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142 Chapter 5 Geometrical Optics—Paraxial Theory

Figure 5.23 Tracing a few key rays through a positive and negative
lens.

O. Figure 5.24 shows how any two of these three rays
locate the image of a point on the object. Incidentally
this technique dates back to the work of Robert Smit};
as long ago as 1738.

This graphical procedure can be made even simple,
by replacing the thin lens with a plane passing through
its center (Fig. 5.25). Presumably, if we were to exteng
every incoming ray forward a little and every outgoing
ray backward a bit, each pair would meet on this plape
Thus the total deviation of any ray can be envisaged gs
occurring all at once on that plane. This is equivalent
to the actual process consisting of two separate angulay
shifts, one at each interface. (As we will see later, thjs
is tantamount to saying that the two principal planes of
a thin lens coincide.)

In accord with convention, transverse distances aboye
the optical axis are taken as positive quantities, and
those below the axis are given negative numerical values,
Therefore in Fig. 5.25 y, > 0 and y; < 0. Here the image
is said to be inverted, whereas if y; > 0 when y, > 0, it is
erect. Observe that triangles AOF;, and PP\ F, are
similar. Ergo

Yo f
T e, (5.19)
|3’:‘1 (5:=1)
Likewise, triangles So5,0 and P, P, O are similar and
2o ﬁ, (5.20)
nl s
where all quantities other than y; are positive. Hence
ﬁ — 4)‘—_ (5.2“
si (5= 1)
and
1_1.1
.

which is, of course, the Gaussian lens equation (5.1‘7)-
Furthermore, triangles S,S,F, and BOF, are similar
and

( f B — I)‘il_ (5.99)
50 = yo

Using the distances measured from the focal points and
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(a)

(c)

Figure 5.24 (a) A real object and a positive lens. (b) A real object
and a negative lens. (c) A real image projected on the viewing screen

combining this information with Eq. (5.19), we have
x% = f2 (5.23)

This is the Newtonian form of the lens equation, the
first statement of which appeared in Newton’s Opticks
in 1704. The signs of x, and x; are reckoned with respect
10 their concomitant foci. By convention x, is taken to
be positive left of F,, whereas x; 1s positive on the right
of Fi. To be sure, it is evident from Eq. (5.23) that x,
and x; have like signs, which means that the object and
Hhage must be on opposite sides of their respective focal points.

15 is a good thing for the neophyte to remember
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(b)

(d)

much as the eye projects its image on the retina. (d) The minified,
rightside-up, virtual image formed by a negative lens.
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Figure 5.25 Object and image location for a thin lens.
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when making those hasty freehand ray diagrams for
which he is already infamous.

The ratio of the transverse dimensions of the final
image formed by any optical system to the correspond-
ing dimension of the object is defined as the lateral or
transverse magnification, M, that is,

(5.24)
Or from Eq. (5.20)

(5.25)

Thus a positive M connotes an erect image, while a negative
value means the image is inverted (see Table 5.2). Bear in
mind that s; and s, are both positive for real objects
and images. Clearly, then, all such images formed by a single
thin lens will be inverted. The Newtonian expression for
the magnification follows from Egs. (5.19) and (5.22)
and Fig. 5.24, whence
TR W
foox
The term magnification is a misnomer, since the magni-
tude of M+ can certainly be less than 1, in which case
the image is smaller than the object. We have M = —1
when the object and image distances are positive and
equal, and that happens (5.17) only when s, = 5; = 2f.
This turns out to be the configuration in which the
object and image are as close together as they can
possibly get (i.e., a distance 4f apart; see Problem 5.6).
Table 5.3 summarizes a number of image configurations
resulting from the juxtaposition of a thin lens and a
real object. Figure 5.26 illustrates the behavior pic-

(5.26)

Table 5.2 Meanings associated with the signs of various thin lens
and spherical interface parameters.

Quantity Sign
+ —_—
5o Real object Virtual object
5; Real image Virtual image
f Converging lens Diverging lens
% Erect object Inverted object
¥ Erect image Inverted image
Mt Erect image Inverted image

Figure 5.26 The image-forming behavior of a thin positive lens.

