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CHAPTER 5

Digital Signal Processing

One of the most popular ways of characteriz-
ing speech is in terms of a signal or acoustic waveform. Shown in Figure 5.1 is a representa-
tion of the speech signal that ensures that the information content can be easily extracted by
human listeners or computers. This is why digital signal processing plays a fundamental role
for spoken language processing. We describe here the fundamentals of digital signal process-
. ing: digital signals and systems, frequency-domain transforms for both continuous and discrete

frequencies, digital filters, the relationship between analog and digital signals, filterbanks, and
stochastic processes. In this chapter we set the mathematical foundations of frequency analysis
that allow us to develop specific techniques for speech signals in Chapter 6.

The main theme of this chapter is the development of frequency-domain methods
computed through the Fourier transform. When we boost the bass knob in our amplifier we
are increasing the gain at low frequencies, and when we boost the treble knob we are in-
Creasing the gain at high frequencies. Representation of speech signals in the frequency do-
main is especially useful because the frequency structure of a phoneme is generally unique.

201
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Figure 5.1 Signal processing is both a representation and a transformation that allows a usefyl
information extraction from a source. The representation and transformation are based on a
model of the signal, often parametric, that is convenient for subsequent processing,

5.1. DIGITAL SIGNALS AND SYSTEMS

To process speech signals, it is convenient to represent them mathematically as functions of
a continuous variable ¢, which represents time. Let us define an analog signal x,(f) a3
function varying continuously in time. If we sample the signal x with a sampling period T
(i.e., t=nT), we can define a discrete-time signal as x{n]=x,(nT), also known asdigfml
signal.' In this book we use parentheses to describe an analog signal and brackets for digital
signals. Furthermore we can define the sampling frequency F, as F,=1/T, the irfvcrse of
the sampling period T. For example, for a sampling rate F, =8kHz, its corresponding sa-
pling period is 125 microseconds. In Section 5.5 it is shown that, under some circurflslaﬂcgsl'
the analog signal x,(f) can be recovered exactly from the digital signal 3[]- Figure -
shows an analog signal and its corresponding digital signal. In subsequent figures, for¢
venience, we will sometimes plot digital signals as continuous functions. ing he &
The term Digital Signal Processing (DSP) refers to methods for mampt(ljl?:: nrifer o
quence of numbers x[»] in a digital computer. The acronym DSP is also use % o
Digital Signal Processor, i.e., a microprocessor specialized to perform DSP operd
rswilhlm

intege

represented by integ
ae g ¢ the term dig!
necessal‘)'-

) iy . . . ] i hose values
Actually the term digital signal is defined as a discrete-time signal wby eal numbers. Sinc

a range, whereas a general discrete-time signal would be represented y reE T ween them i
is much more commonly used, we will use that term, except when the distinction

Amazon/VB Assets
Exhibit 1011
Page 228

4



Digital Signals and Systems \

203

Figure 5.2 Analog signal and its corresponding digital signal.

We start with sinusoidal signals and show they are the fundamental signals for linear
systems. We then introduce the concept of convolution and linear time-invariant systems.
Other digital signals and nonlinear systems are also introduced.

3.1.1. Sinusoidal Signals

One of the most important signals is the sine wave or sinusoid
X[n}= 4, cos(wyn +¢,) CRY

where 4, is the sinusoid’s amplitude, @, the angular frequency, and ¢, the phase. The an-
gle in the trigonometric functions is expressed in radians, so that the angular frequency @,
is related to the normalized linear frequency f; by the relation @, =2n f,, and 0< f; < l_.
This signal is periodic® with period T, =1/ f; . In Figure 5.3 we can see an example of a si-
nusoid with frequency f, =0.04, or a period of T, =25 samples. )
Sinusoids are important because speech signals can be decomposed a§ sums ‘of su}u-
soids. When we boost the bass knob in our amplifier we are increasing f.he gain fc?r smusglds
of low frequencies, and when we boost the treble knob we are increasing the gain for sinu-

soids of high frequencies.

