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Deterministic Con‘fext—Sensitive Languages: Part |*
Danier A. WALTERS

RCA Laboratories, Princeton, New Jersey 08540

A context-sensitive grammar G is said to be CS(&) iff a particular kind of
table-driven parser, J(G), exists. Corresponding to each J,(G), we define
a class of parsers T(G). 7 (G) is itself a T3(G). The main results are:

1. Any processor 7,(G) for a CS(k) grammar G accepts exactly the sentences
of G.

2. The set of languages generable by CS(k) grammars is exactly the set
of languages accepted by deterministic linear-bounded automata (DLBA’s).
3. (a) Itis undecidable whether there exists any & > 0 such that an arbitrary
CSG is CS(k).
(b) For every fixed & > 0, thereis no algorithm that will decide if G is
CS(k) and also construct J(G) if it exists.

4. For any DLBA M, algorithms are given to (i) construct a CS(k) grammar
Gz that generates the language accepted by M, and (ii) construct a processor
T«Gu).

5. CS(k) grammars are unambiguous.

6. The sentences of a CS(k) grammar can be parsed in a time proportional
to the length of their derivations. )

1. INTRODUCTION

Efficient processing of programming languages has great practical impor-
tance and has consequently received much theoretical attention. A large part
of this attention has been devoted to finding models of programming lan-
guages. These models have been of two complementary types: generative and
recognitive. The most important generative model has been phrase-structure
grammars, especially context-free grammars. 'The recognitive models have
been various restricted Turing machines. These two approaches to modeling
have been related by showing, for many different {grammar, automaton)

* A preliminary version of this paper was presented at the Tenth Annual Symposium
on Switching and Automata Theory, Waterloo, Ontario, October 15-17, 1969.
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DETERMINISTIC CS LANGUAGES: PART I 15

pairs, that a language is generable by a particular kind of grammar if and
only if it is recognizable by a particular kind of automaton.

The context-free grammars (CFG’s) have received the most study. The
class of languages generated by CFG’s has been shown to be equal to the
class of languages recognizable by non-deterministic pushdown automata.
The class of languages recognizable by deterministic pushdown automata
(DPDA’s) has also been studied, since it provides an elegant model of many
simple languages. This class of automata was related to grammars in (Knuth,
1965). He defined the class of LR(&) grammars, for each 2 > 0, and showed
that a language is generable by an LR(%) context-free grammar for some % if
and only if it is recognizable by a DPDA.

This work extends the methods of Knuth to context-sensitive grammars
(C8SG’s). The class of context-sensitive grammars propetly includes the class
of context-free grammars, but has received much less attention, partly
because of the lack of an efficient general scheme for processing these gram-
mars, A class of automata that is equivalent to CSG’s is the class of non-
deterministic linear-bounded automata (NLBA’s). The class of languages
recognizable by deterministic linear-bounded automata (DLBA’s) has not
been related to grammars,! and this will be done in Part II. In Part I, we
define a class of grammars—called CS(k) grammars—that are equivalent to
the DLBA’s and present some of their properties.

The rest of this section defines the basic concepts and notation used later.
Section 2 defines CS(k) grammars and their processors, and establishes some
of their properties. These two sections comprise Part I. Section 3 gives a non-
standard formulation of a deterministic linear-bounded automaton (DLBA),
and proves the equivalence of this formulation to the standard one. Section 4
shows the equivalence of CS(k) grammars and DLBA’s. Section 5 discusses
the time bounds for CS(%) processors, and Section 6 describes some problems
left open in this work.

Definitions

A context-sensitive grammar (CSG) is a quadruple {V', Vy, S, &}, where
V1 is a finite set of terminal symbols, V, is a finite set of nonterminal symbols,
Ven Vy = @ (the empty set), V =1V, U Vy is called the vocabulary,

S e Vy is called the distinguished symbol, and & is a finite set of rules. Let
the members of & be numbered from 1 to 7. The p-th rule is denoted

1Tt is not known whether the class of languages accepted by DLBA’s is equal
to the class accepted by NLBA’s.
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16 WALTERS

YuVoppeYom — XXy Xy, where 1 <my, <my, Yy, Xp€ V and?
Yy Ypm ¢ Vit I m, 2 2, rule p is a context-sensitive rule; if m, = 1, rule
P is a context-free rule. ¥ ,...Y 5, is the subject of rule p, and X,;... X on, 18 its
RHS (right-hand side).

A dertvation in a CSG is a sequence &y , o yuy &yeq , M 2= 0, of strings
such that for each 7, 1 < ¢ <C m, there are strings B;, v;, 9, , {; such that
oy = Byyids y oy = BilS; , and y; — [; € Z. Associated with each of oy, ..., &,
there must be a pair {p, ) denoting that y; — {; is the p-th rule of & and the
first symbol of v; is the r-th symbol of «, . Each «; is a line of the derivation,
and the process of applying a rule to one line to produce the next line is a
step of the derivation. The sequence a, ,..., &, is said to be a derivation of
Uy from oy , and o, is said to be derivable from oy .

A string w € V7 is a sentence if it is derivable from S. The set of all sen-
tences generable by a CSG forms the (context-sensitive) language defined by
G, and is written L(G).

A context-free grammar (CFG) is a CSG all of whose rules are context-free
or are of the form 4 — A for 4 € V. Such a rule is called a A-rule. If a CFG
contains no A-rules, it is clearly also a CSG.

We will define a parse as a two-dimensional description of a set of deriva-
tions, A parse of f as « is a bracketed diagram showing how § is derived from
a. Such a parse is obtained from any derivation of 8 from « by writing down
B, then bracketing the RHS of the last rule used in the derivation, writing
the subject of the rule above the bracket, and associating the rule number
with the bracket. The string resulting from replacing the bracketed symbols
by those above the bracket is the penultimate line of the derivation. If this
bracketing is continued until all the steps in the derivation have been utilized,
the result is a parse of B as o. The set of derivations that would yield the same
parse under this construction is the set described by the parse.

For example, in the grammar® (1) S — 4BC, (2) AB— aB, (3) C— D,
(4) BD — bd, a derivation and the corresponding parse are

1,0 S 11— 5 -
3,2 ABC AB C
2,05 A4BD 2— —3.
{4,1> aBD B8 D 4
abd a b d

2 7+ is the set of all nonnull strings over ¥r . The null string is denoted by 4, and
Vi* = Vtu {4}, V" denotes all members of I7* of length k. For a single symbol x,
xF = {x}*.