(a)

(b)

(c)

(d)

Images of real objects formed by thin lenses.

Tnbfe 5-3
' Convex
Object Image
Location Type Location Orientation Relative size
0> 5, > 2f | Real f<s<2f| Inverted Minified
= of Real 5; =2f Inverted Same size
fa*f 5, <2f | Real 0> 5 > 2f| Inverted Magnified
+00
=/ ’ ;
anal |s;] > s, Erect Magnified
o
Concave
Object Image
Location Type Location Orientation Relative size
Anywhere | Virtual |s;| <|fl, Erect Minified
5o = |5£|

torially. Observe that as the object approaches the lens,
the real image moves away from it.

Presumably, the image of a three-dimensional object
will itself occupy a three-dimensional region of space.
The optical system can apparently affect both the trans-
yerse and longitudinal dimensions of the image. The
longitudinal magnification, M, , which relates to the axial
direction, is defined as

dxi

MLE‘;

B (5.27)

This is the ratio of an infinitesimal axial length in the
region of the image to the corresponding length in the
tegion of the object. Differentiating Eq. (5.23) leads to

9
M, = _L2 =-M2% (5.28)
xO

fora thin lens in a single medium (Fig. 5.27). Evidently,
M, < 0, which implies that a positive dx, corresponds
l0anegative dx; and vice versa. In other words, a finger
Pointing toward the lens is imaged pointing away from
it (Fig. 5.28).

.me the image of a window on a sheet of paper,
USIng a simple convex lens. Assuming a lovely arboreal
SC€ne, image the distant trees on the screen. Now move
lhﬁ Paper away from the lens, so that it intersects a
dlff.erent region of the image space. The trees will fade
While the nearby window itself comes into view.

Figure 5.27 The transverse magnification is different from the
longitudinal magnification.

iv) Thin-Lens Combinations

Our purpose here is not to become proficient in the
subtle intricacies of modern lens design, but rather to
begin to appreciate, utilize, and adapt those systems
already available.

In constructing a new optical system, one generally
begins by sketching out a rough arrangement using the
quickest approximate calculations. Refinements are
then added as the designer goes on to the prodigious
and more exact ray-tracing techniques. Nowadays these
computations are most often carried out by electronic
digital computers. Even so, the simple thin-lens concept
provides a highly useful basis for preliminary calcula-
tions in a broad range of situations.

No lens is actually a thin lens in the strict sense of
having a thickness that approaches zero. Yet many
simple lenses, for all practical purposes, function in a
fashion equivalent to that of a thin lens. Almost all

Figure 5.28 Image orientation for a thin lens.
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Figure 5.29 Two thin lenses separated by a distance
—d— (b) smaller than either focal length.

spectacle lenses, which, by the way, have been used at
least since the thirteenth century, are in this category.
When the radii of curvature are large and the lens
diameter is small, the thickness will usually be small as
well. A lens of this sort would generally have a large
focal length, compared with which the thickness would
be quite small; many early telescope objectives fit that
description perfectly.

We will now derive some expressions for parameters
associated with thin-lens combinations. The approach
here will be fairly simple, leaving the more elaborate
traditional treatment for those tenacious enough to
pursue the matter into the next chapter.

Suppose we have two thin positive lenses L, and L,
separated by a distance d, which is smaller than either
focal length, as in Fig. 5.29. The resulting image can
be located graphically as follows. If we overlook L, for
a moment, the image formed exclusively by L, is con-
structed with rays 1 and 3. As usual, these pass through
the lens object and image foci, F,, and F;,, respectively.
The object is in a normal plane, so that two rays deter-

mine its top, and a perpendicular to the optical axis
finds its bottom. Ray 2 is then constructed running
backward from P} through O,. Insertion of L, has no
effect on ray 2, whereas ray 3 is refracted through the
image focus Fis of Ly. The intersection of rays 2 and
3 fixes the image, which in this particular case is real,
minified, and inverted.

