, which specifies whether
a cell is occupied or free. We will write “1” for occupied and “0” for free.
The notation p(m; = 1) or p(m;) refers to the probability that a grid cell is
occupied.

The problem with the posterior in Equation (9.1) is its dimensionality: the
number of grid cells in maps like the one shown in Figure 9.1 are in the tens
of thousands. For a map with 10,000 grid cells, the number of maps that can
be represented by this map is 2!9:9°. Calculating a posterior probability for
each single map is therefore intractable.

The standard occupancy grid approach breaks down the problem of esti-
mating the map into a collection of separate problems, namely that of esti-
mating

(93) p(mz | Zl:t>x1:t)

for all grid cell m;. Each of these estimation problems is now a binary prob-
lem with static state. This decomposition is convenient but not without prob-
lems. In particular, it does not enable us to represent dependencies among
neighboring cells; instead, the posterior over maps is approximated as the
product of its marginals:

94) p(m | Zl:t,lﬂl:t) = H p(mi | Zl:taxlzt)

We will return to this issue in Chapter 9.4 below, when we discuss more
advanced mapping algorithms. For now, we will adopt this factorization for
convenience.

Thanks to our factorization, the estimation of the occupancy probability
for each grid cell is now a binary estimation problem with static state. A
filter for this problem was already discussed in Chapter 4.2: the binary Bayes
filter. The corresponding algorithm was depicted in Table 4.2 on page 94.
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—_

Algorithm occupancy_grid_mapping({l;_1:}, z, z):

for all cells m; do
if m; in perceptual field of z; then
ly; = l;—1,; + inverse_sensor_model(m,, z, 2;) — lo
else
Lyi=1li—14
endif
endfor
return {l; ;}

Table 9.1 The occupancy grid algorithm, a version of the binary Bayes filter in Ta-
ble 4.2.

The algorithm in Table 9.1 applies this filter to the occupancy grid mapping
problem. As in the original filter, our occupancy grid mapping algorithm
uses the log odds representation of occupancy:

P(mi | Zl:t,xlzt)
1 —p(my | 21:4, T1:t)

9.5) l; = log
This representation is already familiar from Chapter 4.2. The advantage of
the log odds over the probability representation is that we can avoid numeri-
cal instabilities for probabilities near zero or one. The probabilities are easily
recovered from the log odds ratio:

1

9.6 i | Zlits X1 TN
(9:6) p(m; | z1.4,71.4) 1+ exp{ls;}

The algorithm occupancy_grid_mapping in Table 9.1 loops through all
grid cells 4, and updates those that fall into the sensor cone of the measure-
ment z;. For those where it does, it updates the occupancy value by virtue
of the function inverse_sensor_model in line 4 of the algorithm. Otherwise,
the occupancy value remains unchanged, as indicated in line 6. The constant
lo is the prior of occupancy represented as a log odds ratio:

log p(m; = 1) 1 p(m;)

07) o = log 1= p(m;)
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@ | A (b)

Figure 9.3 Two examples of an inverse measurement model in-
verse_range_sensor_model for two different measurement ranges. The darkness of
each grid cell corresponds to the likelihood of occupancy. This model is somewhat
simplistic; in contemporary implementations the occupancy probabilities are usually
weaker at the border of the measurement cone.

The function inverse_sensor_model implements the inverse measurement
model p(m; | 2, z,) in its log odds form:

p(mz’ | Zt7a7t)
1 _P(mi | Zt,CUt)

(9.8) inverse_sensor_model(m;,z;,2;) = log

A somewhat simplistic example of such a function for range finders is given
in Table 9.2 and illustrated in Figure 9.3a&b. This model assigns to all cells
within the sensor cone whose range is close to the measured range an occu-
pancy value of /,c.. In Table 9.2, the width of this region is controlled by the
parameter o, and the opening angle of the beam is given by 3. We note that
this model is somewhat simplistic; in contemporary implementations the oc-
cupancy probabilities are usually weaker at the border of the measurement
cone.

The algorithm inverse_sensor_model calculates the inverse model by first
determining the beam index k and the range  for the center-of-mass of the
cell m;. This calculation is carried out in lines 2 through 5 in Table 9.2. As
usual, we assume that the robot pose is given by z; = (z y 0)7. In line 7, it
returns the prior for occupancy in log odds form whenever the cell is outside
the measurement range of this sensor beam, or if it lies more than «/2 behind
the detected range zF. In line 9, it returns lye. > lo if the range of the cell is
within £a/2 of the detected range 2F. It returns lgee < lo if the range to the
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1: Algorithm inverse_range_sensor_model(m;, z, 2;):
2: Let x;, y; be the center-of-mass of m;

3: r=/(zi —2)? + (yi — y)?

4: ¢ = atan2(y; —y,x; —x) — 0

5: k = argmin; [¢ — 6; sens]

6: if 7 > min(Zmax, 2¢ + @/2) or |¢ — O sens| > /2 then
7: return [y

8: if 2F < zpmax and |r — 25| < /2

9: return l ..

10: ifr < zF

11: return lgee

12: endif

Table 9.2 A simple inverse measurement model for robots equipped with range
finders. Here « is the thickness of obstacles, and /3 the width of a sensor beam. The
values loce and I in lines 9 and 11 denote the amount of evidence a reading carries
for the two different cases.

cell is shorter than the measured range by more than /2. The left and center
panel of Figure 9.3 illustrates this calculation for the main cone of a sonar
beam.

A typical application of an inverse sensor model for ultrasound sensors
is shown in Figure 9.4. Starting with an initial map the robot successively
extends the map by incorporating local maps generated using the inverse
model. A larger occupancy grid map obtained with this model for the same
environment is depicted in Figure 9.5.

Figures 9.6 shows an example map next to a blueprint of a large open
exhibit hall, and relates it to the occupancy map acquired by a robot. The
map was generated using laser range data gathered in a few minutes. The
gray-level in the occupancy map indicates the posterior of occupancy over an
evenly spaced grid: The darker a grid cell, the more likely it is to be occupied.
While occupancy maps are inherently probabilistic, they tend to quickly con-
verge to estimates that are close to the two extreme posteriors, 1 and 0. In
comparison between the learned map and the blueprint, the occupancy grid
map shows all major structural elements, and obstacles as they were visi-
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Figure 9.4 Incremental learning of an occupancy grid map using ultra-sound data
in a corridor environment. The upper left image shows the initial map and the lower
right image contains the resulting map. The maps in columns 2 to 4 are the local maps
built from an inverse sensor model. Measurements beyond a 2.5m radius have not
been considered. Each cone has an opening angle of 15 degrees. Images courtesy of
Cyrill Stachniss, University of Freiburg.

Figure 9.5 Occupancy probability map of an office environment built from sonar
measurements. Courtesy of Cyrill Stachniss, University of Freiburg.
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(a)

(b)

Figure 9.6 (a) Occupancy grid map and (b) architectural blue-print of a large open
exhibit space. Notice that the blue-print is inaccurate in certain places.
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@)

(b)

Figure 9.7 (a) Raw laser range data with corrected pose information. Each dot cor-
responds to a detection of an obstacle. Most obstacles are static (walls etc.), but some
were dynamic, since people walked near the robot during data acquisition. (b) Occu-
pancy grid map built from the data. The gray-scale indicates the posterior probability:
Black corresponds to occupied with high certainty, and white to free with high cer-
tainty. The gray background color represents the prior. Figure (a) courtesy of Steffen
Gutmann.
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Figure 9.8 Estimation of occupancy maps using stereo vision: (a) camera image, (b)
sparse disparity map, (c) occupancy map by projecting the disparity image onto the
2-D plane and convolving the result with a Gaussian. Images courtesy of Thorsten
Frohlinghaus.

ble at the height of the laser. Through a careful inspection, the reader may
uncover some small discrepancies between the blueprint and the actual en-
vironment configuration.

Figure 9.7 compares a raw dataset with the occupancy grid maps gener-
ated from this data. The data in Panel (a) was preprocessed by a SLAM
algorithm, so that the poses align. Some of the data is corrupted by the pres-
ence of people; the occupancy grid map filters out people quite nicely. This
makes occupancy grid maps much better suited for robot navigation than
sets of scan endpoint data: A planner fed the raw sensor endpoints would
have a hard time finding a path through such scattered obstacles, even if
the evidence that the corresponding cell is free outweighed that of it being
occupied.

We note that our algorithm makes occupancy decisions exclusively based
on sensor measurements. An alternative source of information is the space
claimed by the robot itself: When the robot’s pose is x;, the region surround-
ing x; must be navigable. Our inverse measurement algorithm in Table 9.2
can easily be modified to incorporate this information, by returning a large
negative number for all grid cells occupied by a robot when at z;. In practice,
it is a good idea to incorporate the robot’s volume when generating maps,
especially if the environment is populated during mapping.
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9.2.1 Multi-Sensor Fusion

Robots are often equipped with more than one type of sensor. Hence, a nat-
ural objective is to integrate information from more than one sensor into a
single map. This question as to how to best integrate data from multiple
sensors is particularly interesting if the sensors have different characteristics.
For example, Figure 9.8 shows occupancy maps built with a stereo vision sys-
tem, in which disparities are projected onto the plane and convolved with a
Gaussian. Clearly, the characteristics of stereo are different from that of a
sonar-based range finder. They are sensitive to different types of obstacles.

Unfortunately, fusing data from multiple sensors with Bayes filters is
not an easy endeavor. A naive solution is to execute algorithm occu-
pancy_grid_mapping in Table 9.1 with different sensor modalities. How-
ever, such an approach has a clear drawback. If different sensors detect dif-
ferent types of obstacles, the result of Bayes filtering is ill-defined. Consider,
for example, an obstacle that can be recognized by one sensor type but not by
another. Then these two sensor types will generate conflicting information,
and the resulting map will depend on the amount of evidence brought by ev-
ery sensor system. This is generally undesirable, since whether or not a cell
is considered occupied depends on the relative frequency at which different
sensors are polled.

A popular approach to integrating information from multiple sensors is
to build separate maps for each sensor type, and integrate them using an
appropriate combination function. Let m* = {m/} denote the map built by
the k-th sensor type. If the measurements of the sensors are independent of
each other we can directly combine them using De Morgan’s law

99) pm;) = 1-]] (1-p(m)

k

Alternatively, one can compute the maximum
(9.10) p(m;) = max p(m})

of all maps, which yields the most pessimistic estimates of its components. If
any of the sensor-specific maps show that a grid cell is occupied, so will the
combined map.
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9.3 Learning Inverse Measurement Models

9.3.1 Inverting the Measurement Model

The occupancy grid mapping algorithm requires a marginalized inverse mea-
surement model, p(m; | x, z). This probability is called “inverse” since it rea-
sons from effects to causes: it provides information about the world condi-
tioned on a measurement caused by this world. It is marginalized for the i-th
grid cell; a full inverse would be of the type p(m | z, z). In our exposition of
the basic algorithm, we already provided an ad hoc procedure in Table 9.2 for
implementing such an inverse model. This raises the question as to whether
we can obtain an inverse model in a more principled manner, starting at the
conventional measurement model.

The answer is positive but less straightforward than one might assume at
first glance. Bayes rule suggests

p(z | z,m) p(m | x)
p(z | )
= np(z|z,m)p(m)

9.11) p(m|x,z) =

Here we silently assume p(m | ) = p(m), hence the pose of the robot tells
us nothing about the map—an assumption that we will adopt for sheer con-
venience. If our goal was to calculate the inverse model for the entire map
at-a-time, we would now be done. However, our occupancy grid mapping
algorithm approximates the posterior over maps by its marginals, one for
each grid cell m;. The inverse model for the i-th grid cell is obtained by
selecting the marginal for the i-th grid cell:

912)  p(m;|z,2) = n Y plz|z,m)pm)

m:m(i)=m,

This expression sums over all maps m for which the occupancy value of grid
cell i equals m,;. Clearly, this sum cannot be computed, since the space of all
maps is too large.
We will now describe an algorithm for approximating this expression. The
algorithm involves generating samples from the measurement model, and
SUPERVISED LEARNING  approximating the inverse using a supervised learning algorithm, such as logis-
ALGORITHM  tic regression or a neural network.
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9.3.2 Sampling from the Forward Model

The basic idea is simple and quite universal: If we can generate random
triplets of poses x,[fk], measurements zf[,k], and map occupancy values mgk] for
any grid cell m;, we can learn a function that accepts a pose 2 and measure-
ment z as an input, and outputs the probability of occupancy for m;.

A sample of the form (:ch] zik] mgk]) can be generated by the following

procedure.

1. Sample a random map m!*] ~ p(m). For example, one might already have
a database of maps that represents p(m) and randomly draws a map from
the database.

2. Sample a pose xL’“] inside the map. One may safely assume that poses are

uniformly distributed.

3. Sample a measurement zt[k] ~p(z | xL’C], mlkl). This sampling step is rem-

iniscent of a robot simulator that stochastically simulates a sensor mea-
surement.

4. Extract the desired “true” occupancy value m; for the target grid cell from
the map m.

The result is a sampled pose xy“], a measurement zt[k], and the occupancy

value of the grid cell m;. Repeated application of this sampling step yields a

data set
xgl] ztm —  occ(my)Y
x?] ztm —  occ(m;,)P

3 3]

m£ 27— occ(my)l

TRAINING ExaMPLES  These triplets may serve as training examples for the supervised learning algo-
rithm, which approximates the desired conditional probability p(m; | z, z).
Here the measurements z and the pose x are input variables, and the occu-
pancy value occ(m;) is a target for the output of the learning algorithm.
This approach is somewhat inefficient, since it fails to exploit a number of
properties that we know to be the case for the inverse sensor model.

* Measurements should carry no information about grid cells far outside
their perceptual range. This observation has two implications: First, we
can focus our sample generation process on triplets where the cell m; is
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indeed inside the measurement cone. And second, when making a pre-
diction for this cell, we only have to include a subset of the data in a mea-
surement z (e.g., nearby beams) as input to the learning algorithm.

¢ The characteristics of a sensor are invariant with respect to the absolute
coordinates of the robot or the grid cell when taking a measurement.
Only the relative coordinates matter. If we denote the robot pose by
zy = (z y 0)T and the coordinates of the grid cell by m; = (zm; Ym;)?,
the coordinates of the grid cell are mapped into the robot’s local reference
frame via the following translation and rotation:

cosf —sind Tm; — T
sinf  cosf Ym,; — Y
In robots with circular arrays of range finders, it makes sense to encode

the relative location of a grid cell using the familiar polar coordinates
(range and bearing).

* Nearby grid cells should have a similar interpretation under the inverse
sensor model. This smoothness suggests that it may be beneficial to learn
a single function in which the coordinates of the grid cell function as an
input, rather than learning a separate function for each grid cell.

e If the robot possesses functionally identical sensors, the inverse sen-
sor model should be interchangeable for different sensors. For robots
equipped with a circular array of range sensors, any of the resulting sen-
sor beams are characterized by the same inverse sensor model.