" A signal x[n] is periodic with period M if and only if x{n]=xln+N], which requires @, =2x/N 1“;;23?: tha:
the digital signal in Eq. (5.1) is not periodic for all values of @, , even though its continuous sign, Ip:
H1t)= 4, cos(ewyt +¢,) is periodic for all values of @, (see Section 5.5).
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Figure 5.3 A digital sinusoid with a period of 25 samples.

What is the sum of two sinusoids x,[n] and x,[n] of the same frequency @, but dif-
ferent amplitudes 4; and A4, and phases ¢, and ¢, ? The answer is another sinusoid of the
same frequency but a different amplitude A and phase ¢. While this can be computed
through trigonometric identities, it is somewhat tedious and not very intuitive. For this rea-
son we introduce another representation based on complex numbers, which proves to be
very useful when we study digital filters.

A complex number x can be expressed as z = x+jy, where j =-1 , x s the real pant
and y is the imaginary part, with both x and y being real numbers. Using Euler’s relation,
given a real number §, we have

e’ =cos¢+ jsing (5.2)

so that the complex number z can also be expressed in polar form as z = Ae”, where A th|s

the amplitude and ¢ is the phase. Both representations can be seen in Flg}lrc 54, wlllcre e

real part is shown in the abscissa (x-axis) and the imaginary part in the ordinate (y-a:;S).a;t 7
Using complex numbers, the sinusoid in Eq. (5.1) can be expressed as the real p

the corresponding complex exponential

n+ 5‘3)
x,[1) = 4, cos(@yn +,) = Re {4’ *"*'} (
4

]

i . —_ i a_nd olar form
Figure 5.4 Complex number representation in Cartestan form z=x+Jy P

z=Ae" Thus x= Acos¢ and y=Asing .
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Digital Signals and Systems 205

and thus the sum of two complex exponential signals equals

A/ 4 Ale/'(lq,zwm = gl (Aoeiq, + A4 )=e.i%nAei¢ = Ae!n+d) (5.9)
Taking the real part in both sides results in

Ay cos(@on+¢,) + A, cos(@yn +¢,) = Acos(wyn +¢) (5.5)
or in other words, the sum of two sinusoids of the same frequency is another sinusoid of the
same frequency.

To compute A and ¢, dividing Eq. (5.4) by &/ leads to a relationship between the
amplitude A and phase ¢ :

A,e™ + 4 = 4e” (5.6)

Equating real and imaginary parts in Eq. (5.6) and dividing them we obtain:

_ Aysing, + 4, sing, 5.7)

tan¢ =
A4, cos¢, + 4, cos,

and adding the squared of real and imaginary parts and using trigonometric identities®
A = 4+ A2 +2A4,4 cos(9, ~9,) (5.8

This complex representation of Figure 5.5 lets us analyze and visualize the amplitudes
and phases of sinusoids of the same frequency as vectors. The sum of N sinusoids of the
same frequency is another sinusoid of the same frequency that can be obtained by adding the
real and imaginary parts of all complex vectors. In Section 5.2.1 we show that the output of
a linear time-invariant system to a sinusoid is another sinusoid of the same frequency.

A

/¢, <1 |

Figure 5.5 Geometric representation of the sum of two sinusoids of the same frequency. It fol-
lows the complex number representation in Cartesian form of Figure 5.4.

*sin*¢+cos’@ =1 and cos(a—b)=cosacosb +sinasinb.
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5.1.2.

In the field of digital signal processing there are other signals that r
are shown in Table 5.1.

Table 5.! Some useful digital signals: the Kronecker delta, unit step,
exponential (a <! ) and real part of a complex exponential (r <1 ).