A similar pair of lenses is illustrated in Fig. 5.30, n
which the separation has been increased. Once again
rays 1 and 3 through F;; and F,, fix the position of the
intermediate image generated by L, alone. As before,
ray 2 is drawn backward from O, to P to §;. The
intersection of rays 2 and 3, as the latter is refracted
through F;,, locates the final image. This time it is real
and erect. Notice that if the focal length of L is
increased with all else constant, the size of the image
increases as well.

Analytically, we have for L,

X L. 1 (5.29)

sii fi Sor

L
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Ly

£l Fiy . Foz

%]

]‘I fZ

B Yo

or
S i 501 f1
g = —T,
' 81

This is positive, and the intermediate image is to the
right of L,, when s,, > f, and f, > 0. For L,

(5.30)

San =d— &1, (5.31)

and if d > 5, , the object for L, is real (as in Fig. 5.30),
whereas if d < s;,, it is virtual (s,, < 0, as in Fig. 5.29).
ll"l the former instance the rays approaching L. are
dl\'eljging from P}, whereas in the latter they are con-
verging toward it. Furthermore,

1 I 1

i fo Se2

or

e fa

5-2_‘;— N
' S0 — fa

Figure 5.30 Two thin lenses separated by a distance greater
than the sum of their focal lengths.

Using Eq. (5.31), we obtain

o (d—s)fe
" (d_sn_ﬂa)‘

In this same way we could compute the response of any
number of thin lenses. It will often be convenient to
have a single expression, at least when dealing with only
two lenses, so substituting for s;; from Eq. (5.29), we get

— fod = foso1 fil (501 — f1)
d — fo— 5,1 f1/ (501 *fl)l

Here s,; and s;; are the object and image distances,
respectively, of the compound lens. As an example, let’s
compute the image distance associated with an object
placed 50 cm from the first of two positive lenses. These

s (5.32)

i2 (5.83)
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in turn are separated by 20 cm and have focal lfing_ths
of 30 cm and 50 cm, respectively. By direct substitution

(5.33)
_ 50(20) — 50(50)(30)/(50 — 30)
%2~ T90 = 50 — 50(30)/(50 — 30)
and the image is real. Inasmuch as L, “magnifies” the
intermediate image formed by L,, the total transverse

magnification of the compound lens is the product of
the individual magnifications, that is,

= 26.2 cm,

My =Mpr Mrs.
It is left as Problem (5.25) to show that
M, fisiz (5.34)

T dGn—f) =S fi
In the above example

B 30(26.2)
~20(50 — 30) — 50(30)

and just as we should have guessed from Fig. 5.29, the
image is minified and inverted. _

The distance from the last surface of an optical system
to the second focal point of that system as a whole is
known as the back focal length, or b.f.l. Likewise, the
distance from the vertex of the first surface to the first
or object focus is the front local length, or f.f1. Cc')n-
sequently if we let s;5 > 0, s,o approaches f;, which
combined with Eq. (5.31) tells usthat s;, = d — fo. Hence
from Eq. (5.29)

1 _1_ 1 _d-(fitf)
St lsgmee 1 (d—f)  fild— fo)

Si2

MT == _0.72,

But this special value of s,; is the f.f.].:
fild = fo)
d—=(fi+fo)
In the same way, letting s,, = o0 in Eq. (5.33), (s, — fi) >
s.1, and since s;o is then the b.f.l., we have
= f?(d — fl)
d- (fl ki f?)

To see how this works numerically, let’s ﬁn.d both the
b.f.l. and f.f.l. for the thin-lens system in Fig. 5.31(a),

ffl. = (5.35)

b.f.l. (5.36)

where f; = —30 c¢m and f, = +20 cm. Then

_20[10 — (—30)] _

= =40 cm,
b= To—30+20) .

and similarly f.f1. = 15 cm. Incidentally, notice tha i
d = f, + fo, plane waves entering the compound lens
from either side will emerge as plane waves (Problep,
5.27), as in telescopic systems.