The most basic way to enforce these invariances is to constrain the learn-
ing algorithm by choosing appropriate input variables. A good choice is to
use relative pose information, so that the learning algorithm cannot base its
decision on absolute coordinates. It is also a good idea to omit sensor mea-
surements known to be irrelevant to occupancy predictions, and to confine
the prediction to grid cells inside the perceptual field of a sensor. By exploit-
ing these invariances, the training set size can be reduced significantly.

9.3.3 The Error Function

To train the learning algorithm, we need an approximate error function. A
popular example are artificial neural networks trained with the Backpropa-
BACKPROPAGATION  gation algorithm. Backpropagation trains neural networks by gradient descent
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in parameter space. Given an error function that measures the “mismatch”
between the network’s actual and desired output, Backpropagation calcu-
lates the first derivative of the target function and the parameters of the
neural network, and then adapts the parameters in opposite direction of the
gradient so as to diminish the mismatch. This raises the question as to what
error function to use.

A common approach is to train the learning algorithm so as to maximize
the log-likelihood of the training data. More specifically we are given a train-
ing set of the form

—

input! —  oce(m;)!

input®  —  occ(my)?

(9.13) input®)  —  occ(m,)B!
occ(m;)[¥l is the k-th sample of the desired conditional probability, and
input!®! is the corresponding input to the learning algorithm. Clearly, the

exact form of the input may vary as a result of the encoding known invari-
ances, but the exact nature of this vector will play no role in the form of the
error function.

Let us denote the parameters of the learning algorithm by W. Assuming
that each individual item in the training data has been generated indepen-
dently, the likelihood of the training data is now

(9.14) Hp(mgk] | input™, W)

and its negative logarithm is

915 JW) = —Zlogp(mgk] | input® W)

Here J defines the function we seek to minimize during training.

Let us denote the learning algorithm by f(input!®, ). The output of this
function is a value in the interval [0; 1]. After training, we want the learning
algorithm to output the probability of occupancy:
f(input[k], W) if mgk] =1

9.16 m!* | input®, W) =
©:16)  p(m | inp ) 1 — f(inputt™ W) if mgk}:O

Thus, we seek an error function that adjusts W so as to minimize the devia-
tion of this predicted probability and the one communicated by the training

TESLA EXHIBIT 1010, Page 89



298 9 Occupancy Grid Mapping

example. To find such an error function, we re-write (9.16) as follows:

(9.17) p(mgk] | input!*, W) = f(input[k] , W)mgk] (1- f(input[k] , W))lfmgk]

It is easy to see that this product and Expression (9.16) are identical. In the
product, one of the terms is always 1, since its exponent is zero. Substituting
the product into (9.15) and multiplying the result by minus one gives us the
following function:

©18)  J(W) = = log[f(nput™, wym" (1~ flinputl™, w)r-=]

= — Z mgk] log f (input®™), W) + (1 — mgk]) log(1 — f(input!®, w))

7

J(W) is the error function to minimize when training the learning algorithm.
It is easily folded into any algorithm that uses gradient descent to adjusts its
parameters.

9.3.4 Examples and Further Considerations

Figure 9.9 shows the result of an artificial neural network trained to mimic
the inverse sensor model. The robot in this example is equipped with a cir-
cular array of sonar range sensors mounted at approximate table height. The
input to the network are the relative range and bearing of a target cell, along
with the set of five adjacent range measurements. The output is a probability
of occupancy: the darker a cell, the more likely it is occupied. As this ex-
ample illustrates, the approach correctly learns to distinguish freespace from
occupied space. The uniformly gray area behind obstacles matches the prior
probability of occupancy, which leads to no change when used in the occu-
pancy grid mapping algorithm. Figure 9.9b contains a faulty short reading
on the bottom left. Here a single reading seems to be insufficient to predict
an obstacle with high probability.

We note that there exists a number of ways to train a function approxi-
mator using actual data collected by a robot, instead of the simulated data
from the forward model. In general, this is the most accurate data one can
use for learning, since the measurement model is necessarily just an approx-
imation. One such way involves a robot operating in a known environment
with a known map. With Markov localization, we can localize the robot, and
then use its actual recorded measurements and the known map occupancy
to assemble training examples. It is even possible to start with an approxi-
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Figure 9.9 Inverse sensor model learned from data: Three sample sonar scans (top
row) and local occupancy maps (bottom row), as generated by the neural network.
Bright regions indicate free-space, and dark regions indicate walls and obstacles (en-
larged by a robot diameter).

mate map, use the learned sensor model to generate a better map, and use
the procedure just outlined to improve the inverse measurement model.

9.4 Maximum A Posteriori Occupancy Mapping

9.4.1 The Case for Maintaining Dependencies

In the remainder of this chapter, we will return to one of the very basic as-
sumptions of the occupancy grid mapping algorithm. In Chapter 9.2, we
assumed that we can safely decompose the map inference problem defined
over high-dimensional space of all maps, into a collection of single-cell map-
ping problems. This assumption culminated into the factorization in (9.4):

(919) p(m | Zl:t,zl:t) = H p(ml | Zl:taxl:t)

This raises the question as to how faithful we should be in the result of any
algorithm that relies on such a strong decomposition.
Figure 9.10 illustrates a problem that arises directly as a result of this factor-
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(a) g (b) | | ©)

(d) (e) )

conflic

Figure 9.10 The problem with the standard occupancy grid mapping algorithm in
Chapter 9.2: For the environment shown in Figure (a), a passing robot might receive
the (noise-free) measurement shown in (b). The factorial approach maps these beams
into probabilistic maps separately for each grid cell and each beam, as shown in (c)
and (d). Combining both interpretations yields the map shown in (e). Obviously,
there is a conflict in the overlap region, indicated by the circles in (e). The interesting
insight is: There exist maps, such as the one in diagram (f), that perfectly explain the
sensor measurement without any such conflict. For a sensor reading to be explained,
it suffices to assume an obstacle somewhere in the cone of a measurement, and not
everywhere.

ization. Shown there is a situation in which the robot facing a wall receives
two noise-free sonar range measurements. Because the factored approach
predicts an object along the entire arc at the measured range, the occupancy
values of all grid cells along this arc are increased. When combining the
two different measurements shown in Figure 9.10c&d, a conflict is created,
as shown in Figure 9.10e. The standard occupancy grid mapping algorithm
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1: Algorithm MAP_occupancy_grid_mapping(z; .+, 21.4):
2: setm = {0}
3: repeat until convergence
4. for all cells m; do
5: m; = argmax k lg + Zlog
k=0,1 "
measurement_model(z;, z;, m withm; = k)
6: endfor
7 endrepeat
8: return m

Table 9.3 The maximum a posteriori occupancy grid algorithm, which uses conven-
tional measurement models instead of inverse models.

“resolves” this conflict by summing up positive and negative evidence for
occupancy; however, the result will reflect the relative frequencies of the two
types of measurements, which is undesirable.

However, there exist maps, such as the one in Figure 9.10f, that perfectly
explain the sensor measurements without any such conflict. This is because
for a sensor reading to be explained, it suffices to assume an obstacle some-
where in its measurement cone. Put differently, the fact that cones sweep
over multiple grid cells induces important dependencies between neighbor-
ing grid cells. When decomposing the mapping into thousands of individual
grid cell estimation problems, we lose the ability to consider these dependen-
cies.

9.4.2 Occupancy Grid Mapping with Forward Models

These dependencies are incorporated by an algorithm that outputs the mode
of the posterior, instead of the full posterior. The mode is defined as the
maximum of the logarithm of the map posterior:

(9200 m* = argmax logp(m | z1.4,T1.¢)
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The map posterior factors into a map prior and a measurement likelihood
(c.f., Equation (9.11)):

(9.21)  logp(m | z1.4,21.4) = const. + logp(zis | 1.6,m) + logp(m)

The log-likelihood log p(z1.¢ | #1.1, m) decomposes into a sum of individual
measurement log-likelihoods:

(922)  logp(zrt | w1a,m) = Y logp(z | @1,m)

Further, the log-prior also decomposes. To see, we note that the prior proba-
bility of any map m is given by the following product:

029 plm) = T plm)™ (1~ plm)) ™
= (1—pm)~ H p(m)™ (1 — p(m)) ™™
=1 H p(m)™ (1 —p(m))~™

Here p(m) is the prior probability of occupancy (e.g., p(m) = 0.5), and N is
the number of grid cells in the map. The expression (1 — p(m))" is simply a
constant, which is replaced by our generic symbol 7 as usual.

This implies for the log version of the prior:

(9.24) logp(m) = const.+ Z m; logp(m) —m; log(l — p(m))

p(m)
const. + ; m; log m

const. + Z m; [y

The constant [y is adopted from (9.7). The term M log(1 — p(m;)) is obvi-
ously independent of the map. Hence it suffices to optimize the remaining
expression and the data log-likelihood:

(9.25) m* = argmaleogp(zt | z¢,m) + o Zmi
m t i

A hill-climbing algorithm for maximizing this log-probability is provided in
Table 9.3. This algorithm starts with the all-free map (line 2). It “flips” the
occupancy value of a grid cell when such a flip increases the likelihood of the
data (lines 4-6). For this algorithm it is essential that the prior of occupancy
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(@) (b)
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Figure 9.11 (a) Sonar range measurements from a noise-free simulation. (b) Results
of the standard occupancy mapper, lacking the open door. (c) A maximum a posterior
map. (d) The residual uncertainty in this map, obtained by measuring the sensitivity
of the map likelihood function with respect to individual grid cells. This map clearly
shows the door, and it also contains flatter walls at both ends.

p(m;) is not too close to 1; otherwise it might return an all-occupied map. As
any hill climbing algorithm, this approach is only guaranteed to find a local
maximum. In practice, there are usually very few, if any, local maxima.
Figure 9.11 illustrates the effect of the MAP occupancy grid algorithm. Fig-
ure 9.11a depicts a noise-free data set of a robot passing by an open door.
Some of the sonar measurements detect the open door, while others are re-
flected at the door post. The standard occupancy mapping algorithm with
inverse models fails to capture the opening, as shown in Figure 9.11b. The
mode of the posterior is shown in Figure 9.11c. This map models the open
door correctly, hence it is better suited for robot navigation than the standard
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occupancy grid map algorithm. Figure 9.11d shows the residual uncertainty
of this map. This diagram is the result of a cell-wise sensitivity analysis: The
magnitude by which flipping a grid cell decreases the log-likelihood function
is illustrated by the grayness of a cell. This diagram, similar in appearance
to the regular occupancy grid map, suggests maximum uncertainty for grid
cells behind obstacles.

There exists a number of limitations of the algorithm MAP_occ-
upancy_grid_mapping, and it can be improved in multiple ways. The algo-
rithm is a maximum a posteriori approach, and as such returns no notion of
uncertainty in the residual map. Our sensitivity analysis approximates this
uncertainty, but this approximation is overconfident, since sensitivity analy-
sis only inspects the mode locally. Further, the algorithm is a batch algorithm
and cannot be executed incrementally. In fact, the MAP algorithm requires
that all data is kept in memory. At the computational end, the algorithm can
be sped up by initializing it with the result of the regular occupancy grid
mapping approach, instead of an empty map. Finally, we note that only a
small number of measurements are affected by flipping a grid cell in line 5
of Table 9.3. While each sum is potentially huge, only a small number of el-
ements has to be inspected when calculating the argmax. This property can
be exploited in the basic algorithm, to increase its computational efficiency.

9.5 Summary

This chapter introduced algorithms for learning occupancy grids. All algo-
rithms in this chapter require exact pose estimates for the robot, hence they
do not solve the general mapping problem.

¢ The standard occupancy mapping algorithm estimates for each grid cell
individually the posterior probability of occupancy. It is an adaptation of
the binary Bayes filter for static environments.

¢ Data from multiple sensors can be fused into a single map in two ways:
By maintaining a single map using Bayes filters, and by maintaining mul-
tiple maps, one for each sensor modality. The latter approach is usually
preferable when different sensors are sensitive to different types of obsta-
cles.

® The standard occupancy grid mapping algorithm relies on inverse mea-
surement models, which reason from effects (measurements) to causes
(occupancy). This differs from previous applications of Bayes filters in the
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context of localization, where the Bayes filter was based on a conventional
measurement model that reasons from causes to effects.

* [t is possible to learn inverse sensor models from the conventional mea-
surement model, which models the sensor from causes to effects. To do
so, one has to generate samples and learn an inverse model using a super-
vised learning algorithm.

* The standard occupancy grid mapping algorithm does not maintain de-
pendencies in the estimate of occupancy. This is a result of decomposing
the map posterior estimation problem into a large number of single-cell
posterior estimation problem.

¢ The full map posterior is generally not computable, due to the large num-
ber of maps that can be defined over a grid. However, it can be max-
imized. Maximizing it leads to maps that are more consistent with the
data than the occupancy grid algorithm using Bayes filters. However, the
maximization requires the availability of all data, and the resulting max-
imum a posterior map does not capture the residual uncertainty in the
map.

Without a doubt, occupancy grid maps and their various extensions are
vastly popular in robotics. This is because they are extremely easy to acquire,
and they capture important elements for robot navigation.

Bibliographical Remarks

Occupancy grid maps are due to Elfes (1987), whose Ph.D. thesis (1989) defined the field. A well-
referenced article by Moravec (1988) provides a highly accessible introduction into this topic,
and lays out the basic probabilistic approach that forms the core of this chapter. In unpublished
work, Moravec and Martin (1994) extended occupancy grid maps to 3-D, using stereo as the
primary sensor. Multi-sensor fusion in occupancy grids were introduced in Thrun et al. (1998a).
The results for learning inverse sensor models described in this chapter can be found in Thrun
(1998b). The forward modeling approach, also described in this chapter, is based on a similar
algorithm in Thrun (2003).

Occupancy maps have been used for a number of different purposes. Borenstein and Koren
(1991) were the first to adopt occupancy grid maps for collision avoidance. A number of au-
thors have used occupancy grid maps for localization, by cross-matching two occupancy grid
maps. Such “map matching” algorithms are discussed in detail in Chapter 7. Biswas et al. (2002)
used occupancy grid maps to learn shape models of movable objects in dynamic environments.
This approach was later extended to learning hierarchical class models of dynamic objects, all
represented with occupancy grid maps (Anguelov et al. 2002). Occupancy grid maps have also
extensively been used in the context of the simultaneous localization and mapping problem.
Those applications will be discussed in later chapters.
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Figure 9.12 Mobile indoor robot of the type RWI B21, with 24 sonar sensors
mounted on a circular array around the robot.

The idea of representing space by grids is only one out of many ideas explored in the mo-
bile robotics literature. Classical work on motion planning often assumes that the environment
is represented by polygons, but leaves open as to how those models are being acquired from
data (Schwartz et al. 1987). An early proposal on learning polygonal maps is due to Chatila and
Laumond (1985). A first implementation using Kalman filters for fitting lines from sonar data
was done by Crowley (1989). In more recent work, Anguelov et al. (2004) devised techniques for
identifying straight-line doors from raw sensor data, and learn visual attributes for improving
the door detection rate.