Other Digital Signals

he
Digital Signa] Processing

epeatedly arise and (hq

rectangular signal, rea|

Kronecker delta, 1 n=0 ﬁ
or unit impulse alt= { 0 otherwise
—0-0-0-0-10-0-0-0-0p

Unit step ] = {1 n=0 . :

it T,
Rectangular I 0sn<N h _
signal recty[n) = 0 otherwise ] T T I T 2
Real exponential x[n]=a"uln)

———p
[t »

Complex
exponential

x[n)=a"uln}=r"e’u[n)

= r"(cosnw, + j sin na, Ju[n]

Re{x{n]}
# n

If »=1 and @, # 0 we have a complex sinusoid as shown in Section 5.1.1. If @, =0
we have a real exponential signal, and if » <1 and @, # 0 we have an exponentially decay-

ing oscillatory sequence, also known as a damped sinusoid.

5.1.3.

Digital Systems

A digital system is a system that, given an input signal x[z], generates an output signal yln):

yin)=T{x{n]}

whose input/output relationship can be seen in Figure 5.6.

(59

In general, a digital system T is defined to be linear iff (if and only if)
T{a,x,[n)+a,x,[n]} = a T {x[n}+a.T {x,[n]}

for any values of q,, a, and any signals x,[n] and x,(n] .
Here, we study systems according to whether or not they are linear and/or b

Figure 5.6 Block diagram of a digital system whose input is digital signal x{n],

x[n] —»| T{}

output is digital signal y[n].

(5.10

me invariant.

—» y[n]

and whose
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Digital Signals and Systems 207

5.1.3.1. Linear Time-Invariant Systems
A system is time-invariant if given Eq. (5.9), then
Yin=ny]=T{x{n—n,]} (5.11)

Linear digital systems of a special type, the so-called linear time-invariant (LTL),’ are de-
scribed by

-

yin="Y x{klhln—k}= x[n]* hin] (5.12)

k==

where * is defined as the convolution operator. It is left to the reader to show that the linear
system in Eq. (5.12) indeed satisfies Eq. (5.11).

LTI systems are completely characterized by the signal A[r], which is known as the
system’s impulse response because it is the output of the system when the input is an im-
pulse x[n]=3[n] . Most of the systems described in this book are LTI systems.

Table 5.2 Properties of the convolution operator.

Commutative x[n)* h{n] = h[n]*x[n)
Associative x[n)*(h[n)* hy[n]) = (x[n]* k [n]) * h,[1] = x[n]* h [n]* b, [n]
Distributive x[n)* (b [n]+hy[n]) = x[n)* k(1] + x{n] % hy[n]

The convolution operator is commutative, associative and distributive as shown in Ta-
ble 5.2 and Figure 5.7.

—»  N[n] > hln] > » i [n]

— +
—»  h,[n] > h[n] > > h,[n]
— A[nlh[n] — —»{ h[njth[n] (—>»

Figure 5.7 The block diagrams on the left, representing the commutative property, are equiva-
lent. The block diagrams on the right, representing the distributive property, are also equivalent.

* Actually the term linear time-invariant (LTI) systems is typically reserved for continuous or analog syslems..and
linear shift-invariant system is used for discrete-time signals, but we will use LTI for discrete-time signals too since
it is widely used in this context.
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5.1.3.2. Linear Time-Varying Systems

An interesting type of digital systems is that wh

4 ; : ose 0 is a li
input signal at different times: HIPULis 2 linear combination of g,

Mrl= 2 {klgln,n—k]
ke 5.13)

The digital system in Eq. (5.13) is linear. si i i
. ] . (5. , Since it satisfi g
Tlme-Im/:anant systems of Section 5.1.3.1 are a special cl;::eEg-f (}53};0)&51;'36 i
gln,n—-k]= h[n—k]'. Th.e systems in Eq. (5.13) are called linear lime-vq ;'n .L g
tems, because the weighting coefficients can vary with time. 8 LTV) o
A useful example of such system is the so-called amplitude modulator

ynl=xn
1= x[njcoswyn 6514

used in AM transmissions. As we show in Chapter 6, speech signals are the output of LTV
gyslelps. Since these systems are difficult to analyze, we often approximate them with Jinear
time-invariant systems.