Observe that if d = 0, that is, if the lenses are broughy
into contact, as in the case of some achromatic doublets,

feh
EL=ffL=-""- 537
il fot+ fi 63
rfé\a o)
R / —
| . 1
—=-|0cm b.f.l —-
LI LZ

(b)

Figure 5.31 A positive and negative thin-lens combination. (Photo
by E.H.)

‘The resultant thin lens has an effective focal length, f,

l = l + l (5.38)
fh f
This implies that if there are N such lenses in contact,
l=l+i+'--+l. (5.39)
f fl f? f:‘\f

Many of these conclusions can be verified, at least
qualitatively, with a few simple lenses. Figure 5.29 is
quite easy to duplicate, and the procedure should be
self-evident, whereas Fig. 5.30 requires a bit more care.
First determine the focal lengths of the two lenses by
imaging a distant source. Then hold one pf the lenses
(L) at a fixed distance slightly greater than its focal length
from the plane of observation (i.e., a piece of white
paper). Now comes the maneuver that requires some
effort if you don’t have an optical bench. Move the
second lens (L) toward the source, keeping it reason-
ably centered. Without any attempts to block out light
entering Lo, directly, you will probably see a blurred
image of your hand holding L,. Position the lenses so
that the region on the screen corresponding to L, is as
bright as possible. The scene spread across L, (i.e., its
image within the image) will become clear and erect, as
in Fig. 5.30.

53 STOPS
93.1 Aperture and Field Stops

Ihe intrinsically finite nature of all lenses demands that
they collect only a fraction of the energy emitted by a
point source. The physical limitation presented by the
periphery of a simple lens therefore determines which
14ys shall enter the system to form an image. In that
fESpect, the unobstructed or clear diameter of the lens
functions as an aperture into which energy flows. Any
elément, be it the rim of a lens or a separate diaphragm,
Fhat determines the amount of light reaching the image
1§ lfnown as the aperture stop, abbreviated as A.S. The
ddjustable Jeaf diaphragin that is usually located behind
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A.S.

Figure 5.32 Aperture stop and field stop.

the first few elements of a compound camera lens is
just such an aperture stop. Evidently it determines the
light-gathering capability of the lens as a whole. As
shown in Fig. 5.32, highly oblique rays can still enter a
system of this sort. Usually, however, they are deliber-
ately restricted in order to control the quality of the
image. The element limiting the size or angular breadth
of the object that can be imaged by the system is called
the field stop or F.S.—it determines the field of view
of the instrument. In a camera, the edge of the film
itself bounds the image plane and serves as the field
stop. Thus, while (Fig. 5.32) the aperture stop controls
the number of rays from an object point reaching the
conjugate image point, it is the field stop that will or
will not obstruct those rays in toto. Neither the Very top
nor the bottom of the object in Fig. 5.32 passes the field
stop. Openingsthe circular aperture stop would cause
the system to accept a larger energy cone and in so
doing increase the irradiance at each image point. In
contrast, opening the field stop would allow the
extremities of the object, which were previously
blocked, to be imaged.

5.3.2 Entrance and Exit Pupils

Another concept, quite useful in determining whether
or not a given ray will traverse the entire optical system,
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is the pupil. This is simply an image of the aperture stop.
The entrance pupil of a system is the image of the
aperture stop as seen from an axial point on the object
through those elements preceding the stop. If there are
no lenses between the object and the A.S., the latter
itself serves as the entrance pupil. To illustrate the point,
examine Fig. 5.33, which is a lens with a rear aperture
stop. The image of the aperture stop in L is virtual (see
Table 5.3) and magnified. It can be located by sending
a few rays out from the edges of the A.S. in the usual
way. In contrast, the exit pupil is the image of the A.S.
as seen from an axial point on the image plane through
the interposed lenses, if there are any. In Fig. 5.33 there
are no such lenses, so the aperture stop itself serves as
the exit pupil. Notice that all of this just means that the
cone of light actually entering the optical system is
determined by the entrance pupil, whereas the cone
leaving it is controlled by the exit pupil. No rays from
the source point proceeding outside of either cone will
make it to the image plane.