An early paradigm in spatial representation is the topological paradigm, in which space is
represented by a set of local relations, often corresponding to specific actions a robot may have
to take to navigate between adjacent locations. Examples of topological mapping algorithm

SPATIAL SEMANTIC  include Kuipers and Levitt’s (1988) work on their Spatial Semantic hierarchy (see also Kuipers
HIERARCHY et al. (2004)); Matari¢’s (1990) M.Sc. thesis work, Kortenkamp and Weymouth's (1994) work on
topological graphs contracted from sonar and vision data, and Shatkay and Kaelbling’s (1997)
approach on spatial HMMs with arc length information. Occupancy grid maps are members of
the complimentary paradigm: metric representations. Metric representations directly describe
the robot environment, in some absolute coordinate system. A second example of a metric

approach is the EKF SLAM algorithm, which will be discussed in the subsequent chapter.

There is a history of attempts to generate mapping algorithms that harvest the best of both
paradigms, topological and metric. Tomatis et al. (2002) uses topological representations to close
loops consistently, then converts to metric maps. Thrun (1998b) first builds a metric occupancy
grid map, then extracts a topological skeleton to facilitate fast motion planning. In Chapter 11,
we will study techniques that bridge both paradigms, metric and topological.
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9.7 Exercises

1. Change the basic occupancy grid algorithm in Table 9.1 to include a pro-
vision for the change of occupancy over time. To accommodate such
change, evidence collected At time steps in the past should be decayed
by a factor of a®t, for some value of o < 1 (e.g., @ = 0.99). Such a rule is

EXPONENTIAL DECAY called exponential decay. State the exponential decay occupancy grid map-
ping algorithm in log odds form and argue its correctness. If you cannot
find an exact algorithm, state an approximation and argue why it is a
suitable approximation. For simplicity, you might want to assume a prior
p(m;) = 0.5 for occupancy.

2. The binary Bayes filter assumes that a cell is either occupied or unoccu-
pied, and the sensor provides noisy evidence for the correct hypothesis.
In this question, you will be asked to build an alternative estimator for a
grid cell: Suppose the sensor can only measure “0 = unoccupied” or “1 =
occupied”, and it receives a sequence

0,0,1,0,1,1,1,0,1, 0.

What is the maximum likelihood probability p for the next reading to be
1? Provide an incremental formula for a general maximum likelihood
estimator for this probability p. Discuss the difference of this estimator to
the binary Bayes filter (all for a single cell only).

3. We study a common sensor configuration in indoor robotics. Suppose an
indoor robot uses sonar sensors with a 15 degree opening cone, mounted
at a fixed height so that they point out horizontally and parallel to the
ground. Figure 9.12 shows such a robot. Discuss, what happens when the
robot faces an obstacle whose height is just below the height of the sensor
(for example, 15 cm below). Specifically, answer the following questions.

(a) Under what conditions will the robot detect the obstacle? Under what
conditions will it fail to detect it? Be concise.

(b) What implications does this all have for the binary Bayes filter and the
underlying Markov assumption? How can you make the occupancy
grid algorithm fail?

(c) Based on your answer to the previous question, can you provide an im-
proved occupancy grid mapping algorithm that will detect the obstacle
more reliably than the plain occupancy grid mapping algorithm?
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4. In this question, you are being asked to design a simple sensor model.
Suppose you are given binary occupancy measurements for the following

four cells:
cell number type measurement sequence
cell 1 occupied (1 1 0 1 0 1 1
cell 2 occupied |0 1 1 1 0 0 1
cell 3 free 00 0 0 0 0O
cell 4 free 10 01 0 0 O

What is the maximum likelihood measurement model p(z | m;)? (Hint:
m,; is a binary occupancy variable, and z is a binary measurement vari-

able.)

5. For the table in Exercise 4, implement the basic occupancy grid algorithm.

(a) What is the posterior p(m; | z1.7) for the four different cases, assuming

a prior p(m;) = 0.5?

(b) Devise a tuning algorithm for your sensor model that makes the out-
put of your occupancy grid mapping algorithm as close as possible to
the ground truth, for the four cases in Exercise 4. What do you find?
(For this question, you will have to come up with a suitable closeness

measure.)

6. The standard occupancy grid mapping algorithm is implemented us-
ing the log odds form, even though it would have equally been imple-
mentable using probabilities.

(a) Derive an update rule that represented occupancy probabilities di-
rectly, without the detour of the log odds representation.

(b) For an implementation in a common programming language such as
C++, give an example in which the probability implementation yields
different results form the log odds implementation, due to numerical
truncation. Explain your example, and argue whether you judge this
to be a problem in practice.
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Simultaneous Localization and
Mapping

10.1 Introduction

This and the following chapters address one of the most fundamental prob-
lems in robotics, the simultaneous localization and mapping problem. This prob-
lem is commonly abbreviated as SLAM, and is also known as Concurrent
Mapping and Localization, or CML. SLAM problems arise when the robot does
not have access to a map of the environment, nor does it know its own pose.
Instead, all it is given are measurements z;.; and controls u;.;. The term “si-
multaneous localization and mapping” describes the resulting problem: In
SLAM, the robot acquires a map of its environment while simultaneously lo-
calizing itself relative to this map. SLAM is significantly more difficult than
all robotics problems discussed thus far. It is more difficult than localization
in that the map is unknown and has to be estimated along the way. It is more
difficult than mapping with known poses, since the poses are unknown and
have to be estimated along the way.
From a probabilistic perspective, there are two main forms of the SLAM
problem, which are both of equal practical importance. One is known as the
ONLINE SLAM  online SLAM problem: It involves estimating the posterior over the momen-
PROBLEM  tary pose along with the map:

(10.1) p(fﬂt,m | Zl:t;ul:t)

Here z is the pose at time ¢, m is the map, and z;.; and u;.; are the measure-
ments and controls, respectively. This problem is called the online SLAM
problem since it only involves the estimation of variables that persist at time
t. Many algorithms for the online SLAM problem are incremental: they dis-
card past measurements and controls once they have been processed. The
graphical model of online SLAM is depicted in Figure 10.1.
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Figure 10.1 Graphical model of the online SLAM problem. The goal of online SLAM
is to estimate a posterior over the current robot pose along with the map.

FULL SLAM PROBLEM The second SLAM problem is called the full SLAM problem. In full SLAM,
we seek to calculate a posterior over the entire path 1., along with the map,
instead of just the current pose z; (see also Figure 10.2):

(102) P(xl:t; m | Z1:t ul:t)

This subtle difference between online and full SLAM has ramifications in
the type of algorithms that can be brought to bear. In particular, the online
SLAM problem is the result of integrating out past poses from the full SLAM
problem:

(10.3)  p(ze,m | z1:,u14) = //-~-/p(x1;t7m | 1.6, u1:¢) dy dao ... dap—q

In online SLAM, these integrations are typically performed one-at-a-time.
They cause interesting changes of the dependency structures in SLAM that
we will fully explore in the next chapter.

A second key characteristic of the SLAM problem has to do with the na-
ture of the estimation problem. SLAM problems possess a continuous and a
discrete component. The continuous estimation problem pertains to the lo-
cation of the objects in the map and the robot’s own pose variables. Objects
may be landmarks in feature-based representation, or they might be object
patches detected by range finders. The discrete nature has to do with cor-
respondence: When an object is detected, a SLAM algorithm must reason
about the relation of this object to previously detected objects. This reason-
ing is typically discrete: Either the object is the same as a previously detected
one, or it is not.
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Figure 10.2 Graphical model of the full SLAM problem. Here, we compute a joint
posterior over the whole path of the robot and the map.

We already encountered similar continuous-discrete estimation problems
in previous chapters. For example, EKF localization in Chapter 7.4 estimates
the robot pose, which is continuous. But to do so it also estimates the corre-
spondences of measurements and landmarks in the map, which are discrete.
In this and the subsequent chapters, we will discuss a number of different
techniques to deal with the continuous and the discrete aspects of the SLAM
problem.

At times, it will be useful to make the correspondence variables explicit,
as we did in Chapter 7 on localization. The online SLAM posterior is then
given by

(104)  p(ze,m, e | 21, wrat)
and the full SLAM posterior by
(10.5)  p(@1:e,m, c1e | 21085 uze)

The online posterior is obtained from the full posterior by integrating out
past robot poses and summing over all past correspondences:

(10.6)  p(we,m,cp | 2165 Un:)
= / //ZZ ce Zp(ml:t,m,clzt | Z1:t,U1:t) dry dza ... dri
(S Ct—1

In both versions of the SLAM problems—online and full—estimating the full
posterior (10.4) or (10.5) is the gold standard of SLAM. The full posterior
captures all there is to be known about the map and the pose or the path.
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In practice, calculating a full posterior is usually infeasible. Problems arise
from two sources: (1) the high dimensionality of the continuous parameter
space, and (2) the large number of discrete correspondence variables. Many
state-of-the-art SLAM algorithms construct maps with tens of thousands of
features, or more. Even under known correspondence, the posterior over
those maps alone involves probability distributions over spaces with 10° or
more dimensions. This is in stark contrast to localization problems, in which
posteriors were estimated over three-dimensional continuous spaces. Fur-
ther, in most applications the correspondences are unknown. The number of
possible assignments to the vector of all correspondence variables ¢;.; grows
exponentially in the time ¢. Thus, practical SLAM algorithms that can cope
with the correspondence problem must rely on approximations.

The SLAM problem will be discussed in a number of subsequent chap-
ters. The remainder of this chapter develops an EKF algorithm for the on-
line SLAM problem. Much of this material builds on Chapter 3.3, where
the EKF was introduced, and Chapter 7.4, where we applied the EKF to the
mobile robot localization problem. We will derive a progression of EKF al-
gorithms that first apply EKFs to SLAM with known correspondences, and
then progress to the more general case with unknown correspondences.

10.2 SLAM with Extended Kalman Filters

10.2.1  Setup and Assumptions

Historically the earliest—and perhaps the most influential —SLAM algo-
rithm is based on the extended Kalman filter, or EKF. In a nutshell, the EKF
SLAM algorithm applies the EKF to online SLAM using maximum likeli-
hood data association. In doing so, EKF SLAM is subject to a number of
approximations and limiting assumptions:

FEATURE-BASED MAPS Maps, in EKF SLAM, are feature-based. They are composed of point land-
marks. For computational reasons, the number of point landmarks is usually
small (e.g., smaller than 1,000). Further, the EKF approach tends to work
well the less ambiguous the landmarks are. For this reason, EKF SLAM re-
quires significant engineering of feature detectors, sometimes using artificial
beacons as features.

GAUSSIAN NOISE As any EKF algorithm, EKF SLAM makes a Gaussian noise assumption for
ASSUMPTION  robot motion and perception. The amount of uncertainty in the posterior
must be relatively small, since otherwise the linearization in EKFs tend to

introduce intolerable errors.
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The EKF SLAM algorithm, just like the EKF localizer discussed in Chap-
POSITIVE  ter 7.4, can only process positive sightings of landmarks. It cannot process
INFORMATION  negative information that arises from the absence of landmarks in sensor
measurements. This is a direct consequence of the Gaussian belief represen-

tation and was already discussed in Chapter 7.4.

10.2.2 SLAM with Known Correspondence

The SLAM algorithm for the case with known correspondence addresses the
continuous portion of the SLAM problem only. Its development is in many
ways parallel to the derivation of the EKF localization algorithm in Chap-
ter 7.4, but with one key difference: In addition to estimating the robot pose
x¢, the EKF SLAM algorithm also estimates the coordinates of all landmarks
encountered along the way. This makes it necessary to include the landmark
coordinates into the state vector.
For convenience, let us call the state vector comprising robot pose and the
COMBINED STATE  map the combined state vector, and denote this vector y;. The combined vector
VECTOR s given by

10.7) y = <fr‘; )

T
= (zy® miy My s1 Moy Moy Sa ... MNgz MNy SN )

Here z, y, and 0 denote the robot’s coordinates at time ¢ (not to be confused
with the state variables z; and y;), m; 5, m; , are the coordinates of the i-th
landmark, fori = 1,..., NV, and s; is its signature. The dimension of this state
vector is 3N + 3, where N denotes the number of landmarks in the map.
Clearly, for any reasonable number of NN, this vector is significantly larger
than the pose vector that is being estimated in Chapter 7.4, which introduced
the EKF localization algorithm. EKF SLAM calculates the online posterior
P | 2128, U1:t)-

The EKF SLAM algorithm is depicted in Table 10.1—notice the similarity to
the EKF localization algorithm in Table 7.2. Lines 2 through 5 apply the mo-
tion update, whereas lines 6 through 20 incorporate the measurement vector.

Lines 3 and 5 manipulate the mean and covariance of the belief in accor-
dance to the motion model. This manipulation only affects those elements
of the belief distribution concerned with the robot pose. It leaves all mean
and covariance variables for the map unchanged, along with the pose-map
covariances. Lines 7 through 20 iterate through all measurements. The test
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®

10:

11:
12:

13:

14:

15:

16:

17:
18:
19:
20:
21:
22:

23:

Algorithm EKF_SLAM_known_correspondences(u¢—1, X¢—1, Ut, 2¢, Ct):

1 0 0 0---0

o 1 0 0---0
=109 01 0.0
3N
—:}—tt sin 1,0 + :th sin(py—1,0 + wrAt)
At = pe—1 + FL Sheospy—1,0 — b cos(pi—1,0 +wiAt)
wr At
0 0 —:}—tt cos py—1,0 + %COS(M—LB + wiAt)
Gy=1+ Fg 0 O —3—3 sinpg_1,9 + Z—i sin(pi—1,0 + wiAt) Fy
0 O 0
S5, =G %1 GF+FI' R F,
g2 0 0
Q: = 0 Ui 0
0 0 o2

for all observed features zi = (ri ¢i s))T do

j=d
if landmark j never seen before
ﬂ,j,a: ﬂt,x
Bjy = Aty
Fj,s s
endif
5= ( O ) _ < Hjz — Bt
by Hjy — Hty
qg=106Ts
_ Va
Z = atan2(dy,dz) — fit,0
/'_"j,s
1 0 0 0---0
o 1 0 0---0
0O 0 1 0---0
Fo;=| 0 0 0 00
0O 0 0 0---0
0O 0 0 0---0
——
3j—3
R AN N
Hi =< Oy —0z
0 0

K =S¢ BT (H] S0 HT + Q)"

fie = i + K (2} = 2)

Si=(I- K} H) S,

endfor
= fit
Y=

return pe, Xt

+ | i sin(¢} + fig0)

i cos(@t + fit,9)

0

0 0 0 0---0

0O 0 0 O0---0

0O 0 0 0---0

1 0 0 0---0

o 1 0 0---0

0 0 1 0---0
SN~
3N—3;

0 +v@z /30y O

—q 757! +0g 0 Fwyj

0 0 0 q

Table 10.1 The EKF algorithm for the SLAM problem (with known correspon-
dences).
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in line 9 returns true only for landmarks for which we have no initial loca-
tion estimate. For those, line 10 initializes the location of such a landmark by
the projected location obtained from the corresponding range and bearing
measurement. As we shall discuss below, this step is important for the lin-
earization in EKFs; it would not be needed in linear Kalman filters. For each
measurement, an “expected” measurement is computed in line 14, and the
corresponding Kalman gain is computed in line 17. Notice that the Kalman
gain is a matrix of size 3 by 3N + 3. This matrix is usually not sparse. In-
formation is propagated through the entire state estimate. The filter update
then occurs in lines 18 and 19, where the innovation is folded back into the
robot’s belief.