8 Upper- and lower-case letters are nonterminal and terminal symbols, respectively.
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DETERMINISTIC CS LANGUAGES: PART I 17

Corresponding to every parse is a unique rightmost dertvation, which can be
constructed from the parse as follows: Write down S. Find the rightmost
bracket that has no brackets above it, and delete it. The next line of the deriva-
tion is determined by <{p, r), where p is the rule number labeling the deleted
bracket and # - 1 is the position of the leftmost bracketed symbol. Repeat
this process until all brackets have been deleted. Alternatively, the rightmost
derivation is the one that allows the parse to be constructed as in the preceding
paragraph without ever drawing a bracket wholly to the left of the previous
one drawn. The derivation in the example above is the rightmost one. If
rule 2 had been used before rule 3, it would not have been rightmost.

A sentence is ambiguous if there are two rightmost derivations of it. A
grammar is ambiguous if it has any ambiguous sentences; otherwise, it is
unambiguous.

We describe derivations by writing « = 8 if 8 is derived from « (in zero
or more steps), « — 3 if B is derived from o in exactly one step, and o 3>f if
this one step used rule p. For any strings o , ay , a3, B if we write o0, = B
or agouo; — B, we mean that no symbols in o or «; were replaced in the
derivation. That is, we mean that 8 is of the form ayyay and ap = 3 or oy — y.
The strings o, and o, , and their substrings, are said to be carried down from
the line aya04 to the line 8.

2. CS(k) GRAMMARS

Knuth (1965) has defined the LR(k) grammars and given an algorithm
that constructs a processor for a grammar if the grammar is LR(%) (for a fixed
k). The definition of the algorithm and the processors it constructs has three
parts: the description of an automaton to process strings, the explication of
the notion of “‘state’’ for the automaton, and a construction method for the
parsing table that controls the automaton.

We will proceed similarly for CS(k) grammars. We will first describe a
class of processors for context-sensitive grammars, and then give an iterative
specification of a parsing table 7,(G) that controls a processor of this class for
a CS(k) grammar G. This specification is a generalization of Knuth’s con-
struction algorithm, and reduces to it if G is context-free. This iterative
specification will provide our basic definition.

First, we define a grammar G’ = (Vy/, V7, S', #') corresponding to a
context-sensitive grammart G = (Vy, Vi, S, 2), as follows:

Vy =VyV{ShL VY =V U{#LS, #¢V, 7 =P U{S — SHt.

*If G is context-free, Z may contain A-rules.

643/17/1-2
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18 WALTERS

Let the rules of # be numbered from 1 through = in both & and &, and add
the rule §' — S#* to & as rule 0. A CS(k) or LR(R) processor examines
input strings from V;*#* to determine if they belong to L(G'); clearly,
w € L(G) if and only if w#* e L(G").

The LR(R) processor is an automaton with a two-track stack (pushdown
list) for storage, a one-way input tape, and a finite control mechanism directed
by the parsing table Z;(G). The storage configuration of the automaton will
be represented by

%Y, ... &,

®x ... %,

B,

where the contents of the stack is depicted to the left of the vertical line, and
the unread portion of the input is to the right. The % are called states, the x;
are members of V, %, is the unique start state, &, and %, (n > 0) are the top
entry on the stack, and 8 € V*#*. The automaton starts in the configuration

LA . . . .
| wit®, where w € V7 is the input string to be recognized. If the auto-

maton reaches the configuration, ~ *7* . * | wy#t®, where w = wjw, , then
L e Xy

(i) the LR(k) processor has “reduced” w; to x;...x,—i.e., it has reconstructed
a rightmost derivation of w,; from #y...x,, ,5 and (ii) if ws is the k-length prefix
of w,##*, then there exists some w, such that S = w,w;w, . In other words,
if the automaton reaches the configuration shown, the input string can be a
sentence only if x;...x,m, is a line of its rightmost derivation.®
We will represent the storage configuration of the CS(k) processor in the
same way, but with a slightly different meaning. Instead of a stack and a one-
way input tape, the CS(k) processor will have two pushdown lists, L and R.
The L pushdown list has two tracks, and is completely analogous to Knuth’s
stack.” The R pushdown list has one track. The storage configuration of the
1 e Xy
pushdown list is depicted to the left of the vertical line and has the same
interpretation as before, and the contents of the R pushdown list is depicted
to the right. The top symbol on R is the first symbol of 5, and 8 is a member
of V*#*.
As for the LR(&) case, the CS(k) processor starts in the configuration,

CS(k) processor is represented as B, where the contents of the L

5 This is also, of course, a rightmost derivation of w = w,w, from x, ... x,w, .
¢ LR(k) grammars are unambiguous.
7 We will use the word stack to refer to the L pushdown list when we are discussing

LR(k) and CS(&) processors simultaneously.
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DETERMINISTIC CS LANGUAGES: PART I 19

S

O\ witk, where w € V* is the input string. If the automaton reaches the
. KRS S, .
configuration .‘]xl x "1 B##*, where e I*, then it has reconstructed a
1 e Xy

rightmost derivation of w from x;...x,8. That is, w can be a sentence only
if x,...x,8 is a line of its rightmost derivation.

In both the LR(%) and CS(k) processors, a state & is a set of partial states®
of the form [p, 7, o], where p is a rule number, 0 < p < 7; § is an integer
1 <j < nyand ae Vigh—t with 0 << ¢ << & for CS(%) and « e V2% for
LR(%). (If p = 0, j may also be 0; then o = A for all £.)

Suppose that the processor (LR(k) or CS(k)) started with the input string

w#* and reached the configuration yi"? f" B#*. The automaton will be
1 Ym

said to be i state &, .

The significance of a partial state can be explained as follows. Suppose that
there exists some w € V' ;* such that the LR(%) processor reaches the con-
figuration, Ly.i]f:l - BE, after starting with w#*, where B € V,;*#* and

Lo %
| B] = k. The following three statements are equivalent:

(1) The partial state [, j, o] is a member of &, .

(2) The processor has just found the first j symbols of the p-th rule, and
« can follow the p-th rule if it is completed; that is, xy...x, = yX,;...X,; for
some y, and S’ = y¥ ;a8 for some 3.

