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Information Theory -~

source we can use a variable-length code {0,10,1 10,111}, where no codeword is a prefix for
the rest and thus a string of 0s and 1s can be uniquely broken into those symbols. The encod-
ing scheme with such a property is called uniquely decipherable (or instantaneous) coding
because as soon as the decoder observes a sequence of codes, it can decisively determine thé
sequence of the original symbols. If we let #(x) be the number of bits (length) used to en-
code symbol x, the average rate R of bits per symbol used for encoding the information
source is:

R=2 r(x)P(x) (3.190)

In our case, R is 1.75 bits as shown in Eq. (3.191):
R=0.5x1+0.25%2+0.125%3+0.125%x3=1.75 (3.191)

Such variable-length coding strategy is called Huffman coding. Huffman coding be-
longs to entropy coding because it matches the entropy of the source. In general, Shannon’s
source coding theorem says that a source cannot be coded with fewer bits than its entropy.
We will skip the proof here. Interested readers can refer to [3, 15, 17] for the detailed proof.
This theorem is consistent with our intuition because the entropy measure is exactly the in-
formation content of the information measured in bits. If the entropy increases, then uncer-
tainty increases, resulting in a large amount of information. Therefore, it takes more bits to
encode the symbols. In the case above, we are able to match this rate, but, in general, this is
impossible, though we can get arbitrarily close to it. The Huffman code for this source offers
a compression rate of 12.5% relative to the code designed for the uniform distribution.

Shannon’s source coding theorem establishes not only the lower bound for lossless
compression but also the upper bound. Let [_x] denote the smallest integer that greater or
equal to x. As in the similar procedure above, we can make the code length assigned to
source output x equal to

I(x) =[-log P(x) | (3.192)
The average length L satisfies the following inequality:
L=Y I(x)P(x)< Y [1-log P(x)] P(x) =1+ H(X) (3.193)

Equation (3.193) means that the average rate R only exceeds the value of entropy by less

than one bit. ‘ )
L can be made arbitrarily close to the entropy by block coding. Instead of encoding

single output symbols of the information source, one can encode each block of'length n.
Let’s assume the source is memoryless, so X,,X,,...,X, are independent. According to Eq.
(3.193), the average rate R for this block code satisfies:

L<1+H(X,,X,,.... X,) =1+ nH(X) (3.194)
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This makes the average number of bits per output symbol, L/n satisfy

limL L < H(X)
n

n—pee

(3.195

In general, Huffman coding arranges the symbols in 5
assigns the bit 0 to the symbol of highest probab)i'lity and u:)erf}: ?ft: is;(;z:sil: ’l; If)FObability,
ceeds the same way for the second highest probability value (which now has a : ; and pro.
iterate. This results in 2.25 bits for the uniform distribution case, which is high ot 10)ang
bits we obtain with equal-length codes. ' 'BRer than the 2

Lempel-Ziv coding is a coding strategy that uses correlation to encode strings of
bols that occur frequently. Although it can be proved to converge to the entropy iso ey
gence rate is much slower [27). Unlike Huffman coding, Lempel-Ziv coding is i.ndeco:;er.
of the distribution of the source; i.e., it needs not be aware of the distribution of lhep:ou:m
before encoding. This type of coding scheme is often referred to as universal encodi;:
scheme.

3.4.4. Mutual Information and Channel Coding

Let’s review the information channel illustrated in Figure 3.17. An intuitively plausible
measure of the average amount of information provided by the random event Y about the
random event X is the average difference between the number of bits it takes to specify the
outcome of X when the outcome of Y is not known and the outcome of Y is known. Murual
information is defined as the difference in the entropy of X and the conditional entropy of X
given 1t

I(X;Y)=H(X)-H(X|Y)
1 1

= ; - P(x,,y.)log————o

2 P(x;)log S X PGny)los s

P(x;) X%
P(x 1 y,) _ P(x,y;) (3.196)
=§;P(x.-,y,-)log—ml)——;;P(xi,y,-)log————},(xi)}p(yi)
s 25D
| P(X)P(Y)
js symmet:

tion between X and Y. I(X;T)

I(X:Y) is referred to as the mutual informa _
T =10 /P(x)P(y) is often referred to as the M

rical; ie., 7(X;¥)=I(Y;X). The quantity P(x,)
tual information between symbol x and y. I(X;Y) is bounded: 3.197)
3.