The fact that the Kalman gain is fully populated for all state variables—
and not just the observed landmark and the robot pose—is important. In
SLAM, observing a landmark does not just improve the position estimate
of this very landmark, but that of other landmarks as well. This effect is
mediated by the robot pose: Observing a landmark improves the robot pose
estimate, and as a result it eliminates some of the uncertainty of landmarks
previously seen by the same robot. The amazing effect here is that we do not
have to model past poses explicitly—which would put us into the realm of
the full SLAM problem and make the EKF a non-realtime algorithm. Instead,
this dependence is captured in the Gaussian posterior, more specifically, in
the off-diagonal covariance elements of the matrix ;.

Figure 10.3 illustrates the EKF SLAM algorithm for an artificial example.
The robot navigates from a start pose that serves as the origin of its coordi-
nate system. As it moves, its own pose uncertainty increases, as indicated
by uncertainty ellipses of growing diameter. It also senses nearby landmarks
and maps them with an uncertainty that combines the fixed measurement
uncertainty with the increasing pose uncertainty. As a result, the uncer-
tainty in the landmark locations grows over time. In fact, it parallels that
of the pose uncertainty at the time a landmark is observed. The interesting
transition happens in Figure 10.3d: Here the robot observes the landmark it
saw in the very beginning of mapping, and whose location is relatively well
known. Through this observation, the robot’s pose error is reduced, as indi-
cated in Figure 10.3d—notice the very small error ellipse for the final robot
pose! This observation also reduces the uncertainty for other landmarks in
the map. This phenomenon arises from a correlation that is expressed in
the covariance matrix of the Gaussian posterior. Since most of the uncer-
tainty in earlier landmarks is caused by the robot pose, and since this very
uncertainty persists over time, the location estimates of those landmarks are
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(a) (b)

(c) d)

Figure 10.3 EKF applied to the online SLAM problem. The robot’s path is a dotted
line, and its estimates of its own position are shaded ellipses. Eight distinguishable
landmarks of unknown location are shown as small dots, and their location estimates
are shown as white ellipses. In (a)-(c) the robot’s positional uncertainty is increas-
ing, as is its uncertainty about the landmarks it encounters. In (d) the robot senses
the first landmark again, and the uncertainty of all landmarks decreases, as does the
uncertainty of its current pose. Image courtesy of Michael Montemerlo, Stanford
University.

correlated. When gaining information on the robot’s pose, this information
spreads to previously observed landmarks. This effect is probably the most
important characteristic of the SLAM posterior. Information that helps lo-
calize the robot is propagated through map, and as a result improves the
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localization of other landmarks in the map.

10.2.3 Mathematical Derivation of EKF SLAM

The derivation of the EKF SLAM algorithm for the case with known corre-
spondences largely parallels that of the EKF localizer in Chapter 7.4. The key
difference is the augmented state vector, which now includes the locations of
all landmarks in addition to the robot pose.

In SLAM, the initial pose is taken to be the origin of the coordinate system.
This definition is somewhat arbitrary, in that it can be replaced by any coor-
dinate. None of the landmark locations are known initially. The following
initial mean and covariance express this belief:

(108) o = (000 ... 0)T
000 0 0
000 0 0
000 0 0

109) %0 = |0 0 0 0
000 0 - oo

The covariance matrix is of size (3N +3) x (3N +3). It is composed of a small
3 x 3 matrix of zeros for the robot pose variables. All other covariance values
are infinite.

As the robot moves, the state vector changes according to the standard
noise-free velocity model (see Equations (5.13) and (7.4)). In SLAM, this mo-
tion model is extended to the augmented state vector:

—2tsind + 2 sin(0 + w At)
Stcosf — 2t cos(0 + wiAt)
tht + ’ytAt
(10.10)  w = w1+ 0

0
The variables z, y, and 6 denote the robot pose in ;1. Because the motion

only affects the robot’s pose and all landmarks remain where they are, only
the first three elements in the update are non-zero. This enables us to write
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the same equation more compactly:

—2tsinf + 2 sin(0 + wiAt)
(1011) y, = y1+FT tcosf — 2t cos( + wiAt)

Wt At + Yt At
Here F is a matrix that maps the 3-dimensional state vector into a vector of
dimension 3N + 3.
100 0---0
1012y F-=| 910 0--0
001 0---0
——

3N columns

The full motion model with noise is then as follows

— 2 sinf + 2 sin(0 + w At)

(10.13) y, = y1+FT Ztcos — 2t cos(0 +wiAt) | +N(0, FI' R, F,)
wAt
g(ue,ye—1)

where FmT R:F, extends the covariance matrix to the dimension of the full
state vector squared.

As usual in EKFs, the motion function g is approximated using a first de-
gree Taylor expansion

(10.14)  g(ut,yi—1) ~  glug, pe—1) + Gy (Ye—1 — pe—1)

where the Jacobian Gy = ¢'(u, pu—1) is the derivative of g with respect to
y¢—1 at u; and p¢—1, as in Equation (7.7).

Obviously, the additive form in (10.13) enables us to decompose this Jaco-
bian into an identity matrix of dimension (3N + 3) x (3N + 3) (the derivative
of y;_1) plus a low-dimensional Jacobian g, that characterizes the change of

the robot pose:
1015) G, = I+FT g F,
with
0 0 ffj—i COS fit—1,0 + Z—: cos(pi—1,0 + wiAt)
(10.16) g; = 0 0 —Z—tt sin pu—1,9 + Z—i sin(p—1,0 + wiAt)
0 0 0

Plugging these approximations into the standard EKF algorithm gives us
lines 2 through 5 of Table 10.1. Obviously, several of the matrices multiplied
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in line 5 are sparse, which should be exploited when implementing this al-
gorithm. The result of this update are the mean fi; and the covariance 3, of
the estimate at time ¢ after updating the filter with the control w;, but before
integrating the measurement z;.

The derivation of the measurement update is similar to the one in Chap-
ter 7.4. In particular, we are given the following measurement model

} V(e — )2+ (mjy —y)? o 0 0
(10.17) 2 = atan2(m;, —y,mj, —x)—0 | +N(O,[ 0 o4 0 |)
mj s 0 0 oy
h(ye,5) Qt

Here z, y, and 6 denotes the pose of the robot, i is the index of an individual
landmark observation in z;, and j = ¢! is the index of the observed landmark
at time ¢. The variable r denotes the range to a landmark, ¢ is the bearing to
a landmark, and s the landmark signature; the terms o,, 04, and o, are the
corresponding measurement noise covariances.

This expression is approximated by the linear function

(1018)  h(ye,j) =~ h(ie,j) + Hi (g — [ir)

Here H} is the derivative of h with respect to the full state vector y;. Since
h depends only on two elements of that state vector, the robot pose z;
and the location of the j-th landmark m;, the derivative factors into a low-
dimensional Jacobian i} and a matrix F, j, which maps A} into a matrix of
the dimension of the full state vector:

(10.19) H} = hiF,,;

Here h! is the Jacobian of the function h(y,, j) at ji;, calculated with respect
to the state variables x; and m;:

/_Lt,:c - ,aj,z ﬂt,y - ﬂj,y 0 ,L_Lj,x - ﬂt,x ,aj,y - ,L_Lt,y 0

(10.20) hz = 1Y by ta 5T _q ty 3,y J, @ tr
qt q¢ q: qs
0 0 0 0 0 1

The scalar ¢ = (fij,x — fir)> + (fij.y — [it,y)?, and as before, j = ¢} is the
landmark that corresponds to the measurement z;. The matrix F, ; is of di-
mension 6 x (3N + 3). It maps the low-dimensional matrix h} into a matrix
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of dimension 3 x (3N + 3):

100 00000 0---0
01000000 0---0
00100000 0---0

(1021)  F:j=1|f 0 0 0 0---0 1 0 0 0---0
0000007120 0---0
0000-000T10---0

N——" N——
3j—3 3N—3j

These expressions make up for the gist of the Kalman gain calculation in lines
8 through 17 in our EKF SLAM algorithm in Table 10.1, with one important
extension. When a landmark is observed for the first time, its initial pose
estimate in Equation (10.8) leads to a poor linearization. This is because with
the default initialization in (10.8), the point about which # is being linearized
is (2 fijy fj,5)7 = (0 0 0)T, which is a poor estimator of the actual land-
mark location. A better landmark estimator is given in line 10 of Table 10.1.
Here we initialize the landmark estimate ({1, fi;,, fj,s)" with the expected
position. This expected position is derived from the expected robot pose and
the measurement variables for this landmark

fijo fit,a ry cos(¢} + fie)
(10.22) Py = ﬂt{y + T sin(cﬁ% + /jt,@)
s S} 0

We note that this initialization is only possible because the measurement
function h is bijective. Measurements are two-dimensional, as are landmark
locations. In cases where a measurement is of lower dimensionality than the
coordinates of a landmark, & is a true projection and it is impossible to cal-
culate a meaningful expectation for (fi;. fij, fijs)" from a single measure-
ment only. This is, for example, the case in computer vision implementations
of SLAM, since cameras often calculate the angle to a landmark but not the
range. SLAM is then usually performed by integrating multiple sightings
and applying triangulation to determine an appropriate initial location esti-

BEARING ONLY SLAM ~ mate. In the SLAM literature, such a problem is known as bearing only SLAM
and will be further discussed in one of the exercises (page 334).

Finally, we note that the EKF algorithm requires memory that is quadratic
in N, the number of landmarks in the map. Its update time is also quadratic
in N. The quadratic update complexity stems from the matrix multiplica-
tions that take place at various locations in the EKFE.
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1: Algorithm EKF_SLAM (11, X1, u, 2, Ni—1):

2: Nt:Nt—l
10 0 0---0
33 F,=101 0 0---0
001 0---0

4 =+ EF 2cos pp—1,6 — o= cos(pi—1,6 +wiAt)

wt

tht

— ot cos 1,0 + 2t cos(pi—1,0 + wiAt)

0
5 Gy=I1+FF 0 —Ztsinpy—10+ ot sin(u—1,0 +wiAt) F,
0

( —otsinpeo1 + 25 sin(pe-1,0 + weAl)
0
0
0

0
6: it = Gt Zt—l G? +FzT Rt Fz

o 0 0
70 Q= 0 o4 O
0 0 o4

8:  for all observed features z! = (ri ¢! si)T do

BN, 11,z e,z ' COS(@ + [itg)
9: ﬁNtJrl,y = ﬂt{y + T; Sin(¢% + ﬂt,@)
BN, +1,s S% 0

10: fork =1 to N;+1 do

11: 5 = ( Ok ) _ ( Fra = Pt )
5k,y /jfk,y - ﬂt,y

12: qk = 5£6k

see next page for continuation
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25: endfor
26 pp = iy
27: Et = it

28: return i, >

Vak
13: o = atan2(0x,y, Ox,z) — fit,0
,ak,s
100 0---0 O OO0 0---0
010 0---0 0 OO 0---0
0o 01 0---0 00O 0---0
14: Fx,k:
0 00 0---0 1 0O 0---0
000 0---0 01 O0 0---0
0O 00 0---0 0O 1 0---0
V@O —VUOky 0 GOk VGOky O
15: Hf = - Sk —0kx —1 —Oky ke O | Fug
0 0 0 0 0 1
16: Uy, = Hf 3 [HF] + Q,
17: T = (25 — 2T U (2 - 2F)
18: endfor
19: TN, +1 = O
20:  j(i) = argmin 7y,
k

21: Ny =max{N,j(i)}
2 Ki=% [H]YTv !
23 =+ K (2 —2Y)
24: £, =(I-K; H'")%,

’ continued from the previous page

J(4)

Table 10.2 The EKF SLAM algorithm with ML correspondences, shown here with

outlier rejection.
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10.3 EKF SLAM with Unknown Correspondences

10.3.1 The General EKF SLAM Algorithm

The EKF SLAM algorithm with known correspondences is now extended

MAXIMUM LIKELIHOOD  into the general EKF SLAM algorithm, which uses an incremental maximum

CORRESPONDENCE  [jkelihood (ML) estimator to determine correspondences. Table 10.2 depicts
the algorithm for unknown correspondences.

Since the correspondence is unknown, the input to the algorithm
EKF_SLAM lacks a correspondence variable ¢;. Instead, it includes the mo-
mentary size of the map, N;_;. The motion update in lines 3 through 6 is
equivalent to the one in EKF_SLAM_known_correspondences in Table 10.1.
The measurement update loop, however, is different. Starting in line 8, it
first creates the hypothesis of a new landmark with index N; + 1; this in-
dex is one larger than the landmarks in the map at this point in time. The
new landmark’s location is initialized in line 9, by calculating its expected
location given the estimate of the robot pose and the range and bearing in
the measurement. Line 9 also assigns the observed signature value to this
new landmark. Next, various update quantities are then computed in lines
10 through 18 for all IV; 4 1 possible landmarks, including the “new” land-
mark. Line 19 sets the threshold for the creation of a new landmark: A new
landmark is created if the Mahalanobis distance to all existing landmarks in
the map exceeds the value . The ML correspondence is then selected in line
20. If the measurement is associated with a previously unseen landmark, the
landmark counter is incremented in line 21, and various vectors and matrices
are enlarged accordingly—this somewhat tedious step is not made explicit in
Table 10.2. The update of the EKF finally takes place in lines 23 and 24. The
algorithm EKF_SLAM returns the new number of landmarks N; along with
the mean y; and the covariance 3.

The derivation of this EKF SLAM follows directly from previous deriva-
tions. In particular, the initialization in line 9 is identical to the one in line
10 in EKF_SLAM_known_correspondences, Table 10.1. Lines 10 through 18
parallel lines 12 through 17 in EKF_SLAM_known_correspondences, with
the added variable 7 needed for calculating the ML correspondence. The
selection of the ML correspondence in line 20, and the definition of the Maha-
lanobis distance in line 17, is analogous to the ML correspondence discussed
in Chapter 7.5; in particular, the algorithm EKF_localization in Table 7.3 on
page 217 used an analogous equation to determine the most likely landmark
(line 16). The measurement updates in lines 23 and 24 of Table 10.2 are also
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analogous to those in the EKF algorithm with known correspondences, as-
suming that the participating vectors and matrices are of the appropriate
dimension in case the map has just been extended.

