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234 

FOUR-SIDED POLYGONS 

Objectives 
After studying this section, you will be able to 
■ Recognize polygons 
■ Understand how polygons are named 
■ Recognize convex polygons 
■ Recognize diagonals of polygons 
■ Identify special types of quadrilaterals 

Part One: Introduction 
Polygons 
Polygons are plane figures. The following are examples of polygons. 

~ ,_/ ------"~ 

21 
The following are examples of figures that are not polygons. 

EFGH is not a polygon, because a polygon 
consists entirely of segments. 

ABCDE is not a polygon. In a polygon, con­
secutive sides intersect only at endpoints. 
Nonconsecutive sides do not intersect. 

PKMO, PKMOR, and POR are polygons, but 
PKMOPRO is not, because each vertex must 
belong to exactly two sides. (Vertex P be­
longs to three sides in PKMOPRO.) 

Chapter 5 Parallel Lines and Related Figures 
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SVTY is a polygon, but SVTXY is not, be­
cause consecutive sides must be 
noncollinear. 

Why is PLAN not a polygon? 

Naming Polygons 

L/
p 

----~-A 

We name a polygon by starting at any vertex 
and then proceeding either clockwise or 
couterclockwise. If we start at A, we can call 
this polygon ABCDEF or AFEDCB. Can you 
start at B and name the polygon in two dif­
ferent ways? 

Convex Polygons 

F,-___ E 

A 

B.'---- c 

Many of the polygons you encounter in your geometry studies will 
be convex. 

Definition A convex polygon is a polygon in which each 
interior angle has a measure less than 180. 

Polygon ABCDE is not convex because the 
angle that lies in the interior of the polygon 
at E has a measure greater than 180. 

In the rest of this book, unless it is ex­
pressly stated otherwise, assume that all 
polygons are convex. 

Diagonals of Polygons 
In the two following figures, the dashed segments are diagonals of 
the polygons. 

Definition 

I \ 
-1.-\- -
/ /. 

A diagonal of a polygon is any segment that con­
nects two nonconsecutive (nonadjacent) vertices of 
the polygon. 

D 

Section 5.4 Four-Sided Polygons 235 
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Quadrilaterals 

A quadrilateral is a four-sided polygon. Quadrilate ral 

The following are special quadrilaterals. 

A parallelogram is a quadrilateral in which /Parallelogram O / 
both -pairs of opposite sides are parallel. _ / 

A rectangle is a parallelogram in which at 
least one angle is a right angle. Rectangle 

least two consecutive sides are congruent. Rhombus • 
A rhombus is a parallelogram in which at El 
A kite is a quadrilateral in which two dis­
joint pairs of consecutive sides are con- . 
gruent. 

A square is a parallelogram that is both a 
rectangle and a rhombus. B 
A trapezoid is a quadrilateral with exactly / ~ 
one pair of parallel sides. The parallel sides Trapezoid 
are called bases of the trapezoid. - _ 

An isosceles trapezoid is a trapezoid in D~-- ---~ C 
which the nonparallel sides (legs) are con-
gruent. In the figure, L A and LB are called Isosceles Trapezoid 
the lower base angles, and L C and LD are 
called the upper base angles. A B 

Chapter 5 Parallel Lines and Related Figures 
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I 

I 

We have given the meaning ( definition) of each of the previous 
figures in as simple a manner as possible. Each special quadrilateral 
will have further properties associated with it. Those properties are 
discussed in the next section. 

Part Two: Sample Problem 
Solve the Quadrilateral Mystery! 
No solution is provided for the following problem. It is intended to 
help you understand how mathematicians go about testing ideas that 
they think are true but which they have not yet proved. As you work 
through the problem, think carefully about the ideas you formulate 
and the ways you test them. (A computer with exploratory geometry 
software-such as The Geometric Supposer, by Sunburst-is an ex­
cellent tool for testing ideas. If you do not have access to such 
resources, try making careful drawings and using a ruler and a 
protractor to test your ideas.) 

Problem What truths can you discover about a parallelogram and a rectangle? 
a Draw a parallelogram ABCD. 

