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Figure 6.10 Junction between two lossless tubes. 

A relationship between the z-transforms of the volume velocity at the glottis u-[n] 
and the lips uL[n] for a concatenation of N lossless tubes can be derived [9] using /dis­
crete-time version of Eq. (6. 10) and taking into account boundary conditions for every junc­
tion: 

(6.13) 

where r0 is the reflection coefficient at the glottis and rN = rL is the reflection coefficient at 
the lips. Equation (6.11) is still valid for the glottis and lips, where Ao= pc! Z(j is the 
equivalent area at the glottis and AN+i = pc I z L the equivalent area at the lips. Zo and ZL 

are the equivalent impedances at the glottis and lips, respectively. Such impedances relate 
the volume velocity and pressure, for the lips the expression is 

(6.14) 

In general, the concatenation of N lossless tubes results in an N-pole system as shown 
in Eq. (6.13). For a concatenation of N tubes there are at most N/2 complex conjugate pod!~, 

' e ID 
or resonances or formants. These resonances occur when a given frequency gets t~app 
the vocal tract because it is reflected back at the lips and then again back at the glottis. ,l"I, 

S. th . L - IN 11,e 
mce each tube has length l and there are N of them, the total Ieng 15 - • . ·n 
t. d I · · · · r 2 the round tnP1 

propaga 100 e ay m each tube T =/I c , and the samplmg penod 1s = f, . fre· 
a tube. We can find a relationship between the number of tubes N and the samphng 
quency F. = 1/T: 

(6.15) 
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Acoustical Model of Speech Production 287 

For example, for F, = 8000 ~Hz, c = 34000 cm/s, and L = 17 cm, the average length 
of a male adult vocal trac~, we obtain N = 8, or alternatively 4 formants. Experimentally, the 
vocal tract transfer function has been observed to have approximately I fonnant per kilo­
hertz. Shorter vocal tract lengths (females or children) have fewer resonances per kilohertz 
and vice versa. 

The pressure at the lips has been found to approximate the derivative of volume veloc­
ity, particularly at low frequencies. Thus, ZL (z) can be approximated by 

z,. (z)"' Ro (l- z·') (6.16) 

which is 0 for low frequencies and reaches Ro asymptotically. This dependency upon fre­
quency results in a reflection coefficient that is also a function of frequency. For low fre­
quencies, Ii. = I , and no loss occurs. At higher frequencies, loss by radiation translates into 
widening of formant bandwidths. 

Similarly, the glottal impedance is also a function of frequency in practice. At high 
frequencies, 2 0 is large and rG = 1 so that all the energy is transmitted. For low frequen­
cies, rG < l , whose main effect is an increase of bandwidth for the lower fonnants. 

Moreover, energy is lost as a result of vibration of the tube walls, which is more pro­
nounced at low frequencies. Energy is also lost, to a lesser extent, as a result of viscous fric­
tion between the air and the walls of the tube, particularly at frequencies above 3 kHz. The 
yielding walls tend to raise the resonance frequencies while the viscous and thennal losses 
tend to lower them. The net effect in the transfer function is a broadening of the resonances' 
bandwidths. 

Despite thermal losses, yielding walls in the vocal tract, and the fact that both rL and 
'a are functions of frequency, the all-pole model of Eq. (6.13) for V(z) has been found to be 
a good approximation in practice [ 13 ]. In Figure 6.11 we show the measured area function 
of a vowel and its corresponding frequency response obtained using the approximation as a 
concatenation of IO lossless tubes with a constant rL . The measured fonnants and corre­
sponding bandwidths match quite well with this model despite all the approximations made. 
Thus, this concatenation of lossless tubes model represents reasonably well the acoustics 
inside the vocal tract. Inspired by the above results, we describe in Section 6.3 "Linear Pre­
dictive Coding," an all-pole model for speech. 

In the production of the nasal consonants, the velum is lowered to trap the nasal tract 
to the pharynx, whereas a complete closure is formed in the oral tract (Im/ at the lips, In/ just 
back of the teeth and /ng/ just forward of the velum itself. This configuration is shown in 
Figure 6.12, which shows two branches, one of them completely closed. For nasals, the ra­
diation occurs primarily at the nostrils. The set of resonances is determined by the shape and 
length of the three tubes. At certain frequencies, the wave reflected in the closure cancels the 
wave at the pharynx, preventing energy from appearing at nostrils. The result ~s that _f?r na­
sal sounds the vocal tract transfer function V(z) has anti-resonances (zeros) rn addition to 
resonance;. It has also been observed that nasal resonances have broader bandwidths than 
non-nasal voiced sounds, due to the greater viscous friction and thennal loss because of the 

large surface area of the nasal cavity. 
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Figure 6.11 Area function and frequency response for vowel /al and its approximation as a 
concatenation of 10 lossless tubes. A reflection coefficient at the load of k = 0.72 (dotted line) 
is displayed. For comparison, the case of k = 1.0 (solid line) is also shown. 