5.1.3.3. Nonlinear Systems

Many nonlinear systems do not satisfy Eq. (5.10). Table 5.3 includes a list of typical nonlin-
ear systems used in speech processing. All these nonlinear systems are memoryless, because
the output at time n depends only on the input at time n, except for the median smoother of
order (2N + 1) whose output depends also on the previous and the following N samples.

5.2. CONTINUOUS-FREQUENCY TRANSFORMS

rm, because it uses complex
transform. In this section W&
and their propertics-

A very useful transform for LTI systems is the Fourier transfo
exponentials as its basis functions, and its generalization: the z-
cover both transforms, which are continuous functions of frequency,

5.2.1. The Fourier Transform

pulse response H[n] is when

a LTI system with im 2) and using the

It is i i what the output of ;
is instructive to see P &% in Eq. (5.1

the input is a complex exponential. Substituting x[n]=
commutative property of the convolution we obtain

yln] = 2 h[k]eiab(n—b = g/" i h[k)e'j‘“"‘ = ela\,nH(efﬂh)

k=—o0

.15

k=—co
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Continuous-Frequency Transforms 209

Table 5.3 Examples of nonlinear systems for speech processing. All of them are memoryless
except for the median smoother.

Nonlinear System Equation
Median Smoother y[n] = median{x{n— N],---,x[n],---,x[n+ N}
of order (2N+1)
Full-Wave Rectifier ¥n] =]x[n]|
Half-Wave Rectifier (r] x{n] x[n}z0
nl=

¥ 0 x[n]<0

Frequency Modulator | y[n] = Acos(w, +Awx{n])n
' A  x[n]=24
Hard-Limiter yin) =4 xn] I x["]l <A
-A x[n]<-4
' . (N-1/2)A x[n]2(N-DA

Uniform Quantizer ) (m+1/2)a mASxnl<(m+DA  0<m<N-1

(L-bit) with 2N =2* | y[n]

intervals of width A T |(~-m+1/2)A -mASxinj<—(m-DA 0<m<N-1

(-N+1/2)A n]<—(N-1)A

which is another complex exponential of the same frequency and amplitude multiplied by
the complex quantity H(e’™) given by

HE®)="3 Hnle™™ (5.16)

n==co

Since the output of a LTI system to a complex exponential is another complex exponential,
it is said that complex exponentials are eigensignals of LTI systems, with the complex quan-
tity H(e’) being their eigenvalue.

The quantity H(e’®) is defined as the discrete-time Fourier transform of hn]. It is
clear from Eq. (5.16) that H(e’*) is a periodic function of  with period 27, and there-
fore we need to keep only one period to fully describe it, typically ~7 <@ <n (Figure 5.8).

H(e’®)

on r ' T 2% o

Figure 5.8 H(e’®) is a periodic function of ®.
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H(e’®) is a complex function of & which can be expressed in te;

imaginary parts: TS of the rea] 4,

H(e™)=H, (e")+ jH (")
(5.17)
or in terms of the magnitude and phase as

H(™)= l H(e® )l o/ amH (™))
(5.18)

Thus if the input to the LTI system is a sinusoid as in Eq. (5.1), the output will be
yilr)= 4y |H (& cos (yn-+8, +arg {H (e")}) (519

according to Eq. (5.15). Therefore if |H (e’ )' >1, the LTI system will amplify that
quency, and likewise it will attenuate, or filter it, if IH (™ )‘<1. That is one reason w;e-
these systems are also called filters. The Fourier transform H(e’®) of a filter A[n] is ca]leZII
the system’s frequency response or transfer function.

The angular frequency @ is related to the normalized linear frequency f by the sim-
ple relation @ =27 f . We show in Section 5.5 that linear frequency f; and normalized fre-
quency f are related by f, = fF,, where F, is the sampling frequency.