Our example implementation of EKF_SLAM can be made more efficient
by restricting the landmarks considered in lines 10 through 18 to those that
are near the robot. Further, many of the values and matrices calculated in
this inner loop can safely be cached away when looping through more than
one feature measurement vector z}. In practice, a good management of fea-
tures in the map and a tight optimization of this loop can greatly reduce the
running time.

10.3.2 Examples

Figure 10.4 shows the EKF SLAM algorithm—here with known
correspondence—applied in simulation. The left panel of each of the
three diagrams plots the posterior distributions, marginalized for the indi-
vidual landmarks and the robot pose. The right side depicts the correlation
matrix for the augmented state vector y;; the correlation is the normalized
covariance. As is easily seen from the result in Figure 10.4c, over time all
x- and y-coordinate estimates become fully correlated. This means the map
becomes known in relative terms, up to an uncertain global location that
cannot be reconciled. This highlights an important characteristic of the
SLAM problem: The absolute coordinates of a map relative to the coordinate
system defined by the initial robot pose can only be determined in approxi-
mation, whereas the relative coordinates can be determined asymptotically
with certainty.

In practice, EKF SLAM has been applied successfully to a large range of
navigation problems, involving airborne, underwater, indoor, and various
other vehicles. Figure 10.5 shows an example result obtained using the un-
derwater robot Oberon, developed at the University of Sydney, Australia,
and shown in Figure 10.6. This vehicle is equipped with a pencil sonar, a
sonar that can scan at very high resolutions and detect obstacles up to 50
meters away. To facilitate the mapping problem, researchers have deposited
long, small vertical objects in the water, which can be extracted from the
sonar scans with relative ease. In this specific experiment, there is a row of
such objects, spaced approximately 10 meters apart. In addition, a more dis-
tant cliff offers additional point features that can be detected using the pencil
sonar.

In the experiment shown in Figure 10.5, the robot moves by these land-
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(a)

(b)

(0

Figure 10.4 EKF SLAM with known data association in a simulated environment.
The map is shown on the left, with the gray-level corresponding to the uncertainty
of each landmark. The matrix on the right is the correlation matrix, which is the
normalized covariance matrix of the posterior estimate. After some time, all z- and
all y-coordinate estimates become fully correlated.
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Figure 10.5 Example of Kalman filter estimation of the map and the vehicle pose.
Image courtesy of Stefan Williams and Hugh Durrant-Whyte, Australian Centre for
Field Robotics.

Figure 10.6 Underwater vehicle Oberon, developed at the University of Sydney.
Image courtesy of Stefan Williams and Hugh Durrant-Whyte, Australian Centre for
Field Robotics.

TESLA EXHIBIT 1010, Page 118



10.3 EKF SLAM with Unknown Correspondences 327

(a) RWI B21 Mobile robot and testing environment

(b) Raw odometry (c) Result of EKF SLAM with ground truth

Odometry Profie of the Robat Locations.
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Figure 10.7 (a) The MIT B21 mobile robot in a calibrated testing facility. (b) Raw
odometry of the robot, as it is manually driven through the environment. (c) The
result of EKF SLAM is a highly accurate map. The image shows the estimated map
overlayed on a manually constructed map. All images and results are courtesy of
John Leonard and Matthew Walter, MIT.

marks, then turns around and moves back. While doing so, it measures and
integrates landmarks into its map using the EKF SLAM algorithm described
in this chapter.

The map shown in Figure 10.5 shows the robot’s path, marked by the trian-
gles connected by a line. Around each triangle one can see an ellipse, which
corresponds to the covariance matrix of the Kalman filter estimate projected
into the robot’s z-y position. The ellipse shows the variance; the larger it
is, the less certain the robot is about its current pose. Various small dots in

TESLA EXHIBIT 1010, Page 119



328 10  Simultaneous Localization and Mapping

Figure 10.5 show landmark sightings, obtained by searching the sonar scan
for small and highly reflective objects. The majority of these sightings are
rejected, using a mechanism described in the next section. However, some
are believed to correspond to a landmark and are added to the map. At the
end of the run, the robot has classified 14 such objects as landmarks, each of
which is plotted with the projected uncertainty ellipse in Figure 10.5. These
landmarks include the artificial landmarks put out by the researchers, but
they also include various other terrain features in the vicinity of the robot.
The residual pose uncertainty is small.

Figure 10.7 shows the result of another EKF SLAM implementation. Panel
(a) shows MIT’s RWI B21 mobile robot, situated in a testing environment.
The testing environment is a tennis court; obstacles are hurdles whose po-
sition was measured manually with centimeter accuracy for evaluation pur-
poses. Panel (b) of Figure 10.7 shows the raw odometry path. The result of
EKF SLAM is shown in Panel (c), overlayed with the manually constructed
map. The reader should verify that this is indeed an accurate map.

10.3.3 Feature Selection and Map Management

Making EKF SLAM robust in practice often requires additional techniques
for map management. Many of them pertain to the fact that the Gaussian noise
assumption is unrealistic, and many spurious measurements occur in the far
tail end of the noise distribution. Such spurious measurements can cause the
creation of fake landmarks in the map which, in turn, negatively affect the
localization of the robot.

OUTLIERS Many state-of-the-art techniques possess mechanisms to deal with outliers
in the measurement space. Such outliers are defined as spurious landmark
sightings outside the uncertainty range of any landmark in the map. The

PROVISIONAL ~ most simple technique to reject such outliers is to maintain a provisional land-
LANDMARKLIST — mark list. Instead of augmenting the map by a new landmark once a mea-
surement indicates the existence of a new landmark, such a new landmark
is first added to a provisional list of landmarks. This list is just like the map,
but landmarks on this list are not used to adjust the robot pose (the corre-
sponding gradients in the measurement equations are set to zero). Once
a landmark has consistently been observed and its uncertainty ellipse has
shrunk, it is transitioned into the regular map.
In practical implementations, this mechanism tends to reduce the number
of landmarks in the map by a significant factor, while still retaining all phys-
ical landmarks with high probability. A further step, also commonly found
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LANDMARK EXISTENCE  in state-of-the-art implementations, is to maintain a landmark existence prob-
PROBABILITY  ghility. Such a posterior probability may be implemented as log odds ratio
and be denoted o; for the j-th landmark in the map. Whenever the j-th land-
mark m; is observed, o; is incremented by a fixed value. Not observing m;
when it would be in the perceptual range of the robot’s sensors leads to a
decrement of o;. Since it can never be known with certainty whether a land-
mark is within a robot’s perceptual range, the decrement may factor in the
probability of such an event. Landmarks are removed from the map when
the value o; drops below a threshold. Such techniques lead to much leaner
maps in the face of non-Gaussian measurement noise.

When initializing the estimate for a new landmark starting with a covari-
ance with very large elements—as suggested in Equation (10.9)—may induce

NUMERICAL  numerical instabilities. This is because the very first covariance update step
INSTABILITY OF EKF wj]] change this value by several orders of magnitude, too many perhaps for
SLAM generating a matrix that is still positive definite. A better strategy involves an
explicit initialization step for any feature that has not been observed before.
In particular, such a step would initialize the covariance X, directly with the
actual landmark uncertainty, instead of executing line 24 in Table 10.2 (same

with the mean in line 23).

As noted previously, the maximum likelihood approach to data associa-
tion has a clear limitation, which arises from the fact that the maximum like-
lihood approach deviates from the idea of full posterior estimation in prob-
abilistic robotics. Instead of maintaining a joint posterior over augmented
states and data associations, it reduces the data association problem to a de-
terministic determination, which is treated as if the maximum likelihood as-
sociation was always correct. This limitation makes EKF brittle with regards
to landmark confusion, which in turn can lead to wrong results. In practice,
researchers often remedy the problem by choosing one of the following two
methods, both of which reduce the chances of confusing landmarks:

* Spatial arrangement. The further apart landmarks are, the smaller the
chance to accidentally confuse them. It is therefore common practice to
choose landmarks that are sufficiently far away from each other so that
the probability of confusing one with another becomes small. This intro-
duces an interesting trade-off: a large number of landmarks increases the
danger of confusing them. Too few landmarks makes it more difficult to
localize the robot, which in turn also increases the chances of confusing
landmarks. Little is currently known about the optimal density of land-
marks, and researchers often use intuition when selecting specific land-
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marks.

¢ Signatures. When selecting appropriate landmarks, it is essential to max-
imize the perceptual distinctiveness of landmarks. For example, doors
might possess different colors, or corridors might have different widths.
The resulting signatures are essential for successful SLAM.

With these additions, the EKF SLAM algorithm has indeed been applied suc-
cessfully to a wide range of practical mapping problems, involving robotic
vehicles in the air, on the ground, and underwater.

A key limitation of EKF SLAM lies in the necessity to select appropriate
landmarks. By reducing the sensor stream to the presence and absence of
landmarks, a lot of sensor data is usually discarded. This results in an in-
formation loss relative to a SLAM algorithm that can exploit sensors without
extensive pre-filtering. Further, the quadratic update time of the EKF limits
this algorithm to relatively scarce maps with less than 1,000 features. In prac-
tice, one often seeks maps with 106 features or more, in which case the EKF
ceases to be applicable.

The relatively low dimensionality of the map tends to create a harder data
association problem. This is easily verified: When you open your eyes and
look at the full room you are in, you probably have no difficulty in recog-
nizing where you are! However, if you are only told the location of a small
number of landmarks—e.g., the location of all light sources—the decision is
much harder. As a result, data association in EKF SLAM is more difficult
than in some of the SLAM algorithms discussed in subsequent chapters, and
capable of handling orders of magnitude more features. This culminates into

FUNDAMENTAL  the fundamental dilemma of EKF SLAM: While incremental maximum likeli-
DILEMMA EKF SLAM  hood data association might work well with dense maps with hundreds of
millions of features, it tends to be brittle with scarce maps. However, EKFs
require sparse maps because of the quadratic update complexity. In subse-
quent chapters, we will discuss SLAM algorithms that are more efficient and
can handle much larger maps. We will also discuss more robust data as-
sociation techniques. For its many limitations, the value of the EKF SLAM
algorithm presented in this chapter is mostly historical.

10.4 Summary

This chapter described the general SLAM problem and introduced the EKF
approach.
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* The SLAM problem is defined as a concurrent localization and mapping
problem, in which a robot seeks to acquire a map of the environment
while simultaneously seeking to localize itself relative to this map.

¢ The SLAM problem comes in two versions: online and global. Both prob-
lems involve the estimation of the map. The online problem seeks to es-
timate the momentary robot pose, whereas the global problem seeks to
determine all poses. Both problems are of equal importance in practice,
and have found equal coverage in the literature.

¢ The EKF SLAM algorithm is arguably the earliest SLAM algorithm. It
applies the extended Kalman filter to the online SLAM problem. With
known correspondences, the resulting algorithm is incremental. Updates
require time quadratic in the number of landmarks in the map.

* When correspondences are unknown, the EKF SLAM algorithm applies
an incremental maximum likelihood estimator to the correspondence
problem. The resulting algorithm works well when landmarks are suf-
ficiently distinct.

¢ Additional techniques were discussed for managing maps. Two common
strategies for identifying outliers include a provisional list for landmarks
that are not yet observed sufficiently often, and a landmark evidence
counter that calculates the posterior evidence of the existence of a land-
mark.

e EKF SLAM has been applied with considerable success in a number of
robotic mapping problems. Its main drawback is the need for sufficiently
distinct landmarks, and the computational complexity required for up-
dating the filter.

In practice, EKF SLAM has been applied with some success. When land-
marks are sufficiently distinct, the approach approximates the posterior well.
The advantage of calculating a full posterior are manifold: It captures all
residual uncertainty and enables the robot to reason about its control tak-
ing its true uncertainty into account. However, the EKF SLAM algorithm
suffers from its enormous update complexity, and the limitation to sparse
maps. This, in turn, makes the data association problem a difficult one, and
EKF SLAM tends to work poorly in situations where landmarks are highly
ambiguous. Further brittleness is due to the fact that the EKF SLAM algo-
rithm relies on an incremental maximum likelihood data association tech-

TESLA EXHIBIT 1010, Page 123



332 10  Simultaneous Localization and Mapping

nique. This technique makes it impossible to revise past data associations,
and can induce failure when the ML data association is incorrect.

The EKF SLAM algorithm applies to the online SLAM problem; it is in-
applicable to the full SLAM problem. In the full SLAM problem, the addi-
tion of a new pose to the state vector at each time step would make both
the state vector and the covariance grow without bounds. Updating the co-
variance would therefore require an ever-increasing amount of time, and the
approach would quickly run out of computational time no matter how fast
the processor.

10.5 Bibliographical Remarks

The problem of SLAM predates the invention of modern robots by many centuries. The prob-
lem of modeling a physical structure from a moving sensor platform is at the core of a number
of fields, such as geosciences, photogrammetry, and computer vision. Many of the mathematical
techniques that form the core of the SLAM work today were first developed for calculating plan-
etary orbits. For example, the least squares method can be traced back to Johann Carl Friedrich
Gauss (1809). SLAM is essentially a geographic surveying problem. Teleported to a robot it
creates challenges that human surveyors rarely face, such as the correspondence problem and
the problem of finding appropriate features.

In robotics, the EKF to the SLAM problem was introduced through a series of seminal papers
by Cheeseman and Smith (1986); Smith and Cheeseman (1986); Smith et al. (1990). These papers
were the first to describe the EKF approach discussed in this chapter. Just like us in this book,
Smith et al. discussed the EKF in the context of feature-based mapping with point landmarks,
and known data association. The first implementations of EKF SLAM were due to Moutarlier
and Chatila (1989a,b) and Leonard and Durrant-Whyte (1991), some using artificial beacons as
landmarks. The EKF became fashionable at a time when many authors investigated alternative
techniques for maintaining accurate pose estimates during mapping (Cox 1991). Early work
by Dickmanns and Graefe (1988) on estimation road curvature in autonomous cars is highly
related; see (Dickmanns 2002) for a survey.