0<I(X;Y) <min[H(X),H ()] ,
. and Y are n-
I(X;Y) reaches the minimum value (zero) when the random variables X

dependent.

Amazon/VB Assets
Exhibit 1011
Page 152



Information Theory -

Mutual information represents the information obtained (or the reduction in uncer-
tainty) through a channel by observing an output symbol. If the information channel is
noiseless, the input symbol can be determined definitely by observing an output symbol. In
this case, the conditional entropy H(X1Y) equals zero and it is called a noiseless channel. We
obtain the maximum mutual information /(X; ¥) = H(X). However, the information channel
is generally noisy so that the conditional entropy H(X1Y) is not zero. Therefore, maximizing
the mutual information is equivalent to obtaining a low-noise information channel, which
offers a closer relationship between input and output symbols.

14
X=0 \‘ P Y=0
X=1 F » Y=1

Figure 3.18 A binary channe! with two symbols.

Let’s assume that we have a binary channel, a channel with a binary input and output
as shown in Figure 3.18. Associated with each output are a probability p that the output is
correct, and a probability (1— p) that it is not, so that the channel is symmetric.

If we observe a symbol Y =1 at the output, we don’t know for sure what symbol X
was transmitted, though we know P(X =1|Y=1)=p and P(X=0|Y=1)=(-p), so
that we can measure our uncertainty about X by its conditional entropy:

H(X|Y=1)=-plog p-(1-p)log(i-p) (3.198)

If we assume that our source X has a uniform distribution, H(X |Y)=H(X|Y=1) as
shown in Eq. (3.198) and H(X) = 1. The mutual information between X and ¥ is given by

I(X,Y)=H(X)-H(X|Y)=1+plog p+(1- p)log(l- p) (3.199)

It measures the information that ¥ carries by about X. The channel capacity C is the maxi-
mum of the mutual information over all distributions of X. That is,

C =max I(X;Y) (3.200)

PLx)

The channel capacity C can be attained by varying the distribution of the information
source until the mutual information is maximized for the channel. The channel capacity C
can be regarded as a channel that can transmit at most C bits of information per unit of time.
Shannon’s channel coding theorem says that for a given channel there exists a code that
permits error-free transmission across the channel, provided that R < C, where R is the rate
of the communication system, which is defined as the number of bits per unit of time being
transmitted by the communication system. Shannon’s channel coding theorem states the fact
that arbitrarily reliable communication is possible at any rate below channel capacity: .

Figure 3.19 illustrates a transmission channel with the source encoder and destmapon
decoder. The source encoder will encode the source symbol sequence X = X;,X,,..-,X, nto
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channel input sequence y,y,,...,y,. The destination decoder tak
Z,,2,,...,2;, from the channel and converts

X =X,,X,,...,X,. The goal of this transmission i

P(X =x) asymptotically close to 1 while keep;
. ’ Ping the compression rati =

possible. Shannon’s source-channel coding theorem (alsopreferr::dﬁtlcil (;sms;_, s 3 large o

annon’s Secongd

coding theorem) says that it is possible to find a
: . n encoder- i
information channel, provided that Rx A(.x )<C. errdecoder pair of rate fora Noisy

- es the outpy
It into the estimates of the s}:) uicieQuence
Outpyt

§ to make the probability of correct decgg:
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Figure 3.19 Transmission of information through a noisy channel [15].

Because of channel errors, speech coders need to provide error correction codes that
will decrease the bit rate allocated to the speech. In practice, there is a tradeoff between the
bit rate used for source coding and the bit rate for channel coding. In Chapter 7 we will de-

scribe speech coding in great detail.