(3) There exist y, 8 € V*#* such that there is a rightmost derivation
of the form,

7
S = %y e X, Y oy

57 By e BBy e XX gy e Kpn 0y == By oo X Xy oo Xy oty

= Xy .. X8,

Note that since this is a rightmost derivation in a CFG, ey € V*#*; hence,
ay is not involved in the derivation of x,_;;..%,88 from X ;...X,, ay.

For the CS(k) case, we will see later that a generalization of this last
statement will characterize the partial states that belong to %, .

The parsing table J,(G) that directs the LR(k) or CS(k) processor is
composed of a finite number of rows, each associated with a state of the
processor. We will describe the format and meaning of J(G) for a CS(k)

8 Knuth uses state and state set, respectively, for our partial state and state.
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20 WALTERS

processor; the LR(k) processor is just a special case, with m, = 1 for all p.
A typical row of F(G), corresponding to a state &, has the form,

State Stack Goto
Name Lookahead  Action Symbols States
o Shift % &,
oy Shift
& ol Reduce p X Lo
oy Reduce ¢

& and ..., S, (m > 0) denote states; o ,..., ap (£ = 1) e Vigt*? for
0 < ¢ < kareall different; «, ,..., x,, € V are all different. For a state &, L(%)
denotes the set of strings in the lookahead column, and for each o €L(%),
A(&, o) is the action associated with «. This action will be one of shift,
reduce p (1 < p << m), or accept. The set of stack symbols will be denoted
S(&), and for each x € S(&), its associated goto state is G(Z, x).

In order to explain how J3(G) controls the CS(k) processor, suppose the

. IS o S,
processor has reached the configuration, Oxl N ™ | anB, where n > 0,
1= n

anpP e VEiH*, | an | = k, and xn is called the lookahead string. The row of
T(G) named by ¥, determines the next move of the processor, as follows:
First, xn is compared to the strings «; in the lookahead column. If no «; is
equal to a7, the processor rejects the input string. Otherwise, the action
associated with xv, A(S;, , xn), is performed as follows:

(1) A(S,, xn) = accept. We will sce later that the configuration must

b

S . . .
e .° F| #*, where S is a unique accepting state. The processor stops, and

S

accepts the original input string (recognizes it as a member of L(G)).

(i) A(&, , xn)=shift. The symbol x is popped off the R pushdown list
and pushed onto the L pushdown list (on the lower track). The symbol x will
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DETERMINISTIC CS LANGUAGES. PART I 21

appear in the STACK column of &; the state associated with it, G(%, , x),
is put on the top track of L. The processor is then in the configuration,
FoeH e LGS, %)
ox ..x, X

associated with G(&, , ).

(iil) A(S, , %) = reduce p, for 1 < p < 7. The topmost n, entries on
the lower track of L are equal to Xy...X,, . L is popped 7, times, and the
subject of rule p is pushed onto the R stack. The processor is then in the

0 i N "7 | ¥y oo Yy 2mPB. Processing continues using the
o Xy

78, and processing continues using the row of JG)

configuration,

row of J,(G) associated with 5’;_,% , and using the first £ symbols of
Y 1. Y m as the lookahead string. (The action required by &, _, for this
lookahead ‘string will always be shift.) ’

Knuth’s algorithm determines whether, for a given & and G, 7(G) exists,
and constructs it if possible. It does this by specifying the entries of the row
of J(G) corresponding to a state & as a function of the partial states com-
posing . If this specification leads to conflicting actions for the same looka-
head string, then Z(G) does not exist. The algorithm will attempt to con-
struct the row of J3(G) corresponding to state & if either & is the start state
S or & already appears in the GOTO column for some state.

We define CS(k) grammars by a similar method. Let G be a context-
sensitive grammar and & = 0. G is CS(&) iff the table T(G), as defined below,
exists. The following statement is true for any context-free grammar G and
any k: G is LR(k) iff it is CS(&), and the tables .7;(G) produced by Knuth’s
definition and by the one below are identical if they exist.1?

Definition of T3(G)

Step 1. Define the start state S 2 {[0, 0, A4]}.
Steps 2-7 specify the row of 73(G) corresponding to any state .

Step 2. When the CS(k) processor is in a state containing [p, 7, 8] with
j << m,, the processor must be prepared to encounter as a prefix of the R
pushdown list, a string derived from X,,,;,5...X,, 0. If this derivation applies

? For the case where m, = 1, the subject of rule p will be pushed onto R, and then
shifted onto L under the direction of ,,_, in the next step. This is clearly equivalent
to the steps called for by Knuth’s formulation: the subject of rule p is immediately
pushed onto the bottom track of the stack, and G(&,,_, , Y,;) is pushed onto the top
track. ?

101f G contains any A-rules, this statement applies to the grammar obtained by
removing the A-rules from G in the usual way.
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22 WALTERS

rule g at the left, then the processor must also be prepared to encounter
XXy - " is defined as the st of all partial states [g, 0, 6] that need be
considered in this way:
S"A{[q,0,0]]0 eV*H#r&|0'| =k
& (ALp, 4, 0] € F)Fx e V¥)Fy, 8 € V¥ (Hw € L(G))

(8" = oy .. Yo, Oy

'p_)‘ aXpl een ijXLD,J'-%—l ane Xp"pgz

= 0Xpy e Xy Vg e Vo 88
> 0X e XX o X 08

= w##® 1s a rightmost derivation)}.

Step 3. Define & & U &,

Step 4. Define the set of lookahead strings that have the action shift:

L) & {wm || an | = k& (@3[p,], 0] € F)Fae V¥)(Iy, 6 € V*#*) 3w e L(G))
(8" = a¥p .. Yy by
> 0Xp o XX a1 o Xpn Oy

= Xy o Xpiemd
= w##® is a rightmost derivation with the first step, if any, in

aX gy oo Xpimd = w##* not wholly in 53)}.

This says that xyeLy(¥) due to [p, 7, 0] €& if there is some rightmost
derivation of a sentence that uses rule p, and, when the processor is recon-
structing this derivation and has already shifted X,...X,; onto the L push-
down list, xn are the next k& symbols after X;...X,; . The requirement that
o Xy X zmz,e?’ = aX .. X,wm8 not involve any symbols in oX,..X,;
reflects the fact that X,;...X,; are already on the L pushdown list, and hence
no reduction can be performed within them before shifting x. The require-
ment that the first step in «X ;.. X %n8 = w#* involve a symbol of
aX ... X % reflects the fact that we are looking for a rightmost derivation,
and hence any steps wholly to the right of ¥ would have been performed

Meta Platforms, Inc. - Exhibit 1021
Page 9 of 27



DETERMINISTIC CS LANGUAGES: PART I 23
before reaching the line of the derivation associated with the present configura-
tion.