SLAM is a highly active field of research, as a recent workshop indicates (Leonard et al.
2002b). An extensive literature for the field of SLAM—or CML for concurrent mapping and lo-
calization as Leonard and Durrant-Whyte (1991) call it—can be found in Thrun (2002). The
importance of maintaining correlations in the map was pointed out by Csorba (1997), who in
his Ph.D. thesis, who also established some basic convergence results. Since then, a number of
authors have extended the basic paradigm in many different ways. The feature management
techniques described in this chapter are due to Dissanayake et al. (2001, 2002); see also Bailey
(2002). Williams et al. (2001) developed the idea of provisional feature lists in SLAM, to reduce
the effect of feature detection errors. Feature initialization is discussed in Leonard et al. (2002a),
who explicitly maintains an estimate of previous poses to accommodate sensors that provide
incomplete data on feature coordinates. A representation that avoids singularities by explicitly
factoring “perturbations” out of the posterior was devised by Castellanos et al. (1999), who re-
ports improved numerical stability over the vanilla EKF. Jensfelt et al. (2002) found significant
improvements in indoor SLAM when utilizing basic geometric constraints, such as the fact that
most walls are parallel or orthogonal. Early work on SLAM with sonars goes back to Rencken
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(1993); a state-of-the-art system for SLAM with sonar sensors can be found in Tardoés et al. (2002).
Castellanos et al. (2004) provided a critical consistency analysis for the EKF. An empirical com-
parison of multiple algorithms can be found in Vaganay et al. (2004). A few open questions are
discussed by Salichs and Moreno (2000). Research on the important data association problem
will be reviewed in a later chapter (see page 481).

As noted, a key limitation of the EKF solution to the SLAM problem lies in the quadratic
nature of the covariance matrix. This “flaw” has not remained unnoticed. In the past few years,
a number of researchers have proposed EKF SLAM algorithms that gain remarkable scalability
through decomposing the map into submaps, for which covariances are maintained separately.
Some of the original work in this field is by Leonard and Feder (1999), Guivant and Nebot
(2001), and Williams (2001). Leonard and Feder’s (1999) decoupled stochastic mapping algorithm
decomposes the map into collections of smaller, more manageable submaps. This approach is
computationally efficient, but does not provide a mechanism to propagate information through
the network of local maps (Leonard and Feder 2001). Guivant and Nebot (2001, 2002), in con-
trast, provided an approximate factorization of the covariance matrix which reduced the actual
complexity of EKF updating by a significant factor. Williams (2001) and Williams et al. (2002)
proposed the constrained local submap filter (CLSF), which relies on creating independent local
submaps of the features in the immediate vicinity of the vehicle. Williams et al. (2002) provides
results for underwater mapping (see Figure 10.5 for some of his early work). The sequential
map joining techniques described in Tardods et al. (2002) is a related decomposition. Bailey (2002)
devises a similar technique for representing SLAM maps hierarchically. Folkesson and Chris-
tensen (2003) describes a technique by which frequent updates are limited to a small region
near the robot, whereas the remainder of the map is updated at much lower frequencies. All
these techniques achieve the same rate of convergence as the full EKF solution, but incur an
O(n?) computational burden. However, they scale much better to large problems with tens of
thousands of features.

A number of researchers have developed hybrid SLAM techniques, which combine EKF-style
SLAM techniques with volumetric techniques, such as occupancy grid maps. The hybrid metric
map (HYMM) by Guivant et al. (2004) and Nieto et al. (2004) decomposes maps into triangular
regions (LTRs) using volumetric maps such as occupancy grid maps as a basic representation
for those regions. These local maps are combined using EKFs. Burgard et al. (1999b) also de-
composes maps into local occupancy grid maps, but uses the expectation maximization (EM) al-
gorithm (see Dempster et al. (1977)) for combining local maps into a joint global map. The work
by Betgé-Brezetz et al. (1995, 1996) integrated two types of representations into a SLAM frame-
work: bitmaps for representing outdoor terrain, and object representations for sparse outdoor
objects.

Extensions of SLAM to dynamic environments can be found in Wang et al. (2003), Hahnel
et al. (2003c), and Wolf and Sukhatme (2004). Wang et al. (2003) developed an algorithm called
SLAM with DATMO, short for SLAM with the detection and tracking of moving objects. Their
approach is based on the EKF, but it allows for the possible motion of features. Hahnel et al.
(2003¢) studied the problem of performing SLAM in environments with many moving objects.
They successfully employed the EM algorithm for filtering out measurements that likely corre-
spond to moving objects. By doing so, they were able to acquire maps in environments where
conventional SLAM techniques failed. The approach in Wolf and Sukhatme (2004) maintains
two coupled occupancy grids of the environment, one for the static map, and one for moving
objects. SLAM-style localization is achieved by a regular landmark-based SLAM algorithm.

SLAM systems have been brought to bear in a number of deployed systems. Rikoski et al.
(2004) applied SLAM to sonar odometry of submarine, providing a new approach for “auditory
odometry.” SLAM in abandoned mines is described in Niichter et al. (2004), who extended the
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paradigm to full 6-D pose estimation. Extensions to the multi-robot SLAM problem have been
proposed by a number of researchers. Some of the earlier work is by Nettleton et al. (2000),
who developed a technique by which vehicles maintain local EKF maps, but fuse them using
the information representation of the posterior. An alternative technique is due to Rekleitis et al.
(2001a), who use a team of stationary and moving robots to reduce the localization error when
performing SLAM. Fenwick et al. (2002) provides a comprehensive theoretical investigation of
multi vehicle map fusion, specifically for landmark based SLAM. Techniques for fusing scans
were developed in Konolige et al. (1999); Thrun et al. (2000b); Thrun (2001).

A number of researchers have developed SLAM systems for specific sensor types. An im-

portant sensor is a camera; however, cameras only provide bearing to features. This problem
STRUCTURE FROM is well-studied in the computer vision literature as structure from motion (SFM) (Tomasi and
MOTION Kanade 1992; Soatto and Brockett 1998; Dellaert et al. 2003), and in the field of photogramme-
try (Konecny 2002). Within SLAM, the seminal work on bearing only SLAM is due to Deans and
Hebert (2000, 2002). Their approach recursively estimates features of the environment that are
invariant to the robot pose, so as to decouple the pose error from the map error. A great num-
ber of researchers has applied SLAM using cameras as the primary sensor (Neira et al. 1997;
Cid et al. 2002; Davison 2003). Davison (1998) provides active vision techniques in the context
of SLAM. Dudek and Jegessur’s (2000) work relies on place recognition based on appearance,
whereas Hayet et al. (2002) and Bouguet and Perona (1995) use visual landmarks. Diebel et al.
(2004) developed a filter for SLAM with an active stereo sensor that accounts for the nonlinear
noise distribution of a stereo range finder. Sensor fusion techniques for SLAM were developed
by Devy and Bulata (1996). Castellanos et al. (2001) found empirically that fusing laser and
camera outperformed each sensor modality in isolation.

SLAM has also been extended to the problem of building dense 3-D models. Early systems
for acquiring 3-D models with indoor mobile robots can be found in Reed and Allen (1997);
Tocchi et al. (2000); Thrun et al. (2004b). Devy and Parra (1998) acquire 3-D models using para-
metric curves. Zhao and Shibasaki (2001), Teller et al. (2001), and Frueh and Zakhor (2003) have
developed impressive systems for building large textured 3-D maps of urban environments.
Neither of these systems addresses the full SLAM problem due to the availability of outdoor
GPS, but they are highly related to the mathematical basis of SLAM. These techniques blend
smoothly with a rich body of work on aerial reconstruction of urban environments (Jung and
Lacroix 2003; Thrun et al. 2003).

The following chapters discuss alternatives to the plain EKFs. The techniques described there
share many of the intuitions with the extensions discussed here, as the boundary between dif-
ferent types of filters has become almost impossible to draw. The literature review will be con-
tinued after the next chapter, when discussing a SLAM algorithm using information-theoretic
representations.

10.6  Exercises
1. What is the computational complexity of the motion update in EKF
SLAM? Use the O( ) notation. Compare this with the worst case com-

plexity for EKFs over a feature vector of the same size.

BEARING ONLY SLAM 2. Bearing only SLAM refers to the SLAM problem when the sensors can only
measure the bearing of a landmark but not its range. As noted, bearing

TESLA EXHIBIT 1010, Page 126



10.6  Exercises 335

only SLAM is closely related to Structure from Motion (SFM) in Computer
Vision. One problem in bearing only SLAM with EKFs concerns the ini-
tialization of landmark location estimates, even if the correspondences are
known. Discuss why, and devise a technique for initializing the landmark
location estimates (means and covariances) that can be applied in bearing
only SLAM.

3. On page 329, we remarked that the EKF algorithm in Table 10.2 can be-
come numerically instable. Devise a method for setting 1, and X, directly
when a new feature is observed for the first time. Such a technique would
not require initializing the covariance with very large values. Show that
the result is mathematically equivalent to lines 23 and 24 when the covari-
ance is initialized as in Equation (10.9).

4. The text suggests using a binary Bayes filter to compute the probability
that a landmark represented in the posterior actually exists in the physical
world.

(a) In the first part of this exercise, you are asked to design such a binary
Bayes filter.

(b) Now extend your filter to a situation in which landmarks sporadically
disappear with a probability p*.

(c) Picture a situation where for a well-established landmark, no informa-
tion is received for a long time with regards to its existence (no positive
and no negative information). To what value will your filter converge?
Prove your answer.

5. The EKF SLAM algorithm, as presented here, is unable to cope with the
data association problem in a sound statistical way. Lay out an algorithm
(and a statistical framework) for posterior estimation with unknown data
association that represents the posterior by mixtures of Gaussians, and
characterize its advantages and disadvantages. How does the complexity
of the posterior grow over time?

6. Based on the previous problem, develop an approximate method for pos-
terior estimation with unknown data association where the time needed
for each incremental update step does not grow over time (assuming a
fixed number of landmarks).

7. Develop a Kalman filter algorithm that uses local occupancy grid maps as
its basic components, instead of landmarks. Among other things, prob-
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lems that have to be solved are how to relate local grids to each other, and
how to deal with the ever-growing number of local grids.
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The GraphSLAM Algorithm

11.1 Introduction

The EKF SLAM algorithm described in the previous chapter is subject to a
number of limitations. One of them is its quadratic update complexity; an-
other is the linearization technique in EKFs, which is only performed once in
the EKF for each nonlinear term. In this chapter, we introduce an alternative
SLAM algorithm, called GraphSLAM. In contrast to the EKF, GraphSLAM
solves the full SLAM problem. It calculates a solution for the offline problem
defined over all poses and all features in the map. As we will show in this

SPARSE GRAPH  chapter, the posterior of the full SLAM problem naturally forms a sparse graph.
This graph leads to a sum of nonlinear quadratic constraints. Optimizing
these constraints yields a maximum likelihood map and a corresponding set
of robot poses. Historically, this idea can be found in a large number of SLAM
publications. The name “GraphSLAM” has been chosen because it captures
the essence of this approach.

Figure 11.1 illustrates the GraphSLAM algorithm. Shown there is the
graph that GraphSLAM extracts from five poses labeled zy, ..., x4, and two
map features m;, my. Arcs in this graph come in two types: motion arcs and
measurement arcs. Motion arcs link any two consecutive robot poses, and
measurement arcs link poses to features that were measured there. Each edge
in the graph corresponds to a nonlinear constraint. As we shall see later,
these constraints represent the negative log likelihood of the measurement
and the motion models, hence are best thought of as information constraints.
Adding such a constraint to the graph shall prove to be trivial for Graph-
SLAM,; it involves no significant computation. The sum of all constraints

LEAST SQUARES  results in a nonlinear least squares problem, as stated in Figure 11.1.
To compute a map posterior, GraphSLAM linearizes the set of constraints.
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Figure 11.1 GraphSLAM illustration, with 4 poses and two map features. Nodes
in the graphs are robot poses and feature locations. The graph is populated by two
types of edges: Solid edges link consecutive robot poses, and dashed edges link poses
with features sensed while the robot assumes that pose. Each link in GraphSLAM is a
non-linear quadratic constraint. Motion constraints integrate the motion model; mea-
surement constraints the measurement model. The target function of GraphSLAM is
the sum of these constraints. Minimizing it yields the most likely map and the most
likely robot path.

The result of linearization is an information matrix and an information vector
of essentially the same form as already encountered in Chapter 3, when we
discussed the information filter. However, the information matrix inherits
the sparseness from the graph constructed by GraphSLAM. This sparseness
enables GraphSLAM to apply the variable elimination algorithm, thereby
transforming the graph into a much smaller one only defined over robot
poses. The path posterior map is then calculated using standard inference
techniques. GraphSLAM also computes a map and certain marginal posteri-
ors over the map; the full map posterior is of course quadratic in the size of
the map and hence is usually not recovered.

In may ways, EKF SLAM and GraphSLAM are extreme ends of the spec-
trum of SLAM algorithms. A primary difference between EKF SLAM and
GraphSLAM pertains to the representation of information. While EKF
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SLAM represents information through a covariance matrix and a mean vec-
tor, GraphSLAM represents the information as a graph of soft constraints.
Updating the covariance in an EKF is computationally expensive; whereas
growing the graph is cheap!

Such savings come at a price. GraphSLAM requires additional inference
when recovering the map and the path, whereas EKF maintains its best esti-
mate of the map and the robot pose at all times. The build-up of the graph
is followed by a separate computational phase in which this information is
transformed into an estimate of the state. No such phase is required for EKF
SLAM.

PROACTIVE SLAM Consequently, one may think of EKF as a proactive SLAM algorithm, in
the sense that it resolves any new piece of information immediately into an
improved estimate of the state of the world. GraphSLAM, in contrast, is

Lazy SLAM  more like a lazy SLAM technique, which simply accumulates information
into its graph without resolving it. This difference is significant. GraphSLAM
can acquire maps that are many orders of magnitude larger than EKFs can
handle.

There are further differences between EKF SLAM and GraphSLAM. As a
solution to the full SLAM problem, GraphSLAM calculates posteriors over
robot paths, hence is not an incremental algorithm. This approach is differ-
ent from EKF SLAM, which, as a filter, only maintains a posterior over the
momentary pose of the robot. EKF SLAM enables a robot to update its map
forever, whereas GraphSLAM is best suited for problems where one seeks a
map from a data set of fixed size. EKF SLAM can maintain a map over the
entire lifetime of a robot without having to worry about the total number of
time steps elapsed since the beginning of data acquisition.

Because GraphSLAM has access to the full data when building the map,
it can apply improved linearization and data association techniques. In EKF
SLAM, the linearization and the correspondence for a measurement at time ¢
are calculated based on the data up to time ¢. In GraphSLAM all data can be
used to linearize and to calculate correspondences. Put differently, Graph-
SLAM can revise past data association, and it can linearize more than once.
In fact, GraphSLAM iterates the three crucial steps in mapping: the con-
struction of the map, the calculation of correspondence variables, and the
linearization of the measurement and motion models—so as to obtain the
best estimate of all of those quantities. As a result of all this, GraphSLAM
tends to produce maps that are superior in accuracy to maps generated by
EKFs.

However, GraphSLAM is not without limitations when compared to the
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EKF approach. One was already discussed: The size of the graph grows
linearly over time, whereas the EKF shows no such time dependence in the
amount of memory allocated to its estimate. Another pertains to data associ-
ation. Whereas in EKF SLAM data association probabilities can easily be ob-
tained from the posterior’s covariance matrix, computing the same probabil-
ities in GraphSLAM requires inference. This difference will be elucidated be-
low, where we define an explicit algorithm for computing correspondences
in GraphSLAM. Thus, which method is preferable is very much a question
of the application, as there is no single method that would be superior in all
critical dimensions.