3.5. HISTORICAL PERSPECTIVE AND FURTHER READING

The idea of uncertainty and probability can be traced all the way back to abogt 3590 ch
when games of chance played with bone objects were developed in Egypt. F:ubxcal dlC; \:ijn
markings virtually identical to modern dice have been found in Egyptian tombs ;t 0%
around 2000 B.C. Gambling with dice played an important part in the early d"'velg"“fbecn
probability theory. Modern mathematical theory of probability is bel{eved to a:(1601'
started by the French mathematicians Blaise Pascal (1623'166_2) aqd Pierre -F;r:::memati-
1665) when they worked on certain gambling problems involving dlge. Engl(ljs tablished 2
cian Thomas Bayes (1702-1761) was first to use probabilit}’.inducn"c‘y an ;ayes’ theo-
mathematical basis for probability inference, leading to what 15 now knownbasn widely 3
rem. The theory of probability has developed steadily since then and has 9¢¢
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plied in diverse fields of study. There are many good textbooks on probability theory. The
book by DeGroot [6] is an excellent textbook for both probability and statistics which covers
all the necessary elements for engineering majors. The authors also recommend [14], [19],
or [24] for interested readers.

Estimation_theory is a basic subject in statistics covered in textbooks. The books by
DeGroot '[6]. Wilks [26] an{i Hoel [13] offer excellent discussions of estimation theory.
They a}l mc.:lude con?prehen‘swe treatments for maximum likelihood estimation and Bayes-
ian estimation. Maximum likelihood estimation was introduced in 1912 by R. A. Fisher
(1890-1962‘) anfi has been applied to various domains. It is arguably the most popular pa-
rameter estimation method due to its intuitive appeal and excellent performance with large
training samples. The EM algorithm in Chapter 4 and the estimation of hidden Markov
models in Chapter 8 are based on the principle of MLE. The use of prior distribution in
Bayesian estimation is very controversial in statistics. Some statisticians adhere to the
Bayesian philosophy of statistics by taking the Bayesian estimation view of the parameter
® having a probability distribution. Others, however, believe that in many problems @ is
not a random variable but rather a fixed number whose value is unknown. Those statisticians
believe that a prior distribution can be assigned to a parameter ® only when there is exten-
sive prior knowledge of the past; thus the non-informative priors are completely ruled out.
Both groups of statisticians agree that whenever a meaningful prior distribution can be ob-
tained, the theory of Bayesian estimation is applicable and useful. The books by DeGroot [6]
and Poor [20] are excellent for learning the basics of Bayesian and MAP estimations. Bayes-
ian and MAP adaptation are particularly powerful when the training samples are sparse.
Therefore, they are often used for adaptation where the knowledge of prior distribution can
help to adapt the model to a new but limited training set. The speaker adaptation work done
by Brown et al. [2] first applied Bayesian estimation to speech recognition and [9] is another
good paper on using MAP for hidden Markov models. References [4], [16] and [14] have
extensive studies of different conjugate prior distributions for various standard distributions.
Finally, [1] has an extensive reference for Bayesian estimation.

Significance testing is an essential tool for statisticians to interpret all the statistical
experiments. Neyman and Pearson provided some of the most important pioneering work in
hypotheses testing [18]. There are many different testing methods presented in most statis-
tics books. The x* test, invented in 1900 by Karl Pearson, is arguably the most widely used
testing method. Again, the textbook by DeGroot [6] is an excellent source for the basics of
testing and various testing methods. The authors recommend [7] as an interesting book that
uses many real-world examples to explain statistical theories and methods, particularly the
significance testing.

Information theory first appeared in Claude Shannon's historical paper: A Mathemati-
cal Theory of Communication [21]. In it, Shannon, analyzed communication as the transmis-
sion of a message from a source through a channel to a receiver. In order to solve the
problem he created a new branch of applied mathematics — information and coding theory.
IEEE published a collection of Shannon’s papers [23] containing all of his published works,
as well as many that have never been published. Those published include his classic papers
on information theory and switching theory. Among the unpublished works are his once-
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secret wartime reports, his Ph.D. thesis on population genetics, yp
memoranda, and a paper on the theory of juggling. The textbook by M
lent for learning all theoretical aspects of information and coding theory. Howeyer
be out of print now. Instead, the books by Hamming [12] and Cover [3] are two ¢ :r, 1t migp
references for information and coding theory. Finally, F. Jelinek’s Statisticq] M:Z"t grea
Speech Recognition [15] approaches the speech recognition problem from an infonzds.for
theoretic aspect. It is a useful book for people interested in both topics. Aon-

published p

ell
CEliece [17) Lk

18 exce).
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CHAPTER 4

Pattern Recognition

S poken language processing relies heavily on
pattern recognition, one of the most challenging problems for machines. In a broader sense,
the ability to recognize patterns forms the core of our intelligence. If we can incorporate the
ability to reliably recognize patterns in our work and life, we can make machines much eas-
ier to use. The process of human pattern recognition is not well understood.