Step 5. For each p, 1 < p < =, define the set of lookahead strings that
have the action reduce p:
L(%) £ {813[p,n,,0]e ).
That is, A(, 0) = reduce p if the topmost n,, symbols on L are X;...X,,
and the Jookahead string can follow ¥ ;... Y,,, in a derivation of a sentence.™

Step 6. If A(S, ) is unique for all § e Viftr—i—ie., if the L) are
pairwise disjoint for 0 < p < m—, then continue. Otherwise, G is not CS(k).

Step 7. Define the set of stack symbols and the goto states by
S(&) 2 {x|@[p, ), 0] € S" W& = Xpssa)}

and

G %) £{(p )+ 1,01 fs 1€ S & = Xy 54
For k& > 0, S(&) can also be defined by
S(#) = {x @)y L))

Steps 2-7 are repeated for each state appearing in the GOTO column of &
whose row has not yet been computed.

Step 8. Let % denote the unique state!? containing [0, 1, 4]. Set
A(Sr , #") = accept.

Exampre. Let G = ({S,4,B,C, D, E F},{a,b,def}, S, P#), where
P is

08 — S# 3 S—>Ed 5 DBC— dbe
1 S>ABC 44D 6 DBF—abd
2 S-»fABF 7 E—f.

11 In the definition of L,(&), we could use & instead of &, since n, > 0 for all p,
and all members of & — & are of the form [g, 0, #']. Using &’ makes the definition
formally correct for the LR(k) case, when s, may be zero.

2 Fe = G(Fy,S) unless L(G) = @, in which case Li(&y) = gfor 0 i<
and &, is the only state.
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24 WALTERS

G is CS(1). There are three rightmost derivations:

1) 2) €)
S S S
1 A4BC 2 fABF 3 Ed
4 DBC 4 fDBF 7 fd
5 dbe 6 fabd
The parsing table J1(G) is given by Table I.
TABLE I
Parsing Table 7 (G)
Members  Members
State of & of &” Lookahead Action  Stack Goto
Sy [0, 0, 4] S Shift S FLp=1[0,1, 4]
[1) 4 #] A4 Shift A yl = [1; 1$ #]
[2,0,#1 f Shift f F=1[2,1,#1,17,1,4]
[3,0, #] E Shift E &y =1[3,1, #
[4, 0, B] D Shift D &y =14,1, B]
[5, 0, #] d Shift d Fs = 15,1, #]
[7,0,d]
S [0, 1, 4j # Accept
&y [1,1, B Shift B Fe =1, 2, #1
A [2,1, #] A Shift A &e = 12,2, #]
[7,1,d] d Reduce 7
[4,0, B} D Shift D &y =14,1, B]
[6, 0, #] a Shift a &L = [6,1, #]
Py [3, 1, #4 d Shift d e = [3,2, #]
&, [4, 1, B] B Reduce 4
e I51, # b Shift b 1o =I5, 2, #]
e, 2, # c Shift c P =1, 3, #]
F 12,2, # B Shift B Fis = [2,3, #]
Ze 6,1, #] b Shift b Pis = [6, 2, #]
&Ly [3, 2, #1 # Reduce 3
P [5.2, #] e Shift e Fia =[5, 3, #]
L L3, #A # Reduce 1
S 2,3, #] F Shift F S5 = [2, 4, #]
S 16,2, #] d Shift d 6 = [6, 3, #1
L 15,3, # # Reduce 5
S 2,4, A # Reduce 2
S 16,3, # # Reduce 6
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DETERMINISTIC CS5 LANGUAGES: PART 1 25

This example shows the inadequacy of some alternative possible definitions
of &” and L(&). One of these alternatives, which is more analogous to
Knuth’s definitions than the ones we have adopted, is

S"={lg 0,011 Al , 0] € &)
(X1 = Y & (@Fae V¥)(3y, 8 € V*4¥)(Fw € L(G))

(S" = a¥py oo Yy Oy

7 Xy o XXy 00 X ivn o pn,,e_'y

= aX 1 oo XX 11 Vs eor Y 8

= Xy e XXy eor X 08

ang

= w#* is a rightmost derivation)]}.

L&) ={wm | o] =k&(3[p,],01€F)
[ = X, 11 & Qxe V¥)(Ty, 8 € VE#¥)Fw € L(G))
(" = ¥y v Vi By

g aXpy oo XXy 01X p,i4n o Xﬁnp@’_

= aXpy oo XpsXp j1amd

= w##* is a rightmost derivation with the first step
if any, in aX; ... X ;4m8 = w#* not wholly
within 78)]}.

Using these definitions, a member [p,7, 6] of &’ generates as additional
members of &” those [g, 0, 6'] that have X, ;, ; = Y, such that X, ; , was
carried down from the line resulting from rule p to the line in which rule ¢
was used. Members of Ly(#) are generated from each member of &7, and due
to [p,j, 0] € &' we get only lookahead strings beginning with X, ., .

If we were to apply these definitions to G, we would have [6, 0, #] ¢ %,
as follows:[1, 0, #] € ¥ dueto [0, 0, A] €  via derivation (1); [4, 0, B] € &4
dueto[1, 0, #] € S, via derivation (1); [6, 0, #] € S dueto [4,0, B] € &,
viaderivation(2). Due to [6, 0, #] € &4, wewould have ae Ly(%), A(S, , a) =
shift, and G(S , a) = {[6, 1, #]} = F;; - No sentence will ever use this line
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26 WALTERS

of 7(G), and Theorem 1 will show that the presence of this line does not
affect the validity of J(G) as a recognizer. However, the possibility of such
spurious lines in a table allows the possibility that a spurious conflict would
make a grammar falsely appear not to be CS(&). This actually happens for G.
Using the alternative definitions, we obtain [5, 0, #] € %5 since [4, 0, Bl € &%
dueto[2, 1, #] € ; via derivation (2) and [5, 0, #] € &5 dueto [4, 0, B]e ¥4
via derivation (1). Due to [5, 0, #] € ¥ we have d € Ly(%;) via derivation (1);
hence, Ly(S) N L (%) # &, and G would not be considered to be CS(1).
Formally, there is nothing wrong with this, since we would be using a different
definition. Esthetically, however, this seems very wrong, since the line of
the table that causes the conflict is never used for any sentence.