/ Nostrils 

Pharynx / /2 -----
Glottis .. .. Closure 

Figure 6.12 Coupling of the nasal cavity with the oral cavity. 

6.2.3. Source-Filter Models of Speech Production 

As shown in Chapter IO, speech signals are captured by microphones that respood 10 

changes in air pressure. Thus, it is of interest to compute the pressure at the lips Pr (z)' 
which can be obtained as 

(6.17) 

For voiced so~nds we can model uo[n] as an impulse train convolved wilh g[n], lhe 
glottal pulse (see Figure 6.13). Since g[n) is of finite length its z-transform is an all-zero 
system. ' 
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Acoustical Model of Speech Production 289 

I I I I 
Figure 6.13 Model of the glottal excitation for voiced sounds. 

The complete ~odel fo~ both voiced and unvoiced sounds is shown in Figure 6.14. We 
have modeled ua[n] m unv01ced sounds as random noise. 

T 

• 
G(z) 

V(z) 

A,. 

Figure 6.14 General discrete-time model of speech production. The excitation can be either an 
impulse train with period T and amplitude A. driving a filter G(z) or random noise with am­
plitude A,, . 

We can simplify the model in Figure 6.14 by grouping G(z), V(z), and Zi{z) into H(z) 
for voiced sounds, and V(z) and ZL(z) into H(z) for unvoiced sounds. The simplified model is 
shown in Figure 6. 15, where we make explicit the fact that the filter changes over time. 

1111 --

a-__.~_. s[n] 
/1 . ., ... i.tvl', ~· --­,. '7[ V v --., 
Figure 6.15 Source-filter model for voiced and unvoiced speech. 

This model is a decent approximation, but fails on voiced fricatives, since those 
sounds contain both a periodic component and an aspirated component. In this case, a mixed 
excitation model can be applied, using for voiced sounds a sum of both an impulse train and 
colored noise (Figure 6.16). 

!Ill~ 
~-+ s[n] 

Llv'ufuA ~· ~,· Vv' 

Figure 6.16 A mixed excitation source-filter model of speech. 
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The model in Figure 6.15 is appealing because the source is white (has a flat 
trum) and all the coloring is in the filter. Other source-filter decompositions att spec. 

th I . . h' h th . empt to 
model the source as the signal at e g ott1s, m w 1~ e source 1s definitely not White 
Since G(z), Z1.(z) contain zeros, and V(z) can also contam zeros for nasals, H(z) is no longe~ 
all-pole. However, recall in Chapter 5, we state that the z-transfonn of x[n] = a"u[n] is 

,{, n -n } 
X(z) = .£.-a z = _1 

naO }-az 
for lal <lzl (6.18) 

so that by inverting Eq. (6.18) we see that a zero can be expressed with infinite poles. This is 
the reason why all-pole models are still reasonable approximations as long as a large enough 
number of poles is used. Fant [12] showed that on the average the speech spectrum contains 
one pole per kHz. Setting the number of poles p to F, + 2, where F, is the sampling fre­
quency expressed in kHz, has been found to work well in practice. 

6.3. LINEAR PREDICTIVE CODING 

A very powerful method for speech analysis is based on linear predictive coding (LPC) (4, 
7, 19, 24, 27], also known as LPC analysis or auto-regressive (AR) modeling. This method 
is widely used because it is fast and simple, yet an effective way of estimating the main pa­
rameters of speech signals. 