Due to the inherent variability of spoken language patterns, we emphasize the use of
statistical approaches in this book. The decision for pattern recognition is based on appropri-
ate probabilistic models of the patterns. This chapter presents several mathematical funda-
mentals for statistical pattern recognition and classification. In particular, Bayes’ decision
theory and estimation techniques for parameters of classifiers are introduced. Bayes’ deci-
sion theory, which plays a central role for statistical pattern recognition, introduces the con-
cept of decision-making based on both posterior knowledge obtained from specific
observation data, and prior knowledge of the categories. To build such a classifier or predic-
tor, it is critical to estimate prior class probabilities and the class-conditional probabilities

for a Bayes’ classifier.
133
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Supervised learning has class information for the data. Only the probabiii
needs to be learned. Maximum likelihood estimation (MLE) and maxp o o .
ability estimation (MAP) that we discussed in Chapter 3 are two molsr:um Posterior prop.
Both MLE and MAP aim to maximize the likelihood function. The MLEpOVYerf'ul methods
pecessarily minimize the recognition error rate. Various discriminant estimzz’::)enon i
lnFrOC?uced for that purpose. Maximum mutual information estimation (MMIél)rPelhOds B
criteria to achieve maximum model separation (the model for the correct class isls i
rated from other competing models) instead of likelihood criteria. The MMIE c‘:/ifll'sepg-
one step closer but still is not directly related to minimizing the error rate. Other d?s'l‘:in y
nant estimation methods, such as minimum error-rate estimation, use the ultimate goalm (;f

pattern recognition — minimizing the classification errors. Neural networks are one class of
discriminant estimation methods.

tic structype

The EM algorithm is an iterative algorithm for unsupervised learning in which class
information is unavailable or only partially available. The EM algorithm forms the theoreti-
cal basis for training hidden Markov models (HMM) as described in Chapter 8. To better
understand the relationship between MLE and EM algorithms, we first introduce vector
quantization (VQ), a widely used source-coding technique in speech analysis. The well-
known k-means clustering algorithm best illustrates the relationship between MLE and the
EM algorithm. We close this chapter by introducing a powerful binary prediction and re-
gression technique, classification and regression trees (CART). CART represents an impor-
tant technique that combines rule-based expert knowledge and statistical leaming.

4.1. BAYES’ DECISION THEORY

Bayes’ decision theory forms the basis of statistical pattern recognition. The theory is based
on the assumption that the decision problem can be specified in probabilistic terms and that
all of the relevant probability values are known. Bayes’ decision theory can be viewed as2
formalization of a common-sense procedure, i.e., the aim to achieve mlmmum-grror-ra:
classification. This common-sense procedure can be best observed in the following €&
world decision examples.

Consider the peoblcm of making predictions for the stock markel We use the E:;:V
Jones Industrial average index to formulate our example, where we have to decide KB o
Tow’s Dow Jones Industrial average index in one of the three categories (events): Up: Zate:
ot Unchanged. The available information is the probability function P(w) of the “‘2'63‘:) Wi
Bories. The variable @ is a discrete random variable with the value ©= l('d =e1’m; il
row's Ds\? t;:b‘l“y P(w) a_prior probability, since it reflects priot kx;ow T Son e
Probability uF:S Industnal. index. If we have to make a dec1sxo-n base f;nz’ o, with e

highest prior prczsog,tl})lausxble decision may be made by selecting the ¢ alsw aysl o
same decision eve; :h“y P(®,) . This decision is unreasonable, in that We al dustrial in0*
Changes wiy possibl ough we know that all three categories of DOW Jones In ne foderdh
unds interest rage o Y appear. If we are given further observable data, S}lCh as e 2 COF

r the jobless rate, we can make a more informed decision- Letx
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tinuous random variable whose value is the federal-fund interest rate, and £, (x|®) be a
class-conditional pdf For simplicity, we denote the pdf Jow(x|@) as p(x [co.)xlf)where i=1
2, 3 unless there is ambiguity. The class-conditional pfobability density fu'nction is often,
referred to as the likelihood function as well, since it measures how likely it is that the un-
derlying parametric model of class @, will generate the data sample x. Since we know the
prior probability P(w,) and class-conditional pdf p(x|@,), we can compute the conditional
probability P(w, | x) using Bayes’ rule:

p(x|w)P(w,)