This chapter first describes the intuition behind GraphSLAM and its basic
updates steps. We then derive the various update steps mathematically and
prove its correctness relative to specific linear approximations. A technique
for data association will also be devised, followed by a discussion of actual
implementations of the GraphSLAM algorithm.

11.2 Intuitive Description

The basic intuition behind GraphSLAM is remarkably simple: GraphSLAM
extracts from the data a set of soft constraints, represented by a sparse graph.
It obtains the map and the robot path by resolving these constraints into a
globally consistent estimate. The constraints are generally nonlinear, but in
the process of resolving them they are linearized and transformed into an in-
formation matrix. Thus, GraphSLAM is essentially an information-theoretic
technique. We will describe GraphSLAM both as a technique for building a
sparse graph of nonlinear constraints, and as a technique for populating a
sparse information matrix of linearized constraints.

11.2.1 Building Up the Graph

Suppose we are given a set of measurements z;.; with associated correspon-
dence variables c;.;, and a set of controls uy.;. GraphSLAM turns this data
into a graph. The nodes in the graph are the robot poses 1., and the features
in the map m = {m;}. Each edge in the graph corresponds to an event: a
motion event generates an edge between two robot poses, and a measure-
ment event creates a link between a pose and a feature in the map. Edges
represent soft constraints between poses and features in GraphSLAM.

For a linear system, these constraints are equivalent to entries in an infor-
mation matrix and an information vector of a large system of equations. As
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usual, we will denote the information matrix by 2 and the information vec-
tor by £. As we shall see below, each measurement and each control leads to
a local update of Q and &, which corresponds to a local addition of an edge
to the graph in GraphSLAM. In fact, the rule for incorporating a control or a
measurement into 2 and £ is a local addition, paying tribute to the important
fact that information is an additive quantity.

Figure 11.2 illustrates the process of constructing the graph along with the
corresponding information matrix. First consider a measurement z;. This
measurement provides information between the location of the feature j = ¢!
and the robot pose z; at time ¢. In GraphSLAM, this information is mapped
into a constraint between z; and m;. We can think of this edge as a “spring”
in a spring-mass model. As we shall see below, the constraint is of the type:

A11) (2 — h(ze,my)T Q7" (2] — hlwe,my))

Here £ is the familiar measurement function, and @); is the covariance of the
measurement noise. Figure 11.2a shows the addition of such a link into the
graph maintained by GraphSLAM.

Now consider robot motion. The control u; provides information about
the relative value of the robot pose at time ¢t — 1 and the pose at time ¢. Again,
this information induces a constraint in the graph, which will be of the form

(11.2) (2 — glug, z-1))" Ry (wr — glug, 1))

Here g is the familiar kinematic motion model of the robot, and R; is the
covariance of the motion noise.

Figure 11.2b illustrates the addition of such a link in the graph. It also
shows the addition of a new element in the information matrix, between the
pose z; and the measurement z;. This update is again additive. As before,
the magnitude of these values reflects the residual uncertainty R; due to the
measurement noise; the less noisy the sensor, the larger the value added to (2
and &.

After incorporating all measurements z;.; and controls u;.;, we obtain a
sparse graph of soft constraints. The number of constraints in the graph is
linear in the time elapsed, hence the graph is sparse. The sum of all con-
straints in the graph will be of the form

(11.3)  JaraphsLam = g Qo xo + Z xy — g(ug, 2e-1))" Ry (wp — g(ug, 24-1))

+ ZZ hye, i)™ Q' (21 — hl(yr, ¢h))
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(a) Observation 1Is landmark m
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(b) Robot motion from z1 to z2
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(c) Several steps later
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Figure 11.2 Illustration of the acquisition of the information matrix in GraphSLAM.
The left diagram shows the dependence graph, the right the information matrix.
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It is a function defined over pose variables z;.;, and all feature locations in
ANCHORING  the map m. Notice that this expression also features an anchoring constraint
CONSTRAINT  of the form z €y x¢. This constraint anchors the absolute coordinates of the
map by initializing the very first pose of the robot as (0 0 0)7.
In the associated information matrix (2, the off-diagonal elements are all
zero with two exceptions: Between any two consecutive poses z;_; and x;
will be a non-zero value that represents the information link introduced by
the control u;. Also non-zero will be any element between a map feature m;
and a pose x;, if m; was observed when the robot was at z;. All elements
between pairs of different features remain zero. This reflects the fact that
we never received information pertaining to their relative location—all we
receive in SLAM are measurements that constrain the location of a feature
relative to a robot pose. Thus, the information matrix is equally sparse; all
but a linear number of its elements are zero.

11.2.2 Inference

Of course, neither the graph representation nor the information matrix rep-
resentation gives us what we want: the map and the path. In GraphSLAM,
the map and the path are obtained from the linearized information matrix,
via u = Q7€ (see Equation (3.73) on page 72). This operation requires us to
solve a system of linear equations. This raises the question on how efficiently
we can recover the map estimate p and the covariance X.

The answer to the complexity question depends on the topology of the
world. If each feature is seen only locally in time, the graph represented
by the constraints is linear. Thus, {2 can be reordered so that it becomes a
band-diagonal matrix, and all non-zero values occur near its diagonal. The
equation p = Q!¢ can then be computed in linear time. This intuition car-
ries over to cycle-free world that is traversed once, so that each feature is seen
for a short, consecutive period of time.

The more common case, however, involves features that are observed mul-
tiple times, with large time delays in between. This might be the case because
the robot goes back and forth through a corridor, or because the world pos-

cycLEs  sesses cycles. In either situation, there will exist features m; that are seen at
drastically different time steps z;, and xy,, with ¢t > ¢;. In our constraint
graph, this introduces a cyclic dependence: z;, and z;, are linked through
the sequence of controls wg, 11, us, 42, .. ., ut, and through the joint observa-
tion links between x;, and m;, and x, and m, respectively. Such links make
our variable reordering trick inapplicable, and recovering the map becomes
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more complex. In fact, since the inverse of 2 is multiplied with a vector,
the result can be computed with optimization techniques such as conjugate
gradient, without explicitly computing the full inverse matrix. Since most
worlds possess cycles, this is the case of interest.

FACTORIZATION The GraphSLAM algorithm now employs an important factorization trick,
which we can think of as propagating information through the information
matrix (in fact, it is a generalization of the well-known variable elimination
algorithm for matrix inversion). Suppose we would like to remove a feature
m; from the information matrix {2 and the information state £. In our spring
mass model, this is equivalent to removing the node and all springs attached
to this node. As we shall see below, this is possible by a remarkably simple
operation: We can remove all those springs between m; and the poses at
which m; was observed, by introducing new springs between any pair of
such poses.

This process is illustrated in Figure 11.3, which shows the removal of two
map features, m; and ms (the removal of my and my is trivial in this ex-
ample). On both cases, the feature removal modifies the link between any
pair of poses from which a feature was originally observed. As illustrated in
Figure 11.3b, this operation may lead to the introduction of new links in the
graph. In the example shown there, the removal of m3 leads to a new link
between x5 and z4.

Formally, let 7(j) be the set of poses at which m; was observed (that is:
¢ € 7(j) <= Ji : ¢} = j). Then we already know that the feature m;
is only linked to poses z; in 7(j); by construction, m; is not linked to any
other pose, or to any feature in the map. We can now set all links between
m; and the poses 7(j) to zero by introducing a new link between any two
poses z¢,x € 7(j). Similarly, the information vector values for all poses
7(j) are also updated. An important characteristic of this operation is that
it is local: It only involves a small number of constraints. After removing
all links to m;, we can safely remove m; from the information matrix and
vector. The resulting information matrix is smaller—it lacks an entry for m;.
However, it is equivalent for the remaining variables, in the sense that the
posterior defined by this information matrix is mathematically equivalent to
the original posterior before removing m;. This equivalence is intuitive: We
simply have replaced springs connecting m; to various poses in our spring
mass model by a set of springs directly linking these poses. In doing so,
the total force asserted by these springs remains equivalent, with the only
exception that m; is now disconnected.

The virtue of this reduction step is that we can gradually transform our
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(a) The removal of m1 changes the link between x; and z»
X, Xy Xy X, m, m, m;m,

(b) The removal of m3 introduces a new link between z2 and x4

X, X, Xy X, m, m,
X
N " * Q
N\ Man - mE
B — b NP \
Xy Xy X3 Xy my| | \\ NN \\Q
m,

(c) Final Result after removing all map features
A Ay Ay Ay

r—r<<tr—b

Figure 11.3 Reducing the graph in GraphSLAM: Arcs are removed to yield a net-
work of links that only connect robot poses.
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inference problem into a smaller one. By removing each feature m; from
Q and ¢, we ultimately arrive at a much smaller information form  and
¢ defined only over the robot path variables. The reduction can be carried
out in time linear in the size of the map; in fact, it generalizes the variable
elimination technique for matrix inversion to the information form, in which
we also maintain an information state. The posterior over the robot path is
now recovered as ¥ = Q' and ji = %¢. Unfortunately, our reduction step
does not eliminate cycles in the posterior. The remaining inference problem
may still require more than linear time.

As a last step, GraphSLAM recovers the feature locations. Conceptually,
this is achieved by building a new information matrix ©; and information
vector &; for each m;. Both are defined over the variable m; and the poses
7(j) at which m; were observed. It contains the original links between m;
and 7(j), but the poses 7(j) are set to the values in ji, without uncertainty.
From this information form, it is now simple to calculate the location of m,
using the common matrix inversion trick. Clearly, 2; contains only elements
that connect to m;; hence the inversion takes time linear in the number of
poses in 7(j).

It should be apparent why the graph representation is such a natural rep-
resentation. The full SLAM problem is solved by locally adding information
into a large information graph, one edge at-a-time for each measurement z;
and each control u;. To turn such information into an estimate of the map
and the robot path, it is first linearized, then information between poses and
features is gradually shifted to information between pairs of poses. The re-
sulting structure only constraints the robot poses, which are then calculated
using matrix inversion. Once the poses are recovered, the feature locations
are calculated one-after-another, based on the original feature-to-pose infor-
mation.

11.3 The GraphSLAM Algorithm

We will now make the various computational steps of the GraphSLAM pre-
cise. The full GraphSLAM algorithm will be described in a number of steps.
The main difficulty in implementing the simple additive information algo-
rithm pertains to the conversion of a conditional probability of the form
p(2! | x¢,m) and p(x; | ug, x4—1) into a link in the information matrix. The
information matrix elements are all linear; hence this step involves lineariz-
ing p(z} | x¢,m) and p(z; | ut, 24—1). In EKF SLAM, this linearization was
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1: Algorithm GraphSLAM_initialize(u;.;):
,UO,m 0
2: Moy | =1 O
10,0 0
3: for all controls u; = (v; wi)T do
Ht,x Ht—1,x
4: Mty Ht—1,y
M0 Ht—1,0
_S—i sin py—1,0 + Z—’t sin(pe—1.9 + wiAt)
4: + Z—i COS fhy—1,9 — Z—'t cos(pi—1,0 + wiAt)
tht
5: endfor
6: return i

Table 11.1 Initialization of the mean pose vector y1.; in the GraphSLAM algorithm.

—

Algorithm GraphSLAM_linearize(u:.¢, 214, C1.¢, f10:¢):

setQ1=0,£=0
o 0 0

add 0 oo O to Q) at xg
0 0 o

for all controls u; = (v; wi)? do
—obsinpe—1,0 + 25 sin(pe—1,0 + wiAl)
Ty =pu—1+ [ Srcosp—1,0 — 25 cos(pe—1,0 +wiAl)
wat
—f}—i COS fit—1,0 + fj—i cos(pg—1,0 + wiAt)
_% sin pe—1,0 + Z—: sin(pi—1,0 + wiAt)
1

Gt:

o O =
o = O

see next page for continuation ‘
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’ continued from the previous page ‘

AT
7: add ( Gt > R;' (=G, 1) toQ atx; and z;_;
-G{ Y\ 1
8: add 1 Rt [[L‘t — Gt /Jltfl] tOf at x; and Tt—1
9: endfor
10: for all measurements z; do
a2 0 0
11: Q: = 0 ai 0
0 0 O’E
12: for all observed features z! = (ri ¢! si)T do
13: j= ci
14: 5:(5r>:<“m“w)
oy Hiyy — Hty
15: q=20T6
_ Vi
16: Zp = | atan2(dy,0;) — fie0
Sj
} /@ —/q0, 0 +/q0: /g6, O
17: Hi= Sy —0, —q =0, 46, O
0 0 0 0 0 q
18: add H{" Q; ' Hj toQ atxz; and m;
,U/t,:v
ljft,y
19: add HIT Q' [ 2 — 21 + H! Z?e | to & atz, and m;
7,
i,y
Hij.s
20: endfor
21: endfor
22: return ), £

Table 11.2 Calculation of €2 and £ in GraphSLAM.
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—_

Algorithm GraphSLAM_reduce((2, £):

=Q
=&

for each feature j do

My

let 7(j) be the set of all poses x; at which j was observed
subtract QT(j),j QJ_; & from € atx, ;) and m;
subtract Q, ;) Q;jl Q) from Q at ;) and m;

remove from §) and ¢ all rows/columns corresponding to j

endfor

return Q, §~

—_
1=

Table 11.3  Algorithm for reducing the size of the information representation of the
posterior in GraphSLAM.

—_

Algorithm GraphSLAM_solve(Q7 5 , €, 6):

EO:t - Qil

Ho:t = 2o:t g

for each feature j do
set 7(j) to the set of all poses x; at which j was observed
i = Q55 (& + Qri) firi)

endfor

return (i, Xo.¢

Table 11.4 Algorithm for updating the posterior p.
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1: Algorithm GraphSLAM_known_correspondence(u; .+, 21, C1.:¢):

to:t = GraphSLAM._initialize(u;.;)

repeat
2, ¢ = GraphSLAM_linearize(uy.¢, 21.¢, C1:¢, Ho:t)
Q,¢ = GraphSLAM_reduce((, ¢)
11, Xo.¢ = GraphSLAM_solve(Q, £, Q. €)

until convergence

return p

Table 11.5 The GraphSLAM algorithm for the full SLAM problem with known cor-
respondence.

found by calculating a Jacobian at the estimated mean poses jio.;. To build
our initial information matrix §2 and £, we need an initial estimate 1., for all
poses ;.

There exist a number of solutions to the problem of finding an initial mean
p suitable for linearization. For example, we can run an EKF SLAM and use
its estimate for linearization. For the sake of this chapter, we will use an even
simpler technique: Our initial estimate will simply be provided by chaining
together the motion model p(z; | u;,z4—1). Such an algorithm is outlined
in Table 11.1, and called there GraphSLAM _initialize. This algorithm takes
the controls u;.; as input, and outputs sequence of pose estimates fig.;. It
initializes the first pose by zero, and then calculates subsequent poses by re-
cursively applying the velocity motion model. Since we are only interested in
the mean poses vector (., GraphSLAM_initialize only uses the determin-
istic part of the motion model. It also does not consider any measurement in
its estimation.