If you wanted to use a telescope or a monocular as a
camera lens, you might attach an external front aperture
stop to control the amount of incoming light for
exposure purposes. Figure 5.34 represents a similar
arrangement in which the entrance and exit pupil loca-
tions should be self-evident. The last two diagrams

Entrance
pupil

Figure 5.33 Entrance pupil and exit pupil.

Entrance

Figure 5.34 A front aperture stop.

included a ray labeled the chief ray. It is defined to be
any ray from an off-axis object point that passes through the
center of the aperture stop. The chief ray enters the optical
system along a line directed toward the midpoint of the
entrance pupil, E,,, and leaves the system along a line passing
through the center of the exit pupil, E.,. The chief ray,
associated with a conical bundle of rays from a point
on the object, effectively behaves as the central ray of
the bundle and is representative of it. Chief rays are of
particular importance when the aberrations of a lens
design are being corrected.

Figure 5.35 depicts a somewhat more involved
arrangement. The two rays shown are those that are
usually traced through an optical system. One is the
chief ray from a point on the periphery of the objed
that is to be accommodated by the system. The other
is called a marginal ray, since it goes from the axial object
point to the rim or margin of the entrance pupil (or
aperture stop).

In a situation where it is not clear which element is
the actual aperture stop, each component of the system
must be imaged by the remaining elements to its left.
The image that subtends the smallest angle at the axial objed
point is the entrance pupil. The element whose image I8
the entrance pupil is then the aperture stop of the systeit
for that object point. Problem 5.30 deals with just this
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Exit
pupil

Entrance
pupil

Figure 5.35 Pupils and stops for a

three-lens system.
¥

Marginal ray

%
Chief ray

kind of calculation.

Notice how the cone of rays, in Fig. 5.36, that can
reach the image plane becomes narrower as the object
point moves off-axis. The effective aperture stop, which
for the axial bundle of rays was the rim of L,, has been

markedly reduced for the off-axis bundle. The result
is a gradual fading out of the image at points near its
periphery, a process known as vignetting.

The locations and sizes of the pupils of an optical
system are of considerable practical importance. In

L,
Effectivel

aperture
stop

Figure 5.36 Vignetting.
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visual instruments, the observer’s eye is positioned at
the center of the exit pupil. The pupil of the eye itself
will vary from 2 mm to about 8 mm, depending on the
general illumination level. Thus a telescope or binocular
designed primarily for evening use might have an exit
pupil of at least 8 mm (you may have heard the term
night glasses—they were quite popular on roofs during
the Second World War). In contrast, a daylight version
will suffice with an exit pupil of 3 or 4 mm. The larger
the exit pupil, the easier it will be to align your eye
properly with the instrument. Obviously a telescopic
sight for a high-powered rifle should have a large exit
pupil located far enough behind the scope so as to avoid
injury from recoil.

53.3 Relative Aperture andf-Number

Suppose we wish to collect the light from an extended
source and form an image of it using a lens (or mirror).
The amount of energy gathered by the lens (or mirror)
from some small region of a distant source will be
directly proportional to the area of the lens or, more
generally, to the area of the entrance pupil. A large
clear aperture will intersect a large cone of rays.
Obviously, if the source were a laser with a very narrow
beam, this would not necessarily be true. If we neglect
losses due to reflections, absorption, and so forth, the
incoming energy will be spread across a corresponding
region of the image. Thus the energy per unit area per
unit time (i.e., the flux density or irradiance) will be
inversely proportional to the image area. The entrance
pupil area, if circular, varies as the square of its radius
and is therefore proportional to the square of its
diameter D. Furthermore, the image area will vary as
the square of its lateral dimension, which in turn [Egs.
(5.24) and (5.26)] is proportional to f2. (Keep in mind
that we are talking about an extended object rather
than a point source. In the latter case, the image would
be confined to a very small area independent of f.) Thus
the flux density at the image plane varies as (D/f 2. The
ratio D/f is known as the relative aperture, and its inverse
is said to be the f-number, or f/#, that is,
f

fl#=12, (5.40)

—
/

L

Figure 5.37 Stopping down a lens to change the f-number.