P(w, | x)= e

@4.1)

3
where p(x) =Y p(x|®)P(®,).

i=|
The probability term in the left-hand side of Eq. (4.1) is called the posterior probabil-
ity as it is the probability of class w; after observing the federal-funds interest rate x. An
intuitive decision rule would be choosing the class @, with the greatest posterior probabil-
ity. That is,

k =argfna.x P(w |x) 4.2)

In general, the denominator p(x) in Eq. (4.1) is unnecessary because it is a constant term
for all classes. Therefore, Eq. (4.2) becomes

k =argmax P(@), | x) =argmax p(x | @) P(@)) (4.3)

The rule in Eq. (4.3) is referred to as Bayes’ decision rule. It shows how the observed
data x changes the decision based on the prior probability P(w,) to one based on the poste-
rior probability P(w, | x) . Decision making based on the posterior probability is more reli-
able, because it employs prior knowledge together with the present observed data. As a
matter of fact, when the prior knowledge is non-informative ( P(@,) = P(@,) = P(@,;) =1/3),
the observed data fully control the decision. On the other hand, when observed data are am-
biguous, then prior knowledge controls the decision. There are many kinds of decision rules
based on posterior probability. Our interest is to find the decision rule that leads to minimum

overall risk, or minimum error rate in decision.

4.1.1. Minimum-Error-Rate Decision Rules

Bayes’ decision rule is designed to minimize the overall risk involved in making a decision.
Bayes’ decision based on posterior probability P(w, | x) instead of prior probability P(w,)
is a natural choice. Given an observation x, if P(@, | x) 2 P(®, |x) for all i#k, we can de-
cide that the true class is @, . To justify this procedure, we show such a decision resuits in

minimum decision error.
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Let Q={a@,..0,} be the finite set of 5 possible categories 1 be pred:
A={5,,...,5,} be a finite set of 7 possible decisions. Let /(5 @,) be the losir:dm-d ang
curred for making decision &, when the true class is @, . Using the prior pmbab'lll-nchon in.
and class-conditional pdf p(x|®@,), the posterior probability P(g, | x) is co‘n;ng(Ew,

€¢ b

Bayes’ rule as shown in Eq. (4.1). Since the posterior probability P(a)j [ %) is the prob

that the true class is @; after observing the data x, the expected loss associated wip abil‘ily
decision 9, is: Making
R, x)= D 1(8,|0))P(®, ] %) "

= :

In decision-theoretic terminology, the above expression is called conditiong| risks
The overall risk R is the expected loss associated with a given decision rule, The decision
rule is employed as a decision function &(x) that maps the data x to one of the decisions
A={5,,...,5,}. Since R(J, | x) is the conditional risk associated with decision 8, the over.
all risk is given by:

R= .J: R(6(x)| x)p(x)dx (45)

If the decision function 8(x) is chosen so that the conditional risk R(&(x)|x)is minimizd
for every x, the overall risk is minimized. This leads to the Bayes’ decision rule: To mini-
mize the overall risk, we compute the conditional risk shown in Eq. (4.4) for i=1,..,/and
select the decision &, for which the conditional risk R(&,]x) is minimum. The resulting
minimum overall risk is known as Bayes’ risk that has the best performance possible.

The loss function /(5 | @, ) in the Bayes’ decision rule can be defined as:

0 i=y
I(6,|a;,)= iy j=ly,s (46)
1 izj
Thls _loss function assigns no loss to a correct decision where the true class is @ & the
decision is §;, which implies that the true class must be @, . It assigns a unit loss 103 er;
ror where i # j; i.e., all errors are equally costly. This type of loss function is known

; . . i s
Symmetrl‘cal or zero-one loss function. The risk corresponding to this loss function eg¥
the classification error rate, as shown in the following equation.

R@ %)= 318, |0)P(@, | ) =Y P(e, | x)
J= Jxi ! (4'7)
= ;mm, |x)=P(e, | x) =1~ P(w, | x)
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