As shown in Section 6.2, an all-pole filter with a sufficient number of poles is a good 
approximation for speech signals. Thus, we could model the filter H(z) in Figure 6.15 as 

H(z)= X(z) = I = -
E(z) 1 ~ -l A(z) 

- L,,akz 
k=I 

where pis the order of the LPC analysis. The inverse filter A(z) is defined as 

p 

A(z) = 1-~>*z-* 
l=I 

'faking inverse z-transforms in Eq. (6.19) results in 
p 

x[n]= I,a.x[n-k]+e[n] 
*"' 

(6.19) 

(6.20) 

(6.21) 

_Linear predictive coding gets its name from the fact that it predicts the current sample 
as a hnear combi .: f . na ... on ° its past p samples: 

i[n]= 'f,a.x[n-k] (6.22) 
t-1 
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Linear Predictive Coding 

The prediction error when using this approximation is 

e[n] = x[n]-x[n] = x[n]- i:,a.x[n-k] 
k:,I 

6.3.1. The Orthogonality Principle 

291 

(6.23) 

To estimate the predictor coefficients from a set of speech samples, we use the short-term 
analysis technique. Let's define x,,,[n] as a segment of speech selected in the vicinity of 
sample m: 

xm[n] = x[m + n] (6.24) 

We define the short-term prediction error for that segment as 

E. = ~e.![n] = ~(x.[11]-X.[nl)' = ~(x.[n]-t•1x.[n- j] J (6.25) 

In the absence of knowledge about the probability distribution of a,, a reasonable es­
timation criterion is minimum mean squared error, introduced in Chapter 4. Thus, given a 
signal x,,,[n], we estimate its corresponding LPC coefficients as those that minimize the 
total prediction error E,,, . Taking the derivative of Eq. (6.25) with respect to a, and equat­
ing to 0, we obtain: 

< em,x~ >= Lem[n]x,Jn-i] = 0 1$.iS.p (6.26) 
n 

where we have defined em and x~ as vectors of samples, and their inner product has to be 
0. This condition, known as orthogonality principle, says that the predictor coefficients that 
minimize the prediction error are such that the error must be orthogonal to the past vectors, 

and is seen in Figure 6.17. 
Equation (6.26) can be expressed as a set of p linear equations 

p 

L,Xm[n-i]xm[n] = Lai LXm[n-i]x.,[n- j] i = 1,2, ... ,p (6.27) 

II j=I II 

For convenience, we can define the correlation coefficients as 

¢,,,[i,J]= ~>·m[n-i]x,,,[n-j] (6.28) 

II 

so that Eqs. (6.27) and (6.28) can be combined to obtain the so-called Yule-Walker equations: 
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f aj4'm[i,jJ = 'Pm[i,O] 
/=I 

i = 1,2, . .. ,p 
(6.29) 

Solution of the set of p linear equations results in the p LPC coefficients that .. . 
· · f · E (6 29) h I minimize the prediction error. With a; sat1s ymg q. . , t e tota prediction error in Eq. (6 25 

talces on the following value: · l 

Em= Ix;[n]-ia1 Lxm[n]xm[n- j] = ¢[0, O]-f a1q>[O,j] 
n j=I n j=I 

It is convenient to define a nonnalized prediction error u[n] with unity energy 

Iu![n] = I 
" 

and a gain G, such that 

em[n] = Gum[n] 

The gain G can be computed from the short-tenn prediction error 

E,,, = Ie;[n] = G2~:U![n] = G2 

n n 

(6.30) 

(6.31) 

(6.32) 

(6.33) 

Figure 6·17 The orthogonality principle. The prediction error is orthogonal to the past 
samples. 

6.3.2. Solution of the LPC Equations 

The solution of the Yule-W lk . . . dard 
matrix inversion k a er equations m Eq. (6.29) can be achieved with any 5t3n . 

1 
solutions are pos!~~ age. Because of the special form of the matrix here, some e~cien 
we present three d.;· as described below. Also, each solution offers a different in5ightodso 

hlerent algorithms· th . 1 · meth , 
and the lattice method. · e covanance method, the autocorre auon 

r 

I 
\ 
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6.3.2.1. Covariance Method 

The covariance method [4] is derived by defining directly the interval over which the sum­
mation in Eq. (6.28) takes place: 

.\'-I 

E'" = Le,![n] 
11=0 

so that 1,1).,[i,j] in Eq. (6.28) becomes 

.,._, .\'-1-J 

tp111 [i,j] = LXm[n-i]x.,[n-j] = L xm[n]xm[n+i- j] = q,
111

[},i] 
n=O ,tc -/ 

and Eq. (6.29) becomes 

1,1>,,, [I, 1] 'Pm(}, 2] 'Pm[I,3] 'Pm[l,p] a, 

'Pm (2, I] 'Pm[2,2] 'Pm[2,3] 1/>.,[2,p] a2 

!/>m[3,1] 'Pm[3,2] !/>., [3, 3] ,Pm[3, p] al 

q,.,[p, l] 1,1>,,,[p,2] 1,1),,,[p,3] <P,,,[P,PL aP 

which can be expressed as the following matrix equation 

ct>a = If/ 

1/>m [l, O] 