——

f14

where f/# should be understood as a single symhol,
For example, a lens with a 25-mm aperture and a 50-mm
focal length has an f-number of 2, which is usually
designated f/2. Figure 5.37 illustrates the point by show-
ing a thin lens behind a variable iris diaphragm operat-
ing at either f/2 or f/4. A smaller f-number clearly
permits more light to reach the image plane.

Camera lenses are usually specified by their focal
lengths and largest possible apertures; for example, you
might see “50 mm, f/1.4” on the barrel of a lens. Since
the photographic exposure time is proportional to the
square of the f-number the latter is sometimes spoken
of as the speed of the lens. An f/1.4 lens is said to be
twice as fast as an f/2 lens. Usually lens diaphragms
have f-number markings of 1, 1.4, 2, 2.8, 4, 5.6, 8, 1|
16, 22, and so on. The largest relative aperture in this
case corresponds to f/1, and that’s a fast lens—f/21§
more typical. Each consecutive diaphragm setting
increases the f-number by a multiplicative factor of V2
(numerically rounded off). This corresponds to @
decrease in relative aperture by a multiplicative factor
of 1/v/2 and therefore a decrease in flux density by oné
half. Thus, the same amount of light will reach the film
whether the camera is set for f/1.4 at 1/500th of @
second, f/2 at 1/250th of a second, or f/2.8 at 1/125th
of a second.

The largest refracting telescope in the world, located
at the Yerkes Observatory of the University of Chicagos
has a 40-inch diameter lens with a focal length of 63
feet and therefore an f-number of 18.9. The entrance
pupil and focal length of a mirror will, in exactly the

Sme way, determin.e its f-number. Accordingly, the
goo-inch diamt’t’el’ mirror of the Mount Palomar tele-
Rcope, with a prume focal length of 666 inches, has an
f-number of 3.33. . ‘

For precise work, in which reflection and absorption
Josses in the lens itself must be taken into consideration,
the T-number is highly useful. In effect, it is a modified
(increased) f-number .that a given real lens would actually
have to have were it to transmit an amount of light
corresponding to a particular value of f/D.

54 MIRRORS

Mirror systems are being used in increasingly extensive
applications, particularly in the x-ray, ultraviolet, and
infrared regions of the spectrum. Although it is rela-
tively simple to construct a reflecting device that will
perform satisfactorily across a broad-frequency band-
width, the same cannot be said of refracting systems.
For example, a silicon or germanium lens designed for
the infrared will be completely opaque in the visible
(Fig. 3.29). As we will see later, when we consider their
aberrations, mirrors have other attributes that con-
tribute to their usefulness.

A mirror might simply be a piece of black glass or a
finely polished metal surface. In the past mirrors were
usually made by coating glass with silver, the latter being
chosen because of its high efficiency in the UV and IR
Sée Fig. 4.42), and the former because of its rigidity.
I:l recent  times, vacuum-evaporated coatings of
ahummum on highly polished substrates have become
. 3 . . )

_auéptec_il.standard f(.)r quality mirrors. Protective
C(f)atmgs of silicon monoxide or magnesium fluoride are
often layer . i i
i )]-lhld.yuecl over the aluminum as well. In special
d|’Z| Ications (e.g., in lasers), where even the small losses
forL [(:1 r‘qetal s_;urfaces cannot be tolerated, mirrors

me .of multilayered dielectric films (see Section 9.9)
dre indispensable.

A W = . . .

" _*hl(j)lflf new generation of lightweight precision mir-

is i
B e.mg developed ..f_or_ use in large-scale orbiting

Stopes—the technoldgy is by no means static.
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5.4.1 Planar Mirrors

As with all mirror configurations, those that are planar
can be either front- or back-surfaced. The latter is the
kind most commonly found in everyday use because it
allows the metallic reflecting layer to be completely
pr.otected behind glass. In contrast, the majority of
mirrors designed for more critical technical usage are
front-surfaced (Fig. 5.38).

Figure 5.38 A planar mirror. (a)
Reflection of waves. (b) Reflection of
rays.