What true statements do you think you might be able to make 
about the parallelogram? Test your ideas and discuss your results 
in class. 

ii Draw diagonals AC and BD. What true statements can be made 
about the diagonals? Again, test your ideas and discuss your 
results in class. 

b Draw a rectangle PQRS. 
i What true statements con be made about the rectangle? Test your 

ideas and discuss your results in class. 
ii Draw diagonals PR and QS. What true statements can be made 

about the diagonals? Again, test your ideas and discuss your 
results in class. 

Part Three: Problem Sets 
Problem Set A 
A computer and exploratory geometry software may be used for 
problems 1-5. 

Examine the rhombus. Which of the fol­
lowing statements appear to be true? 

a All four sides are congruent. 
b The diagonals are perpendicular. 
c The diagonals bisect the angles. 
d The diagonals bisect each other. 
e The diagonals are congruent. R 

H 

M 

0 

Section 5.4 Four-Sided Polygons 237 
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Problem Set A, continued 

2 Examine the isosceles trapezoid. Which 
of the following statements appear to be 
true? 
a The opposite sides are congruent. 
b Opposite sides are parallel. 
c The diagonals bisect the angles. 
d The diagonals bisect each other. 
e The diagonals are congruent. 

3 Examine the kite. Which of the follow­
ing statements appear to be true? 

a The opposite sides are congruent. 
b Opposite sides are parallel. 
c The diagonals bisect the angles. 
d The diagonals bisect each other. 
e The diagonals are congruent. 
f The diagonals are perpendicular. 

R 

T 

E 

4 List all the properties that a nonisosceles trapezoid appears to 
have. 

5 List all the properties that a square appears to have. 

6 a Draw an equilateral quadrilateral that is not equiangular. 
b Di:aw an equiangular quadrilateral that is not equilateral. 

A 

p 

7 In the isosceles trapezoid shown, ST II RV. 

Name: a The bases 
b The diagonals 
c The legs ~ R . V 
d The lower base angles 
e The upper base angles 
f All pairs of congruent alternate 

interior angles 

8 Examine each statement below. If the statement is always true, 
write A; if sometimes true, write S; if never true, write N. 

a A square is a rhombus. 
b A rhombus is a square. 
c A kite is a parallelogram. 
d A rectangle is a polygon. 
e A polygon has the same number of vertices as sides. 
f A parallelogram has three diagonals. 
g A trapezoid has three bases. 

9 Why is a circle not a polygon? 

Chapter 5 Parallel Lines and Related Figures 
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10 Using the diagram, explain how the for- / 1 / __ __ ::

1 

I 
mula for the area of a parallelogram can } 
be the same as that for the area of a __J 
rectangle. ,,____ _ ____ _ ..,_ ._ _ _ ___ _ _, 

11 If the sum of the measures of the angles of a triangle is 180, what 
is the sum of the measures of the angles in 
a A quadrilateral? 
b A pentagon (five-sided polygon)? 

12 Find the area of a square whose perimeter is 65 feet. 

Problem Set B 
13 Prove that in a parallelogram each pair of consecutive angles are 

supplementary. 

14 Prove that in a parallelogram each pair of opposite sides are 
congruent. 

15 Prove that the diagonals of a rectangle are congruent. 

16 Given: ABCD is a kite. 
AB= x + 3, 
BC = x + 4, 
CD= Zx - 1, 
AD = 3x - y 

a Solve for x and y. 

C 

b What is the perimeter of the kite? 

D 

B 

A 

c Is it possible for AC to be 19 units long? Why or why not? 

17 a PQRS is a kite and also a rectangle. What else do we know 
about PQRS? 

b Draw a quadrilateral that is not convex and still satisfies the 
definition of a kite. 

18 What is the area of a triangle whose vertices are (- 4, - 3), (8, 7), 
and (8, - 3)? 

19 The trapezoidal region is actually the 
union of two triangles and a rectangle. 
Find the area of the trapezoid. 

6 

I 
I 
I 
I 
18 
I 
I 
I 

19 
4 

Section 5.4 Four-Sided Polygons 239 
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Problem Set B, continued 

20 How many rectangles are shown in the 
figure at the right, in which all of the 
angles are right angles? 

Problem Set C 
21 a How many diagonals does a triangle have? 

b How many diagonals does a quadrilateral have? 
c How many diagonals does a five-sided polygon have? 
d How many diagonals does a six-sided polygon have? 
e How many diagonals meet at one vertex of a polygon with n 

sides? 
f How many vertices does an n-sided polygon have? 
g How many diagonals does an n-sided polygon have? 