'Pm [2, O] 

= <P,,,[3, O] 

'Pm[p,O] 

(6.34) 

(6.35) 

(6.36) 

(6.37) 

where the matrix <I> in Eq. (6.37) is symmetric and positive definite, for which efficient 
methods are available, such as the Cholesky decomposition. For this method, also called the 
squared root method, the matrix <I> is expressed as 

ct> =VDV' (6.38) 

where V is a lower triangular matrix (whose main diagonal elements are J's), and D is a 
diagonal matrix. So each element of <I> can be expressed as 

<P[i,j] = I.VitdtVJt 1~j<i (6.39) 
k•I 

or alternatively 

f-1 

~di =l,l>[i,j]-L,V;td1 Vi* l~j<i (6.40) 

k=I 

and for the diagonal elements 
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I 

<P[i,iJ= Iv,kdkv,k 
k=l 

(6.4 I) 

or alternatively 

i-1 

d, = <PU, tJ- Iv,; d. . 
k~I 

i?. 2 (6.42) 

with 

(6.43) 

The Cholesky decomposition starts with Eq. (6.43) then alternates between Eqs. (6.40) 
and (6.42). Once the matrices V and D have been detennined, the LPC coefficients are 
solved in a two-step process. The combination of Eqs. (6.37) and (6.38) can be expressed as 

VY =1/f 

with 

Y=DV'a 

or alternatively 

V'a=D-1Y 

Therefore, given matrix V and Eq. (6.44), Y can be solved recursively as 

H 

1; = IJf; - I v,1½ , 
/=I 

with the initial condition 

r. = 1/'1 

Having determined Y, Eq. (6.46) can be solved recursively in a similar way 

p 

a,=¥; Id, - L VJ/al, 
J=f+I 

with the initial condition 

aP=YP!dP 

1 ~ i<p 

(6.44) 

(6.45) 

(6.46) 

(6.47) 

(6.48) 

(6.49) 

(6.50) 

where the · d · · Eq m ex l m · (6.49) proceeds backwards. 
The tenn co~ariance analysis is somewhat of a misnomer, since we know front Cha~; 

ter 5 tbat the covanance of a signal is the correlation of that signal with its mean removed._ 
was so c~lled b~caus~ the matrix in Eq. (6.36) has the properties of a covariance matr1i, 

though this algonthm is more like a cross-correlation. 

Amazon/VB Assets 
Exhibit 1011 

Page 320



Linear Predictive Coding 295 

6.3.2.2. Autocorrelation Method 

The summation in Eq. (6.28) had no specific range. In the autocorrelation method (24, 27], 
we assume that xm[n] is O outside the interval O :c:;; n < N: 

x,,,[n] = x[m + n]»{n] (6.51) 

with »{n] being a window (such as a Hamming window) which is O outside the interval 
o s n < N. With this assumption, the corresponding prediction error em[n] is non-zero over 
the interval O s n < N + p, and, therefore, the total prediction error takes on the value 

N~-1 

E., = L e~[n] (6.52) 
nsO 

With this range, Eq. (6.28) can be expressed as 

N+p-1 N-1-(i-j) 

<f>~[i,j] = L xm[n-i]xm[n- j] = L x.,[n]x,,,[n+i- j] (6.53) 

n=O 

or alternatively 

(6.54) 

with Rm[k] being the autocorrelation sequence of x.,[n] : 

N-1-k 

R.,[k]= L xm[n]x.,[n+k] 
(6.55) 

n=O 

Combining Eqs. (6.54) and (6.29), we obtain 

p 

lajRm[I i- JI]= R.,[i] 
(6.56) 

j=I 

which corresponds to the following matrix equation 

R.,[p-1] 
~ ' R.,[l] 

R.,[O] R.,[1] R.,(2] a, 

R.,[l] R,,,[O] R.,[l] R.,[p-2] a2 R.,[2] 

R,,J2] R.,[l] Rm[O] R.,[p-3] G3 = R.,[3] (6.57) 

R.,[p-1] R.,[p-2] R.,[p-3] R.,[O] aP R.,[p] 