Once an initial p.; is available, the GraphSLAM algorithm constructs the
full SLAM information matrix €2 and the corresponding information vector &.
This is achieved by linearizing the links in the graph. The algorithm Graph-
SLAM_linearize is depicted in Table 11.2. This algorithm contains a good
amount of mathematical notation, much of which shall become clear in our
derivation of the algorithm further below. GraphSLAM_linearize accepts as
an input the set of controls, u;.;, the measurements z;.; and associated corre-
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spondence variables c;.;, and the mean pose estimates (.. It then gradually
constructs the information matrix Q2 and the information vector ¢ through lin-
earization, by locally adding submatrices in accordance with the information
obtained from each measurement and each control.

In particular, line 2 in GraphSLAM_linearize initializes the information
elements. The “infinite” information entry in line 3 fixes the initial pose
to (0 0 0)7. It is necessary, since otherwise the resulting matrix becomes
singular, reflecting the fact that from relative information alone we cannot
recover absolute estimates.

Controls are integrated in lines 4 through 9 of GraphSLAM_linearize. The
pose & and the Jacobian G; calculated in lines 5 and 6 represent the linear
approximation of the non-linear control function g. As obvious from these
equations, this linearization step utilizes the pose estimates p.t—1, with po =
(0 0 0)”. This leads to the updates for 2, and ¢, calculated in lines 7, and 8,
respectively. Both terms are added into the corresponding rows and columns
of Q2 and ¢. This addition realizes the inclusion of a new constraint into the
SLAM posterior, very much along the lines of the intuitive description in the
previous section.

Measurements are integrated in lines 10 through 21 of Graph-
SLAM_linearize. The matrix ); calculated in line 11 is the familiar measure-
ment noise covariance. Lines 13 through 17 compute the Taylor expansion
of the measurement function, here stated for the feature-based measurement
model defined in Chapter 6.6. Attention has to be payed to the implemen-
tation of line 16, since the angular expressions can be shifted arbitrarily by
27, This calculation culminates into the computation of the measurement
update in lines 18 and 19. The matrix that is being added to €2 in line 18 is
of dimension 6 x 6. To add it, we decompose it into a matrix of dimension
3 x 3 for the pose z;, a matrix of dimension 3 x 3 for the feature m;, and
two matrices of dimension 3 x 3 and 3 x 3 for the link between z; and m;.
Those are added to Q2 at the corresponding rows and columns. Similarly, the
vector added to the information vector ¢ is of vertical dimension 5. It is also
chopped into two vectors of size 3 and 2, and added to the elements corre-
sponding to x; and m;, respectively. The result of GraphSLAM_linearize is
an information vector £ and a matrix 2. We already noted that 2 is sparse. It
contains only non-zero submatrices along the main diagonal, between subse-
quent poses, and between poses and features in the map. The running time
of this algorithm is linear in ¢, the number of time steps at which data was
accrued.

The next step of the GraphSLAM algorithm pertains to reducing the di-
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mensionality of the information matrix/vector. This is achieved through the
algorithm GraphSLAM_reduce in Table 11.3. This algorithm takes as input
(Y and ¢ defined over the full space of map features and poses, and outputs
a reduced matrix 2 and vectors £ defined over the space of all poses (but not
the map!). This transformation is achieved by removing features m; one-at-
a-time, in lines 4 through 9 of GraphSLAM_reduce. The bookkeeping of the
exact indexes of each item in  and £ is a bit tedious, hence Table 11.3 only
provides an intuitive account.

Line 5 calculates the set of poses 7(j) at which the robot observed feature
j. It then extracts two submatrices from the present : Q; ; and Q. ;) ;. Q;;
is the quadratic submatrix between m; and m;, and Q. (;) ; is composed of
the off-diagonal elements between m; and the pose variables 7(j). It also
extracts from the information state vector ¢ the elements corresponding to
the j-th feature, denoted here as ;. It then subtracts information from Q and
¢ as stated in lines 6 and 7. After this operation, the rows and columns for
the feature m; are zero. These rows and columns are then removed, reduc-
ing the dimension on Q and ¢ accordingly. This process is iterated until all
features have been removed, and only pose variables remain in 2 and ¢. The
complexity of GraphSLAM_reduce is once again linear in ¢.

The last step in the GraphSLAM algorithm computes the mean and covari-
ance for all poses in the robot path, and a mean location estimate for all fea-
tures in the map. This is achieved through GraphSLAM_solve in Table 11.4.
Lines 2 and 3 compute the path estimates 119, by inverting the reduced in-
formation matrix {2 and multiplying the resulting covariance with the infor-
mation vector. Subsequently, GraphSLAM_solve computes the location of
each feature in lines 4 through 7. The return value of GraphSLAM_solve
contains the mean for the robot path and all features in the map, but only
the covariance for the robot path. We note that there exist other, more ef-
ficient ways to compute po.; that bypass the matrix inversion step. Those
will be discussed towards the end of this chapter, when applying standard
optimization techniques to GraphSLAM.

The quality of the solution calculated by the GraphSLAM algorithm de-
pends on the goodness of the initial mean estimates, calculated by Graph-
SLAM _initialize. The z- and y- components of these estimates affect the
respective models in a linear way, hence the linearization does not depend
on these values. Not so for the orientation variables in pg.;. Errors in these
initial estimates affect the accuracy of the Taylor approximation, which in
turn affects the result.

To reduce potential errors due to the Taylor approximation in the lin-
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earization, the procedures GraphSLAM_linearize, GraphSLAM_reduce,
and GraphSLAM_solve are run multiple times over the same data set. Each
iteration takes as an input an estimated mean vector f.; from the previous
iteration, and outputs a new, improved estimate. The iteration of the Graph-
SLAM optimization are only necessary when the initial pose estimates have
high error (e.g., more than 20 degrees orientation error). A small number of
iterations (e.g., 3) is usually sufficient.

Table 11.5 summarizes the resulting algorithm. It initializes the means,
then repeats the construction step, the reduction step, and the solution step.
Typically, two or three iterations suffice for convergence. The resulting mean
1t is our best guess of the robot’s path and the map.

114 Mathematical Derivation of GraphSLAM

The derivation of the GraphSLAM algorithm begins with a derivation of a
recursive formula for calculating the full SLAM posterior, represented in in-
formation form. We then investigate each term in this posterior, and derive
from them the additive SLAM updates through Taylor expansions. From
that, we will derive the necessary equations for recovering the path and the
map.

11.4.1 The Full SLAM Posterior

As in the discussion of EKF SLAM, it will be beneficial to introduce a variable
for the augmented state of the full SLAM problem. We will use y to denote
state variables that combine one or more poses = with the map m. In partic-
ular, we define yo.; to be a vector composed of the path z(.; and the map m,
whereas y, is composed of the momentary pose at time ¢ and the map m:

)
1

W) yu = | and g = <xt>
° m
Tt
m

The posterior in the full SLAM problem is p(yo.t | 21:t, U1:t, c1:¢), where z;.4
are the familiar measurements with correspondences c;.+, and u.; are the
controls. Bayes rule enables us to factor this posterior:

(115) p(yo:t ‘ Zl:taul:t7cl:t)
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(11.6)

(11.7)

(11.8)

(11.9)

11.4.2

(11.10)

11 The GraphSLAM Algorithm

= 0Pzt [ Yots 21:—1, Uae, C1t) P(Yout | 21:0—1, Unet, C1ae)
where 7 is the familiar normalizer. The first probability on the right-hand
side can be reduced by dropping irrelevant conditioning variables:
p(2t | Yoit, 21:—1, Unie, c1:e) = P2t | Yes ct)
Similarly, we can factor the second probability by partitioning y.; into z; and
Yo:t—1, and obtain
P(Yo:t | 21:6-1, Ut C1:t)

= p(t | Yo:t—1, 21:0—15 Utst, €1:t) P(Yort—1 | 21:6—1, Utit, C1it)

= p(@t | 2e—1,ue) P(Yor—1 | 2141, Wt—1, Clip—1)
Putting these expressions back into (11.5) gives us the recursive definition of
the full SLAM posterior:
P(Yo:t | 214, Utsts C1:t)

= 77P(Zt | yt,Ct) P(ﬂﬁt \ xtflaut) P(il/o:tfl | Zl:tflaulztflyclztfl)

The closed form expression is obtained through induction over ¢. Here p(yo)
is the prior over the map m and the initial pose zy.

p(yo:t | Zl:mulzmclzt) = 7710(1/0) Hp(iﬁt | mtfhut) p(zt | yt7Ct)
t

npo) T |p@ | 2ia,w) [ oG | s i)

t 7

Here, as before, 2! is the i-th measurement in the measurement vector z; at
time ¢. The prior p(yo) factors into two independent priors, p(x) and p(m).
In SLAM, we usually have no prior knowledge about the map m. We simply
replace p(yo) by p(zo) and subsume the factor p(m) into the normalizer 7.

The Negative Log Posterior

The information form represents probabilities in logarithmic form. The log-
SLAM posterior follows directly from the previous equation:

logp(y():t ‘ Z1:ty Ul:t, Cl:t)

= const. +logp(zo) + Z logp(ze | xp—1,u) + Zlogp(zti | ye, ch)

t 7
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Just as in Chapter 10, we assume the outcome of robot motion is distributed
normally according to N'(g(u¢, z¢—1), R;), where g is the deterministic motion
function, and R, is the covariance of the motion error. Similarly, measure-
ments z{ are generated according to N'(h(y, ct), Q;), where h is the familiar
measurement function and @), is the measurement error covariance. In equa-
tions, we have

(11.11) p(CUt | l’t—laut) = 7 exp {—%(l‘t - g(“tamtfl))T Rfl (ﬂft - g(“uxtfl))}
(1112)  p(z lyea) = nexp{—z(5 —hly, )" Qi (2 — h(ye 1))}
The prior p(z¢) in (11.10) is also easily expressed by a Gaussian-type distri-

bution. It anchors the initial pose z¢ to the origin of the global coordinate
system: zo = (0 0 0)7:

(11.13)  p(ze) = nexp{—3 zf Qo zo}
with
oo 0 0
1114 9% = [ 0 = 0
0 0 o

For now;, it shall not concern us that the value of co cannot be implemented,
as we can easily substitute oo with a large positive number. This leads to the
following quadratic form of the negative log-SLAM posterior in (11.10):

(11.15)  —logp(yo:t | #1:¢, Uist, Ci:t)

= const. + % x5 Qo w0+ Z(ﬂﬁt = glug,we-1))" Ry (2 — glug, wp-1))
t

+ZZ yt7ct T Qt_l (ZZ - h(yt,C;)>

This is essentlally the same as JaraphsLam in Equation (11.3), with a few dif-
ferences pertaining to the omission of normalization constants (including a
multiplication with —1). Equation (11.15) highlights an essential character-
istic of the full SLAM posterior in the information form: It is composed of a
number of quadratic terms, one for the prior, and one for each control and
each measurement.

11.4.3 Taylor Expansion

The various terms Equation (11.15) are quadratic in the functions g and h, not
in the variables we seek to estimate (poses and the map). GraphSLAM alle-
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(11.16)
(11.17)

(11.18)

(11.19)

(11.20)

11 The GraphSLAM Algorithm

viates this problem by linearizing g and h via Taylor expansion—completely
analogously to Equations (10.14) and (10.18) in the derivation of the EKF. In
particular, we have:

g(ug, xe—1) = glug, p—1) + Ge(ri—1 — pre—1)
h(ye, cp) h(pe, cy) + Hi (ye — )

Here u; is the current estimate of the state vector y;, and H; = hi F, ; as
defined already in Equation (10.19).

This linear approximation turns the log-likelihood (11.15) into a function
that is quadratic in yo.;. In particular, we obtain

Q

log p(Yo:t | z1:¢, Ure, €1:¢) = const. — 3

{xg Qo zo + Z[xt — g(ug, prr—1) — Ge(xe—1 — pre—1)]"
t
Ry [ — gugy 1) — Ge(wo—1 — p1g—1)]
+Z — h(pe,ch) — Hi(ye — o))" Qp ' [2h — b, c)) — Hi (yr — ,Ut)]}

This function is indeed a quadratic in yo.;, and it shall prove convenient to
reorder its terms, omitting several constant terms.

log p(yo:¢ | 21:¢, 1., c1:4) = const.
1 1 P -GY -1
-1 2l Qo *52 i ) R7Y (=G 1) my_qy

quadratic in zg
quadratic in z¢—1.¢

T -Gt —1
T Ty ( 1 ) R, [g(ut, pre—1) — Gy pre—1]

linear in x¢_1.¢

=35> vl BT Q! H y + yl B Q' 2 — (. ) + Hju)

i

quadratic in y; linear in yq

Here z;_1.; denotes the state vector concatenating x;_; and z;; hence we can

. _GT
write (2, — Gy xp1)" = af_y, (=G DT =a{ < lt )

If we collect all quadratic terms into the matrix (2, and all linear terms into
a vector £, we see that expression (11.19) is of the form

log p(yo:t | #1:¢,U1:¢,C14) = const. — % y& Q yo. + Z/({t 13
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(11.21)

(11.22)

(11.23)

(11.24)
(11.25)
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Constructing the Information Form

We can read off these terms directly from (11.19), and verify that they are
indeed implemented in the algorithm GraphSLAM_linearize in Table 11.2:

* Prior. The initial pose prior manifests itself by a quadratic term Qg over
the initial pose variable z( in the information matrix. Assuming appro-
priate extension of the matrix €2y to match the dimension of yo.;, we have

Q — QQ

This initialization is performed in lines 2 and 3 of the algorithm Graph-
SLAM_linearize.

¢ Controls. From (11.19), we see that each control u; adds to 2 and ¢ the
following terms, assuming that the matrices are rearranged so as to be of
matching dimensions:

~G{ '\ 1
Q — a+( Ry (=G, 1)

-GY 1
§ — §+( 1 )Rt lg(ut, pre—1) — G pe—1]

This is realized in lines 4 through 9 in GraphSLAM_linearize.

e Measurements. According to Equation (11.19), each measurement 2}
transforms (2 and ¢ by adding the following terms, once again assuming
appropriate adjustment of the matrix dimensions:

Q — Q+HTQ ! H]
£ o E+HT Q7 [2f — h(pe.c) + Hipu)

This update occurs in lines 10 through 21 in GraphSLAM_linearize.

This proves the correctness of the construction algorithm Graph-
SLAM_linearize, relative to our Taylor expansion approximation.

We also note that the steps above only affect off-diagonal elements that
involve at least one pose. Thus, all between-feature elements are zero in the
resulting information matrix.
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