In the example above, the reason that [6, 0, #] is a member of & under
the new definitions is that derivation (2) is used to justify [6, 0, #] € ¥ but
derivation (2) cannot be used to justify [4, 0, B] € &;. More generally, this
definition generates members of %" from members of &', whereas the
definitions we have adopted require that members of &” be generated only
from members of .

Another Definition of Ly(S)

The definition of Ly(%’) given above considers Ly(%) to be composed of
contributions from the different members of . It will be useful later to
have Ly(#) divided even more finely—into contributions from each member
of &,

LemMa 1. L&) = L)/(L) U Ly(S), where
Ly(Z) S {xn ||| = k&(E[p,), 0] € F)
[¥ = Xy & Qe V¥, 6 € Vi4%)(E0 e L(G))
(8" = a¥py . Yy by

o0&y e XXy 513X p 549 - Xopn, Oy

=> oXpy oo XpiXp 0md

= w#* is a rightmost derivation with the first step,
if any, in oX,y ... X, ;0m0 = w##* not wholly
within 10)1};
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L&) & {xm | |an | = k& (A[p, ], 01 € #)3g, 0,01 F")
[ = X & Boe VH(y, 5, { e V¥#*)(Hw e L(G))
(8" = a¥yy o Yy Oy
g aXyy oo XpiXpojag ooe meﬁz

= oX .0 XY qugﬁ'a

o3 ql "
- Xy oo Xy X X oo X 00

= oX v X Xmd

= wit* is a rightmost derivation with the first step,
if any, in oX ... X Xamd = oF® not wholly
within 55)]}.

Proof. i xmeL(S), either x = X, ;,; and, in the derivation justifying
an eLy(), ® was carried down from the line aX,;...X,, fy to the line
X gy X pj¥md or & % X, ;43 OF it was not carried down. In the former case
xn € Ly (&), and in the latter case, an € Lg(F). Conversely, the derivation es-
tablishing that an € Ly'(%) or an e Ly(¥) also establishes that xn e Ly(&). O

The Extended Table T:(G)
Let G be a CS(k) grammar, and let ,(G) be its parsing table. We will

denote by J;(G) any parsing table that satisfies the definition below. In-
formally, any table 75(G) is a “superset” of F3(G)—for every state &, L,(¥)
in J,(G) is a superset of L (%) in T4(G), and 7,(G) may contain states not
present in 7 (G). T(G) itself is always a T,(G).

Definition of T,(G)
Step 1. Define & £ {]0, 0, A]}.

Step 2. Define & as for 73(G). Let #” be any superset of . such that
[9,,01e 7" 2p>0&j =0.

Step 3. Define ¥ & S U S and & = F U F".

Step 4. Define Ly(¥) as for (G). Let L) be any superset of Ly(S)
such that xy e Ly(F) D |wy | = k& A[p, ], 0] € )% = Xy 541)-
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Step 5. Define L (%), 1 < p < =, as for T(G).

Step 6. If A(, 6) is unique for all 8, continue. Otherwise, the supersets
chosen so far cannot lead to a 7(G).

Step 7. Define S(&) and G(Z, x) as for T3(G), using ¥’ instead of F”.
Step 8. Define % as for T3(G), with A(F , #*) = accept.

Recognition of CS(k) Grammars

We will show that the CS(k) processor, when directed by an appropriate
table, is a valid recognizer. This will be established by Theorems 1, 2, and 3.
Lemmas 2 and 3 are needed for Theorem 1, and Lemma 4 is needed for
Theorem 2.

LemmMa 2. If the processor for T(G) arrives at a configuration
SoSw - S

® X ... Xy
Kpjopd ove Xy = Xp]_ aee Xﬂj .

B, n =0, then for every [p,], 01 S  , either j =0 or

(n)?

Proof. By induction on stack length.

Basis. n=0. 9 ={[0,0, 4]} and every [p,], 0] ¥, has j =0 by
definition.

Induction. Assume that the lemma is true for stacks of length #. Show that
it is true for stacks of length 7 + 1: HFy)... Py - If [p, ], 0] € Py, , then
7 =0, by definition. So, suppose [p, j, 0] € F,y andj > 0. x,, could only have
been put on the stack by performing a shift in state #%,_;) , and we must have
G(Sn)> %n) = L) But Step 7 in the definitions of TG) and TG)
insures that [p,j — 1, 0] € #/,_3), and x, = X, ; . The induction hypothesis
then shows that x,_;,3..%, ; = X;..X, ;4. Hence, %, ;. 4..%, = X;..X ;.

U

LemMA 3. Let a € V*, and suppose the processor for T,(G) performs T > 0
operations (shift’s, reduce’s, accept or reject) during the processing of «t®. Let
the configuration of the processor after performing t operations (0 < t < T) be
denoted

Sot St T

x,0.B; , where | x,0, | = k.
o wg..us, 10481 | 0, |

Then (Vi , )0 <, <, < 1)

X1,3p ooe 9‘f’ft2,:52901¢20t2/3t2 = X4y e xftl,tlxtletlﬂtl .
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Proof. Informally, we just note that a shift action does not change the
string xl.t...x,t,txtﬁtﬁt , and Lemma 2 implies that a reduce action replaces the
RHS of a rule by its subject. This can be easily formalized as an induction
ont, —t . []

THEOREM 1. Let o€ V*. If the processor for T, (G) accepts oft®, then
S = a

Proof. Tirst we note that the processor accepts only in the configuration
% S
eSS
lookahead string #*; (2) since [0, 1, A] € %%, S is on the bottom track of L
by Lemma 2; (3) there must be a state below %% on the stack, since S can
be on the stack only due to a shift action; and the state below %% must be %,
since only < contains [0, 0, A]; (4) this occurrence of & must be at the

bottom of the stack, since no state has % in its GOTO column.
Now, suppose the processor for J,(G) accepts aff* after T operations.

#%. This is true since (1) the action accept occurs only in % for the

. . A .
The processor started in the configuration .0 aft® after 0 operations.

Applying Lemma 3 with #; = 0 and #, = T, we have S#* = of*, and hence
S=a []

Lemma 4 is a technical lemma for the proof of Theorem 2.

Lemma 4. Let 2 be a nonnull sequence of states, with state ¥ being the
rightmost, - and let ve V¥ with |X| = |v|+ 1. Let acV*, Be I i,
Le V*#*, and letp, §, 0] € F'.