22 Refer to the seven special quadrilaterals on page 236. What is the 
probability that if two are picked at random, each will have a 
pair of congruent opposite sides? 

A NEW KIND OF PROOF 
The computer and the four-color 
conjecture 

How many colors does It take to color any 
map so that no two adjacent regions will be the 
same color? (Regions that touch only at a slngle 
point are not considered to be adjacent.) In 
1852 it was suggested that four colors are 
enough for any possible map. Although no one 
ever succeeded in constructing a map that 
needed more than four colors, for over 100 
years no one was able to furnish a satisfactory 
proof that such a map could not exist. 

Then, in 1976, it was announced that a 
group of mathematicians led by Kenneth Appel 
and Wolfgang Haken at the University of Illinois 
had proved the four•color conjecture. Having de• 
termined that all possible maps could be repre­
sented by a set of 1936 particular configura­
tions of regions, they programmed a computer 
to test each of these cases for four-colorablllty. 

Chapter 5 Parallel Lines and Related Figures 

-
hair 

The computer found no instance in which more 
than four colors were required. 

Traditionally, however, a proof has been con­
sidered a way of presenting mathematical rea­
soning that can be understood and verified by 
other people. The four-color proof is so complex 
that it would take lifetimes to verify it by hand. 
It Is one of the first examples of a proof that 
can be produced and checked only using a 
computer. 
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PROPERTIES OF 
QUADRILATERALS 

Objectives 
After studying this section, you will be able to 
• Identify some properties of parallelograms 
• Identify some properties of rectangles 
• Identify some properties of kites 
• Identify some properties of rhombuses 
• Identify some properties of squares 
• Identify some properties of isosceles trapezoids 

Part One: Introduction 
Properties of Parallelograms 
In this section, we will list some of the properties of special quadri­
laterals, beginning with parallelograms. (You should be able to prove 
many of these properties.} Read the properties carefully and learn 
them. They will be used often in the sections to follow. 

Learning so many properties may seem overwhelming at first, 
but most are concepts that you already know or that you discovered 
in Section 5.4. With some effort you will soon learn them all. 

In a parallelogram, 
1 The opposite sides are parallel by definition 

(PL II AR, AP II RL} 
2 The opposite sides are congruent 

(PL '== AR, AP '== RL} 
3 The opposite angles are congruent 

(LPAR == LPLR, LARL == LAPL} 
4 The diagonals bisect each other 

(AL bis. PR, PR bis. AL} 
5 Any pair of consecutive angles are 

supplementary (LPAR supp. LARL, etc.) 

Properties of Rectangles 
In a rectangle, 

1 All the properties of a parallelogram 
apply by definition 

2 All angles are right angles (LREC is 
a right angle, etc.} 

3 The diagonals are congruent (ET '== RC} 

p 
~-- - ----=.--= L 

Section 5.5 Properties of Quadrilaterals 241 
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Properties of Kites 
In a kite, 
1 Two disjoint pairs of consecutive sides are 

congruent by definition (IT = ET, IK = EK) 
2 The diagonals are perpendicular {TK .l IE) 

t 

3 One diagonal is the perpendicular bisector of the other 
(TK .l bis. IE) -

4 One of the diagonals bisects a pair of opposite angles (TK bis. -LITE, TK bis. LIKE) 
5 One pair of opposite angles are congruent (L TIK = L TEK) 

Properties 3-5 are sometimes called the half properties of kites. 

Properties of Rhombuses 
In a rhombus, 

1 All the properties of a parallelogram 
apply by definition 

2 All the properties of a kite apply (In fact, 
the half properties become full properties) 

R- ---~ H 

3 All sides are congruent-that is, a rhombus is equilateral 
(RH = HO = OM = MR) - -4 The diagonals bisect the angles (RO bis. LMRH, RO bis. LMOH, 
etc.) 