Amazon/VB Assets 
Exhibit 1011 

Page 321



-----------=-:-:--:~--Speech Signal Represe ----:--­
296 ntattollS 

Th tn·x in Eq. (6.57) is symmetric and all the elements in its diagonals are id . 
e ma . b' , . 1 . h' f ent1ca] 

S h trices are called Toeplm,. Dur m s recursion exp 01ts t 1s act resulting in · 
uc ma . . h b . f a very 

efficient algorithm (for convenience, we o~ut t e su scnpt m o the autocorrelation func-
tion}, whose proof is beyond the scope of this book: 

I. Initialization 

£ 0 = R[O] 

2. Iteration. For i = 1, · · ·, p do the following recursion: 

k, =(R[i]- iatR[i- j]]I E'-' 
J'"' 

'-k a, - I 

E' =(1-k/)E1-1 

3. Final solution: 

a . =aP 
J J 

15.j5.p 

15.j<i 

(6.58) 

(6.59) 

(6.60) 

(6.61) 

(6.62) 

(6.63) 

where the coefficients k;, called reflection coefficients, are bounded between -1 and I (see 
Section 6.3.2.1.3). In the process of computing the predictor coefficients of order p, the re­
cursion finds the solution of the predictor coefficients for all orders less than p. 

Replacing R[j] by the normalized autocorrelation coefficients r[j], defined as 

r[j] = R[j]/ R[O] (6.64) 

results in identical LPC coefficients and the recursion is more robust to problems witb 
aritllmetic precision. Likewise the n~rmalized prediction error at iteration i is defined by 
dividing Eq. (6.30) by R[O], which, using Eq.(6.54), results in 

I E' I 
V - 1 ~ [ (6.65) - R[O] = - L..air j] 

J=I 

The nonnalized prediction error is, using Eqs. (6.62) and (6.65), 

(6.66) 
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6.3.2.3. Lattice Formulation 

In this section we derive the lattice formulation [7, 19], an equivalent algorithm to the Lev­
inson Durbin recursion, which has some precision benefits. It is advantageous to define the 
forward prediction error obtained at stage i of the Levinson Durbin procedure as 

i 

i[n] == x[n]-1>~x[n-k] 
k=I 

whose z-transform is given by 

E1(z) = A'(z)X(z) 

with A' (z) being defined by 

I 

A1 (z) = 1- I,a~z-k 
kttl 

which, combined with Eq. (6.61 ), results in the following recursion: 

A1 (z) = A'-' (z)-k,z-1 A1
-

1 (z-1
) 

Similarly, we can define the so-called backward prediction error as 

I 

b1[n] = x[n-i]- I, a~x[n + k-i] 
k•I 

whose z-transform is 

B1 (z) = z-1 A1 (z-1)X(z) 

Now combining Eqs. (6.68), (6.70), and (6.72), we obtain 

E' (z) = A1- 1(z)X(z)-k
1
z-1 AH (z-')X(z) = EH (z)-k1z-'B'-

1
(z) 

whose inverse ,-transform is given by 

e'[n] = e1
-

1[n]-k,b1
-

1[n-l] 

Also, substituting Eq. (6.70) into (6.72) and using Eq. (6.68), we obtain 

B1(z) = z-1s1-
1(z)-k1Ei-l (z) 

whose inverse z-transform is given by 

b'[n] = b1
-

1{n-l]-ki€'-1[n] 

(6.67) 

(6.68) 

(6.69) 

(6.70) 

(6.71) 

(6.72) 

(6.73) 

(6.74) 

(6.75) 

(6.76) 
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Equations (6.74) and (6.76) define the forward and backward prediction erro 
d. ~ r sequence r an i"'-order predictor in tenns of the correspon mg 1orward and backward prect· . s •or 

W . . . 1 · th . I iction err of an (i _ 1)"'-order predictor. e m1t1a 1ze e recursive a gorithm by noting th ors 
· · · d. II· h at the rt order predictor 1s equivalent to usmg no pre 1ctor at a , t us . 

e0 [n] = b0 [n] = x[n] 
(6.77) 

and the final prediction error is e[ n] = eP [ n J . 
A block diagram of the lattice method is given in Figure 6.18, which resemble 

1 s a at­tice, hence its name. 
While the computation of the k, coefficients can be done through the Levinson Durn· 

recursion of Eqs. (6.59) through (6.62), it can be shown that an equivalent calculation can~ 
found as a function of the forward and backward prediction errors. To do so we minimi7.c 
the sum of the forward prediction errors 

,.,_, 2 

E1 = I,( i[n]) 
naO (6.78) 

by substituting Eq. (6.74) in (6.78), taking the derivative with respect to k, , and equating to 
0: 

Using Eqs. (6.67) and (6.71), it can be shown that 

e
0
[n] e'[n] 

e"'[n] 

x[n] 

z' 

Figure 6•18 Block diagram of the lattice filter. 