If there is some p € V* such that the processor for T,(G) reaches the configura-

tion .ZV B when started in 5:6 p#" and therve is some w € L(G) having a right-

most derivation of the form,

5" = ¥y oo Yy O
- OLXp]_ e prX]J,J'-{-l e Xpnjﬁg

»

= vXp 41 ooe Xpn, 00

= 1B

= wit® with the first step, if any, in vB = w#* not wholly to the right of
the first symbol of B,
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then the processor will reach the configuration,

z
P Xﬂ,j-l-ls’
where vX, ;.48 is the last line of the derivation v.X, ;;..X,, 00 = vB in which

X ,i41 has been carried down from the line vX, ;... X, 00,

Proof. The proof is rather long, and is given in Appendix A,

Tueorem 2. For all a € V*, if o is a line in a rightmost derivation of a sen-
tence such that the first replacement in o, if any, involves its first symbol, then
the processor for I (G) accepts oft™.

Proof. Suppose that the processor for J(G) starts in the configuration
A
°
its subject, a rightmost derivation of of£* from S’ exists and has the form,
S’ — St = off. Applying Lemma 4 with a =0 =0 =4,p =7 =0,
p=wov=42= =, B = «fff, the processor will reach the con-

afft. Since S = o iff S’ = aff*, and rule 0 is the only rule with S’ as

figuration, S#*. The processor will perform a shift since S € Ly(%),

0
®

. . AR . .
and will reach the configuration oS #*. It will then accept, since
A(Sg #*) = accept. [

THEOREM 3. Let o€ V¥, The processor for T1(G) accepts aff® iff o € L(G).

Proof. Immediate from Theorems 1 and 2. [
Theorem 4 shows that the processor for .7,(G) operates by constructing,
in reverse order, a rightmost derivation of the input string.

THEOREM 4. Let o€ V*, and suppose that the processor for T1(G) accepts
oft® after performing T operations. The T-th operation is accept; suppose that
the ri-th, ry-th,...rp-th operations are reduce py , reduce p, ,..., veduce py , for
1 <n<rn<-<rg=T—2and 1 <p; <mfor1<i<R, and the
other operations are shift. Let the configuration after t operations (0 <t < T)

FoS 1t e Fo

be denoted : Oy, where | 0, | = k. Then

t
(1) The sequence

S#k = ﬁrRﬁerR s Brk_lerRﬁl'yrR_l yreey ﬁrlerl'y'/‘l s 3000')’0 = “#k
is a rightmost dertvation of oft* from S#*,
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(2) The i-th step of this derivation applies rule pp_;,4 to the first LT
symbols of 0, . 1o produce thei + 1-st line of the derivation, for 1 < i < R.

Proof. Lemma 3 shows that for 1 <7 — 1, Bbyy; = Biabiqysq if
the i-th operation is shift, and B0y, e Bz 191—1‘}’1 1 if the é-th operation is
reduce p. This shows that the sequence (1) is a derivation of aff* from S#-.
To show that it is a rightmost derivation, consider the 7,th operation,
reduce p; . The n, -th state popped from the stack contained [p;, 1, 6, 4];
hence, [p;, 0,0, 4] € y} .r, since the 7, -th state popped must have been
pushed onto the stack by performmg a shift in state ; .. The derivation
showing that [p;, 0,0, ;]e &7 , also shows that the %- -symbol prefix of

YyaYpm 0,4 is a member of Lo(y}wrz) Since

Ypil Ypimﬁiari—l'yri—l - 67{)/1”1-

(which establishes statement (2) of the theorem), the processor will perform
a shift immediately after each reduce, and the derivation it is producing is a
rightmost one. []

Properties of CS(k) Grammars

We will prove that CS(k) grammars are unambiguous, and we will prove
three undecidability results. Lemma 5 will be needed to prove unambiguity,
nd itself gives some insight into the table Z;(G). The proofs of Lemma 5
and Theorem 5 are rather involved, and are given in Appendix B.

Lemma 5. If the processor for T,(G) reaches the configuration,
oS 1 e I

o ...x, n+1 i

where x;_j 1...%; = #%, and if there exist y € V¥#* and w € L(G) such that
S" = &y e X Ypp oo Y Oy

P Xpei X py oer Xy By

=Xy e Ky X X g e Xy By
= Ky e By e Xy
= w#* is a rightmost derivation,

then [p, ], 0] &, .

TueoreMm 5. CS(k) grammars are unambiguous.
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Theorems 6 and 7 and their corollary establish three undecidability results
for CS(k) grammars.

THEOREM 6.  The problem of deciding, for a given context-sensitive grammar
G, whether or not there exists an integer k such that G is CS(R) is recursively
unsolvable.

Proof. Knuth proves that it is undecidable, for an arbitrary context-free
grammar G, whether there exists any % such that G is LR(%). His proof is
valid even if G is constrained to have no A-rules. But every such grammar is
a context-sensitive grammar, and is CS(&) iff it is LR(k). [

THEOREM 7. For each k = 0, there is no algorithm that will decide whether
or not an arbitrary context-sensitive grammar G is CS(R), and construct T3(G)
if it exists.

Proof. We show that if such an algorithm existed, the emptiness problem
for context-sensitive grammars would be solvable, which it is not. First, note
that for any G such that L(G) = @, J,(G) exists, and hence G is CS(%) for
every k : 7;(G) consists of the single state &, with A(S;, 8) = reject for all
6 e (V' ):. Now, suppose that for some integer & the algorithm mentioned
in the theorem existed. Apply this algorithm to an arbitrary grammar G:
if G is not C8(k), then L(G) £ &5 if G is CS(k), the algorithm constructs
J(G), and it can be decided whether or not J3(G) is the unique table for a
grammar generating the empty language. [

CoROLLARY. For each k = 0, let A(G, ) be a predicate that is true iff
G is C3(k) and T is T {G). Then A, is undecidable.

Proof. 'There are only finitely many tables that could be J(G) for each
G and k. If 4, were decidable, Theorem 7 would be violated. Alternatively,
let 7, be the unique table for any grammar generating the empty language.
As in Theorem 7, 7, contains only the state & , with A(S% , 6) = reject for
all 0 € (V/)*. For an arbitrary grammar G, 4,(G, 73) is true if L(G) = &.
Hence 4,(G, Z), and a fortiori, A, (G, ), are undecidable.