The inverse discrete-time Fourier transform is defined as

h[n] =?;_ _f_"x H(®)e"dw (520

The Fourier transform is invertible, and Eq. (5.16) and (5.20) are transform pairs:

h{n]= 51; _,:H(e"" )" dw = '21?}[ i Hme™ " Je"""da)

S (5:21)
- 1 ex -
= Hml—( @™ ™dey ="y hmls[n—ml=Hhnl
,,ZL [m] 2 Lf ,,.;.,
since
5.22)
__l__r "™ de =5[n—m] (
21 %
A sufficient condition for the existence of the Fourier transform is
S (5.23)
> in)| <
. : e ofa filter
Although we have computed the Fourier transform of the impulse respons
hin], Eq. (5.16) and (5.20) can be applied to any signal x[n].
Amazon/VB Assets
Exhibit 1011

Page 236



Continuous-Frequency Transforms 211

5.2.2. Z-Transform

The z-transform is a generalization of the Fourier transform. The z-transform of a digital
signal A[n] is defined as

H(z)= Y, hln}z™" (5.24)
o
where z is a complex variable. Indeed, the Fourier transform of A{n] equals its z-transform
evaluated at z =e’®. While the Fourier and z-transforms are often used interchangeably, we
normally use the Fourier transform to plot the filter's frequency response, and the z-
transform to analyze more general filter characteristics, given its polynomial functional
form. We can also use the z-transform for unstable filters, which do not have Fourier trans-

forms.
Since Eq. (5.24) is an infinite sum, it is not guaranteed to exist. A sufficient condition

for convergence is:

2 |Alm)|of < (5.25)
which is true only for a region of convergence (ROC) in the complex z-plane R, <[z| <R,
as indicated in Figure 5.9.

For a signal A[n] to have a Fourier transform, its z-transform H(z) has to include the
unit circle, | z|=1, in its convergence region. Therefore, a sufficient condition for the exis-
tence of the Fourier transform is given in Eq. (5.23) by applying Eq. (5.25) to the unit circle.

An LTI system is defined to be causal if its impulse response is a causal signal, i.e.
A[n]=0 for n<0. Similarly, a LTI system is anti-causal if hA[n]=0 for n>0. While all
physical systems are causal, noncausal systems are still useful since causal systems could be

decomposed into causal and anti-causal systems.
A system is defined to be stable if for every bounded input it produces a bounded out-
put. A necessary and sufficient condition for an LTI system to be stable is

i |Aln]| < o (5.26)

n=—co

2

-

Figure 5.9 Region of convergence of the z-transform in the complex plane.

Amazon/VB Assets
Exhibit 1011
Page 237



212 Digi . e
tal
Bital Signg) P“’“&ing

which means, according to Eq. (5.23), that A[r] has a Fourier tra
its z-transform includes the unit circle in its region of convergence,
Just as in the case of Fourier transforms, we can use the z-
just for a filter’s impulse response.
The inverse z-transform is defined as

nsform, and therefore that

transform for any signal, oy

1
Hl =— =l
(] 2Mgﬁﬁ(z)z dz -

where the integral is performed along a closed contour that is within the region of con
gence. Eqgs. (5.24) and (5.27) plus knowledge of the region of convergence form a transf::mp
pair: i.e. one can be exactly determined if the other is known., If the integral is performeg
along the unit circle (i.., doing the substitution z=e’*) we obtain Eq. (5.20), the inverse
Fourier transform.

5.2.3. Z-Transforms of Elementary Functions

In this section we compute the z-transforms of the signals defined in Table 5.1. The =
transforms of such signals are summarized in Table 5.4. In particular we compute the z-
transforms of left-sided and right-sided complex exponentials, which are essential to com-
pute the inverse z-transform of rational polynomials. As we see in Chapter 6, speech signals
are often modeled as having z-transforms that are rational polynomials.

Table 5.4 Z-transforms of some useful signals together with their region of convergence.

Signal Z-Transform Region of Convergence
h[n)=6[n-N] H(z)=z" z#0
Wi =url=dn=NT [ 1 z#0

2 . 1— ~1
hy[n) = a"u{n] . ERH

3 -z )
hInl=—-a"u[-n-1] .t = [z|<al

b l1—az™

5.23.1. Right-Sided Complex Exponentials

A right-sided complex exponential sequence

hy[n] = a"uln]

(5.28)
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