.. 
z 

(6.79) 

(6.80) 
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since m_inimization of both yields identical Yule-Walker equations. Thus Eq. (6.79) can be 
altemat1vely expressed as 

(6.81) 

where we have defined the vectors e' = ( e' [O] .. ·i[N -1]) and b' = ( b1[Q] .. ·b' [N -1]). The 
inner product of two vectors x and y is defined as 

N -1 

< x,y >= _Lx[n]y[n] 
n=O 

(6.82) 

and its norm as 

N-1 

jxj2 =< x,x >= _Lx2[n] (6.83) 

""° 
Equation (6.81) has the form of a normalized cross-correlation function, and, there­

fore, the reflection coefficients are also called partial correlation coefficie11ts (PARCOR). 
As with any normalized cross-correlation function, the k, coefficients are bounded by 

-Js;k,s;t (6.84) 

This is a necessary and sufficient condition for all the roots of the polynomial A(z) to 
be inside the unit circle, therefore guaranteeing a stable filter. This condition can be checked 
to avoid numerical imprecision by stopping the recursion if the condition is not met. The 
inverse lattice filter can be seen in Figure 6.19, which resembles the lossless tube model. 
This is why the k1 are also called reflection coefficients. 

Lattice filters are often used in fixed-point implementation, because lack of precision 
doesn' t result in unstable filters. Any error that may take place - for example due to quanti­
zation - is generally not be sufficient to cause k, to fall outside the range in Eq. (6.84). If, 
owing to round-off error, the reflection coefficient falls outside the range, the lattice filter 
can be ended at the previous step. 

More importantly, linearly varying coefficients can be implemented in this fashion. 
While, typically, the reflection coefficients are constant during the analysis frame, we can 
implement a linear interpolation of the reflection coefficients to obtain the error signal. If the 
coefficients of both frames are in the range in Eq. (6.84), the linearly interpolated reflection 
coefficients also have that property, and thus the filter is stable. This is a propeny that the 

predictor coefficients don't have. 
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Figure 6.19 Inverse lattice filter used to generate the speech signal, given its residual. 

6.3.3. Spectral Analysis via LPC 

Let's now analyze the frequency-domain behavior of the LPC analysis by evaluating 

(6.85) 

which is an all-pole or IlR filter. If we plot H(ei"'), we expect to see peaks at the roots of 
the denominator. Figure 6.20 shows the 14-order LPC spectrum of the vowel of Figure 6.3 
(d). 

100.---.----------------.---.....---, 

dB 

20 o;;---;;::---=.~-..,__ _ __,_ __ ,.___....:,_ _ __., _ _1 
500 1000 1500 2000 2500 3000 3500 4000 

Hz 
Figure 6.20 LPC spectrum f th I d h are a 
30 H · . 0 e ah/ phoneme in the word lives of Figure 6.3. Use ere 

-ms amm.mg window and th . pectrt1m 
is also shown. e autocorrelation method with p = 14. The short-nme s 
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For the autocorrelation method, the squared error of Eq. (6.52) can be expressed, using 
Eq. (6.85) and Parseval ' s theorem, as 

G2 x I xn, (e10)) ]2 
E = -f - , dm (6 86) 

m 21f -tr I H(e'(J)) 1- . 

Since the integrand in Eq. (6.86) is positive, minimizing E,. is equivalent to minimizing the 
ratio of the energy spectrum of the speech segment I Xm(ei"') IJ to the magnitude squared of 
the frequency response of the linear system I H(eJw) 12. The LPC spectrum matches more 
closely the peaks than the valleys (see Figure 6.20), because the regions where 
I x .,(e1w) I> l H(e1Q)) I contribute more to the error than those where I H(eiw) I> l Xm(eiro) I-

Even nasals, which have zeros in addition to poles, can be represented with an infinite 
number of poles. In practice, if p is large enough we can approximate the signal spectrum 
with arbitrarily small error. Figure 6.21 shows different fits for different values of p. The 
higher p, the more details of the spectrum are preserved. 