APPENDIX A: Proor oF LEMMa 4

LevMa 4. Let X be a nonnull sequence of states, with state & being the
rightmost, and let ve V* with |Z| = |v| - 1. Let aeV*, Be V¥#,
L e V*#*, and let [p, , 0] € F'.
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If there is some p € V* such that the processor for T(G) reaches the configura-
. . . . -
tion .EV B when started in .0 p#"* and there is some o € L(G) having a right-

most derivation of the form,

S = @V gy e Vg BL

o> Xy e XKy i e Xpn O
= vXp,j41 e anp%
= 1f

= w#* with the first step, if any, in vB = w#H* not wholly to the right of
the first symbol of B,

. . X .
then the processor will reach the configuration, .y l X, 426, where vX, ;.8 is

the last line of the derivation v.Xy ;.. Xy 00 = vB in which X, ., has been
carried down from the line vX,, ;4. X, 0L,

Proof. By induction on m = number of lines of the derivation after
vX,.;410 up to and including the line 8.

Basis. m = 0. Hence, vX,, ;1,6 =18 and X, ;,;8 = B, so the processor
is already in the desired configuration.

Induction Step. Assume that the lemma is true if there are fewer than
m 2= 1 lines after vX, ; ;8 up through »8. Suppose there are s > 1 such lines.
The proof has seven steps:

(1) The part of the derivation being considered must have the form,
v Xy i1 X pins oo Xpn, 0
= v X, saénPs = v X 5140
- *Y1Bs
= VB1B2 ]

where 8 = &9f,, B = B1Bs s Xp.j41€ —> v is the ¢-th rule, and vynf, = vB:5,
has m lines.

2) Let y = g18,...8, . Let p be the k-symbol prefix of 58, . ends in
En, M Y 1% ) P2
#*, hence p exists.) Then [g, 0, p] € &°” due to [p, j, 8] € Z.

643/17/1-3
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(3) Consider the m-line derivation vynBs = BB, . This derivation is
vgy . gnﬂ/@z = vf,B, by Step (2). There is a unique sequence of integers,
oty i), 7 20, 0 <) <dy < o+ < i, < n, such that: The first re-
placement of any g;’s replaces gi 1 Plus possibly 8i +s-++; the next replacement
that uses any of gy ,... gi, uses g; .q but not &:_, » etc. The derivation has the
form,

V8184 8i 10 gnq'qlgg = vynB,
= 1) e gz.r_lgir_l e girﬁr’ﬁz

Brafs

T~1

= VgL e gi,-_z-l-l - &

=gy e 8y 8y iq gizﬁz’ﬁz

= v '“giIBI,BZ = vB,B; .
Thus, we have that

vg1--.&s,, but not &i+1, Was carried down from vynB, to 18,8,;

vg1.--&i,, but not &i 1, Was carried down from vymB, to the first line in
which g; ., was replaced;

Vg1 Eip but not g, ,+1> Was carried down from vymf, to the first line in
which &i, - Was replaced;...;

vg1.--§;, but not &, 18 not involved in the first replacement,

[Note that the first step, if any, in the derivation vynPs = vBy B, must use part
of v, since f3, is not involved in the derivation, and any step wholly within 5
would have been performed as part of VX i1 Xy 00 = X, 5.1 E0B, (see
Step (1)) since the derivation is rightmost.] ’

z z ,
oy BiBe = oy |1 - &,P1'Bs » the pro-
cessor for Z(G) will perform 4, shifts, reaching the configuration,

0 T g, where [g, i, ] € S for 1 < i < iy
® V0 8y

[Proof. If 4 = 0, there is nothing to prove. Otherwise, the k-symbol
prefix of &1--£i,P'Bs = B is a member of Ly(F), due to [#,7, 0] &, since
the first step, if any, in ¥8 = w#* is not wholly to the right of g, (the first
symbol of B). Therefore, [q, 1, u] € G(Z, g,) = Fyy. If 4, > 1, then for
each 7, 1 <7 <4y, the k-symbol prefix of Ziv1--8: BBy i3 a member of

(4) Starting in the configuration
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Ly(H») due to [g, ¢, p] € Ky, since the first step, if any, in v8 = w#* cannot
be wholly to the right of g;,, since it is not wholly to the right of g; , as seen
above. Therefore, [g,7 + 1, p] € G(H), £i41) = Flusn)-]

(5) Since the derivation vynf, = 18,5, has m lines, there are fewer than m
lines after the line vgy...g; 41.-£:,f'B2 - Applying the induction hypothesis
(with v being 1g;...¢; ), we reach the configuration,

2w - Sy

® gy g i1 oo gizﬂz Bs

since g; 11...8;, was carried down to the line vgy...g; ...2; B2'Bs . As in Step (4),
the processor will then perform 4, — 7, shifts.

(6) After performing Step (4) once and performing Step (5) = 0 times,
2L oo Fln

® Vg ... &n,

we reach the configuration, 1By, where [q,1, u] € Hy for

1 <i<<n,.
The processor will now perform a reduce ¢ action, since [¢, n, , p] € & () and
w is a prefix of 78, (step 2)).

(7) After the reduce ¢, the processor is in the configuration, .ZV Xp.i116mBs,

which proves the lemma. []

APPENDIX B: Proors oF LEMMA 5 AND THEOREM 5

Lemma 5. If the processor for F;(G) reaches the configuration,

FoH1 e I

® Xy ...x, | T
where X;_y 1%, = #%, and if there exist y € V¥#* and w € L(G) such that

I3
8" = %y e Xy Vg e Vo Oy
7 Xp e X i Xy o Xy Oy
=2 XY e g v XX pist oo Xpn Y

= By e Bp¥pag o Xy

= w#* is a rightmost derivation,

then [p, ], 0] € & .
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Proof. By induction on #n.
y

Basis. n = 0. Then j = 0. Suppose
S = Yoy oo Yo 0y 5> Xy oo X By = %y ooy = o ff®

is a rightmost derivation of some w €L(G). If p = 0, there is nothing to
prove. Otherwise, this derivation shows that [p, 0, 8] € &,

Induction. Assume the lemma is true for stacks containing n entries
(H4--+Fn—). Suppose the processor reaches the configuration assumed in the
lemma with # > 1. Consider the most recent configuration in which the L
o1 Saa

Xy eoe Xy

Xy V1oV a0d A(S5y , %y V1. Viy ) must have been shift, with

pushdown list was . The R pushdown list must have been

G(Sn1 s %n) = T3

if the action were reduce, the stack would have become shorter, and this would
not be the most recent configuration as assumed, while if G(%,,_, , x,,) 7%= %,
the hypothesis of the lemma could never be true. Since

o e S

| I nd1 - Yu

is the most recent configuration with the stack as shown, the processor must
have gone from the next configuration,

Kpiq oo Xy

01 "9 Ve O

® X ... X, ® X .x,
without popping %, . By Lemma 3 and this observation,

By e Xy vee By = Xq eae Xy Yy voe Yy -
Now, suppose the derivation assumed in the lemma exists.