5 The diagonals are perpendicular bisectors of each other 
(RO .l bis. MH, MH .l bis. RO) 

6 The diagonals divide the rhombus into four congruent right 
triangles 

Properties of Squares 
In a square, 
1 All the properties of a rectangle apply by definition 
2 All the properties of a rhombus apply by definition 
3 The diagonals form four isosceles right triangles 

(45°-45°-90° triangles) 

Properties of Isosceles Trapezoids 
T~ - - ~ R 

In an isosceles trapezoid, , / 
'- / 

1 The legs are congruent by definition (TP = RA) / x, 
2 The bases are parallel (by definition of trapezoid) (TR II PA) ,,,,,, '--, 
3 The lower base angles are congruent (LRAP = LTPA) P""---- - --' ...... A 
4 The upper base angles are congruent (LPTR = LA)H) 
5 The diagonals are congruent {PR = AT) 
6 Any lower base angle is supplementary to any upper base angle 

(LPAR supp. LPTR, etc.) 

Chapter 5 Parallel Lines and Related Figures 
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In the problems that follow, you will be asked to prove some of 
these properties. You may use any prior property to help in the proof 
of a later property. For example, if you are asked to prove property 5 
of parallelograms, you may use properties 1-4 to help you in the 
proof. 

Part Two: Sample Problems 
Problem 1 

Proof 

Problem 2 

Solution 

Given: ABCD is a o (parallelogram). l0Jc LGHA = LFEC, 
HB = DE 

Conclusion: GH = EF 

1 ABCD is a o . 
2 DC IIAB 
3 LECF = L HAG 
4 AB= DC 
5 HB = DE 
6 HA= EC 
7 LGHA = LFEC 
8 L'>GAH == i'>FCE 
9 GH = EF 

Given: VRZA is a o. 
AV= 2x - 4, 
VR = 3y + 5, 

1 Rz = 2x + a 
ZA = y + 12 

A H B 

1 Given 
2 Opposite sides of a o are 11-

3 II lines ? alt. int. Ls = 
4 Opposite sides of a o are ==. 
5 Given 
6 Subtraction Property 
7 Given 
8 ASA (3, 6, 7) 
9 CPCTC 

Find: The perimeter of VRZA 

The opposite sides of a o are congruent, so we can write two 
equations. 

Zx - 4 = 1x + 8 
1 2 

1-x - 4 = 8 
2 1 

12x = 12 

x=B 
AV = 12 and RZ = 12 

3y + 5 = y + 12 

2y + 5 = 12 

2y = 7 
1 

y = 3-
1 2 1 

VR = 15- and ZA = 15-
2 2 

Adding the measures of the four sides, we find that the perimeter 
is 55. 
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Problem 3 

Proof 

Prove property 4 of parallelograms. 

Given: o ABCD 

Prove: AC and BD bisect each other. 

1 o ABCD 
2 AD II BC 
3 Ll == L2 
4 L3 == L4 • 
5 AD== BC 
6 .6.BEC == .6.DEA 
7 BE== DE 
8 AE == EC 
9 AC and BD bisect each other. 

Part Three: Problem Sets 
Problem Set A 

/::5:JD 
B C 

1 Given 
2 Opposite sides of a o are 11-

3 II lines ::} alt. int. Ls == 
4 II lines ::} alt. int. Ls == 
5 Opposite sides · of a o are ==. 
6 ASA (3, 5, 4) 
7 CPCTC 
8 CPCTC 
9 If two segments divide each 

other into == segments, they 
bisect each other. 

Given: o ABCD (ABCD is a o.) 

Conclusion: .6.ABC == .6.CDA 
}:;?7c 

A"""---- -- B 

2 Given: o EFHJ, 
Ll == L2 

Conclusion: KH == EG 

Supply each missing reason. 

1 o EFHJ 1 
2 L J == LF 2 
3 JH == EF 3 
4 Ll == L2 4 
5 .6.KJH == .6.GFE 5 
6 KH == EG 6 

3 Given: Rectangle MPRS, 
MO== PO 

Prove: .6.ROS is isosceles. 