The prediction order is not known for arbitrary speech, so we need to set it to balance 
spectral detail with estimation errors. 

6.3.4. 

100-------------....,.....---------, 

: LI· 
cB 70 

40 

30 

200L---.!....--'-----.!....---''-:----:2500=::-----:'YVV\=~-:3500::-;::.-~400) 
500 1000 1500 ~ .,.,._,.., 

Figure 6.21 LPC spectra of Figure 6.20 for various values of the predictor order p. 

The Prediction Error 

So far we have concentrated on the filter component of the source-filter model. Using Eq. 
(6.23): we can compute the prediction error signal, also calle~ the excit~tio,i, _or residual 
signal. For unvoiced speech we expect the residual to be approx1m~tely white n?ise. 1~ prac­
tice, this approximation is quite good, and replacement of the residual by ~bite nmse fol­
lowed by the LPC filter typically results in no audible difference. For voiced speech we 
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expect the residual to approximate an impulse train. In practice, this is not th 
the all-pole assumption is not altogether valid; thus, the residual, although it e cas~, because 

· R l · th 'd I b · contains spik is far from an. impulse tram. ep acmg e res1 ua . y an impulse train, followed by the es, 
filter, results m speech that sounds somewhat robotic, partly because real speech . LPC 
fectly periodic (it has a random componenl as well), and because the zeroes are 15 not per. 
with the LPC filter. Residual signals computed from inverse LPC filters for sevnot 

1
modeled 

era vowel are shown in Figure 6.22. s 
How do we choose p? This is an important design quesLion. Larger values of 

1 · · F' 6 23) U · d h · P ead to lower pred1ct1on errors (see 1gure . . nvo1ce speec has higher error than . 
. . ~~ 

speech, because the LPC model 1s more accurate for v01ced speech. In general, the nonna]. 
ized error rapidly decreases, and then converges to a value of around 12-14 for 8 kH 
speech. If we use a large value of p, we are fitting the individual harmonics; thus the L~ 
filter is modeling the source, and the separation between source and filter is not going to be 
so good. The more coefficients we have to estimate, the larger the variance of their esti­
mates, since the number of available samples is the same. A rule of thumb is to use J com­
plex pole per kHz plus 2-4 poles to model the radiation and glottal effects. 
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Figure 6.22 LPC prediction error signals for several vowels. 
. ethods provide 

For unvoiced speech, both the autocorrelation and the covanance m. b tter esti-
. mil d provide e s1 ar results. For voiced speech, however, the covariance metho can . ly in· 

'f th · · . · d d the wmdow on mates 1 e analysis wmdow is shorter than the local pitch peno an 
I 

ttis and 
eludes samples from the closed phase (when the vocal tract is closed at lhe g O a]ysis 

h · 1 · d · · h nchronous an speec s1gna 1s ue mamly to free resonances). This is called pitc sy 
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and results in lo~er predicti~n error, because the true excitation is close to zero during the 
whole analysis wmdow. Durmg the open phase, the trachea, the vocal folds, and the vocal 
tract are acoustically coupled, and this coupling will change the free resonances. Addition­
ally, the prediction error is higher for both the autocorrelation and the covariance methods if 
samples fro~ the op~n phase are included in the analysis window, because the prediction 
during those mstants 1s poor. 
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Figure 6.23 Variation of the nonnalized prediction error with the number of prediction coeffi­
cients p for the voiced segment of Figure 6.3 and the unvoiced speech of Figure 6.5. The auto­
correlation method was used with a 30 ms Hamming window, and a sampling rate of 8 kHz. 

6.3.5. Equivalent Representations 

There are a number of alternate useful representations of the predictor coefficients. The most 
important are the line spectrum frequencies, reflection coefficients, log-area ratios, and the 
roots of the predictor polynomial. 

6.3.5.1. Line Spectral Frequencies 

Line Spectral Frequencies (LSF) (18] provide an equivalent representation of the predictor 
coefficients that is very popular in speech coding. It is derived from computing the roots of 
the polynomials P(z) and Q(z) defined as 

P(z) = A(z) + z-<,,+iJ A(z-1
) 

(6.87) 

Q(z) = A(z)- z-c,,+ii A(z-1
) 

(6.88) 

To gain insight on these roots, look at a second-order predictor filter with a pair of 

complex roots: 
(6.89) 
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