If{ > 0. This derivation and the fact that x,...x,, , and hence x...%,_;,
are not involved in x,...x; = %...7,, , together with the induction hypothesis,
show that [p,j — 1,01 &, . Since G(F, 1, %,) = S, and x, = X4,
2,7, 6l € %
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Ifj = 0. From the hypothesis of the lemma,

S = %y e By Y1 v Y Oy o0 %y e 0, X g o0 X By

= By . By - X = w#T1s a rightmost derivation,

Consider the rightmost derivation §" = #;...%,Y ;... Y fy. Since 2 > 0, it
must have the form

S = w0y e Xy Vg s ¥y 08
= %y e Xy g Xy e Xy 08
== Xy e By eor X Ky lyg oo Ky 0'8
= Xy e X Yy en Yo Oy

Hence, x,_,.;..%, = X,1...X,,, with £ > 1.
We can apply the induction hypothesis to the configuration

FourTutl vy
n e U

05 ... X,

since

S" = %y e ¥y p Vg oo Y 070
= X e Xy Xy eoe X, 078
= Xy e Xy 1 Xp oo X 078
D Xy e Ky 1 XKy e Xy
= Ky eee Xy g X V1 - Vau

= wHh

’

is a rightmost derivation and hence [r,/ — 1,0 &,,_; .
Since A(S1, Xp 1Y) = shift, G(Fy, %) = S, and Xy = x,,
we have [r, 4, '} € &, . Hence [p,0,0] € &," . [

Tureoren 5. CS(k) grammars are unambiguous.

Proof. Let G be a CS(k) grammar for some value of %, and hence Z3(G)
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exists. Suppose G is ambiguous. Let w be any ambiguous sentence. Let
{D; |7 =1, 2,..} be all rightmost derivations of w, where

Di = <[Pi,si ’ ri,s,-]’ [Pi,si——l ’ rz',si—]]r"’ [PZI ) rzl]>

Each [p,;,7;;] represents the s; —j -+ 1-st step of the derivation: Apply
rule p; ; to the r; ; +- 1-st through r; ; + m,, -th symbols of the s; — j + 1-st
line of the derivation. ’

Let u 2= 1 be the greatest integer such that the last # — 1 steps of all the
D, are the same. Let D, be the D, with the least value of 7, , + 7, (any one
of these, if more than one), and let D, be the D, with the next smallest value
(the same value if possible), but such that D, and D, have different values of
[Pius Vil Let 11,0 = @, 75, = b, pypy = pand pp o, = g.

D, and D, are as follows:

D,.
Sl
Xy eoe X6 Y p1 oo Yo Xog g ooe %g s (oq)
%y wee %0 X 1 oo XpmXaimpr oo ¥+ ®
Wi
D,.
Sl
Xy e %Y g1 eoo Yo Ko yngia oo ¥y ()
%y eee XX g1 oo Xgn Xogngr1 oo % B)
w#®

where 8 and the # — 1 lines below it in D are the same as in D, , obtained
by the same steps, but oy —> B and a, — B used rules p and g as shown. We
have a +n, < b -+ 1n,.

Suppose T(G) is started with w#F. It will accept it, by Theorem 2, and will
do so by finding a rightmost derivation, by Theorem 4. Consider the con-
figuration of the processor just after performing # — 1 reduce’s: If u = 1, the
processor is in its initial configuration. If # > 1, the stack contains the prefix
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of B up to the subject of the rule used in going from B to the next line—i.e.,
L contains the first 7; ,_; symbols of 8, for any 7 (since all derivations are the
same at this point).

But, since all D, are rightmost derivations, 7;,,_; < #;,, + n,, . for any
j—in particular, this is true for the derivation D, that Z,(G) is producmg
Therefore, 7,,, ; << a +n, . Let 7,y == 0 for all Z. The processor for Z(G)
will do a + n, — 7,y shift’s, regardless of which D; it is generating, and
reach the configuration

T T
LR, GRD, ¢ R
By Lemma 5,
[ mp, Xornmgt1 o Xarng 1kl € L lam, - *

We consider two cases: (1) a +#n, = b, and 2) a +n, < b.
Case 1. Have b < a-+mn, <b-+mn,. By Lemma 5,

’
lg,a +n, — b, Kptmgtd == xb+nq+k] € tya-m, .

But we have A(%, atn, > Xatn 11 Fapn +,c) = reduce p due to (*), and
A ain, s Fatns1eKain +,C) — reduce g if b4n,=a-+mn, or shift if
b+n,>a-+mn, Therefore, there is a conflict in Z7(G), since p £ g v a4 b.

Case2. Have a - n, < b. For this case, we consider the form of D, . Let
8 be the line in D, such that x,, +n,+1 Was carried down from & to «, , but was not
carried down to 8. § was generated from the line above it by using some rule
7, such that Koy 1 = X,,; for some 4, 1 <7 < n,. Thus, D, has the form,
SI
Xy eoe Xy i1—i ¥ 1 - Yom, 00 where 0| =k

K1 ees xa+n,,+1-—z'Xr1 Xrnreg

Ky woe B pn, 11X p,i42 o0 Xm,@_)’ )]

Xy v Ryt o %Y q1 oo YVom Fpinppi oo s (o)

Xy oo %K g1 vor Kgn Xpimi1 - ¥ 8)
W .
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40 WALTERS

To show that D, has this form, we only must show that no step involves
Xy.Xypy 41 0 going from & to a, . The rest is general. But this follows from
%q1n 41 Deing carried down from & to oy , and rule ¢ being applied to o, where
shown. If any step had been applied to x;...x, +n, during 8 = a,, we could
not have applied rule ¢ in a rightmost derivation.

By Lemma 5, we have [r,7 — 1, 0] € :?;'Mp . Therefore, we have

A(%an » Xatngt1 - Barny ) = Shift,

conflicting with (*), contradicting the existence of F(G). [

Recr1veD: September 15, 1969; Revised: February 25, 1970,
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