J~ 

E 
2 

F 

TS2T 
M 0 p 
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4 Given: oABCD, D,.....-------~C 

Aky AE == CF 
Conclusion: DE == BF 

5 Given: o WSTV, 
WS = x + 5, 
WV= x + 9, 
VT= 2x + 1 

Find the perimeter of WSTV. 

6 Given: o ABCD, 
LA= (x)°, 
LD = (3x - 4)° 

Find: mLD and mLC 

7 Given: EFGH is an isosceles trapezoid, 
with legs HE and GF. 

EJ = x + 5, 
JG= zx - 1, 
HF= 13 

Find: EJ, JG, and HJ 

8 Prove property 3 of parallelograms. 
-

9 Prove property 4 of rhombuses. 

10 Prove property 5 of isosceles trapezoids. 

11 Given: mLIPT = 5x - 10, 
KP = 6x 

Find: KT 

E 

12 Given: RECT is a rectangle. 
RA= 43x, 
AC = 214x - 742 

Find: The length of ET to the nearest 
tenth 
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Problem Set A, continued 

13 Which of the dotted lines represent an axis of symmetry of the 
figure? (One side of a figure is a reflection of the other side over 
an axis of symmetry.) 

b Kite 

c Rhombus 

14 Given: LAFB == LDCE, 
L:-.AFB '$ L:-.DCE 

- - - - - p_ 

Prove: ACDF is not a parallelogram. 

Problem Set B 
15 Given: ABCD is a o. 

AF == CE 

Prove: DF II EB 
&vc 

A--=-------- B 

16 Given: PHJM is a rectangle. 
PG== MK 

Prove: L:-.OGK is isosceles. 
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17 Given: VRST is an isosceles trapezoid, 
with legs VR and TS. 

Prove: 6ARS is isosceles. 
~ 

R~S 

18 Prove that the diagonals of a rhombus divide the rhombus into 
four==&. 

19 Given: o KMOP, 
LM = (x + 3y)°, 
LO= (x - 4)0

, 

LP = (4y - 8)0 

Find: mLK 

20 ABCD is an isosceles trapezoid with 
upper base AD. 
BE = x + 7, CE = y - 3, 
AE = x + 5, BD = y + 4 

Find AC. 
l2<1 

B C 

21 An author wrote a problem involving 
kite KITE but forgot to say which pairs 
of sides were congruent. Work the prob­
lem twice to see which pairs of sides are 
congruent. 

K 

E 

22 Prove, in paragraph form, that one diagonal of a kite divides it 
into two congruent triangles, while. the other diagonal divides it 
into two isosceles triangles. 

23 RHOM is a rhombus. 

a Find the coordinates of point 0. - - y-axis H (6, 15) 

b Find the slopes of HM and RO. 

c What does the result in part b verify? 

T 

0 (7 , ?) 

R (1. 3) M (14, 3) 

24 The area of a parallelogram is equal to 
the product of its base and its height. 
Find the area of the parallelogram. 

8.25 mm 

1---- 12. 13 mm ----< 

x-axis 
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Problem Set B, continued 

25 SQUA is a square. If one of the triangles 
shown in the figure is chosen at random, 
what is the probability that it is 
isosceles? 

26 CM is a median. 
a Find the coordinates of M. 
b Is CM an altitude? 
c What type of triangle is .t.ABC? A (-6, 2) 

27 RHOM is a rhombus. 
mLMBR = 21x + 13, 
MR= 6.2x 
Find 'the length of RH to the nearest 
tenth. 

Problem Set C 

R 

M 

I 
I 

I 

y-axis 

I 
I 

I 

C (2. 8) 

B (2. _2) x-axis 

H 

28 TRAP is an isosceles trapezoid. The measure of one of its angles 
is 2.43 greater than 5.12 times the measure of another. If mL Tis 
less than mLR, find LA to the nearest second. 

29 Given: m II n 
a Solve for a in terms of x and y. 
b If a > 90, what must be true of y - x? 

30 In the solid box, 
o ABCD ~ o EFGH. 
Prove: HF ~ DB 

E 

--A"--------~ 
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