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Preface to the Handbook of M edical Imaging

During the last few decades of the twentieth century, partly in concert with the
increasing availability of relatively inexpensive computational resources, medi-
cal imaging technology, which had for nearly 80 years been almost exclusively
concerned with conventional film/screen x-ray imaging, experienced the develop-
ment and commercialization of a plethora of new imaging technologies. Computed
tomography, MRI imaging, digital subtraction angiography, Doppler ultrasound-
imaging, and various imaging techniques based on nuclear emission (PET, SPECT,
etc.) have al been valuable additions to the radiologist’s arsenal of imaging tools
toward ever more reliable detection and diagnosis of disease. More recently, con-
ventional x-ray imaging technology itself is being challenged by the emerging pos-
sibilities offered by flat panel x-ray detectors. In addition to the concurrent de-
velopment of rapid and relatively inexpensive computational resources, this era of
rapid change owes much of its success to an improved understanding of the in-
formation theoretic principles on which the development and maturation of these
new technologies is based. A further important corollary of these developments
in medical imaging technology has been the relatively rapid development and de-
ployment of methods for archiving and transmitting digital images. Much of this
engineering devel opment continues to make use of the ongoing revolution in rapid
communications technology offered by increasing bandwidth.

A little more than 100 years after the discovery of x rays, this three-volume
Handbook of Medical Imaging is intended to provide a comprehensive overview
of the theory and current practice of Medical Imaging as we enter the twenty-first
century. Volume 1, which concerns the physics and the psychophysics of medical
imaging, begins with afundamental description of x-ray imaging physics and pro-
gressesto areview of linear systems theory and its application to an understanding
of signal and noise propagation in such systems. The subsequent chapters con-
cern the physics of the important individual imaging modalities currently in use:
ultrasound, CT, MRI, the recently emerging technology of flat-panel x-ray detec-
tors and, in particular, their application to mammaography. The second half of this
volume, which covers topics in psychophysics, describes the current understand-
ing of the relationship between image quality metrics and visual perception of the
diagnostic information carried by medical images. In addition, various models of
perception in the presence of noise or “unwanted” signal are described. Lastly, the
statistical methods used in determining the efficacy of medical imaging tasks, and
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ROC analysis and its variants, are discussed.

Volume 2, which concerns Medical Image Processing and Image Analysis, pro-
vides descriptions of the methods currently being used or devel oped for enhancing
the visual perception of digital medical images obtained by awide variety of imag-
ing modalities and for image analysis as a possible aid to detection and diagno-
sis. Image analysis may be of particular significance in future developments, since,
aside from the inherent efficiencies of digital imaging, the possibility of performing
analytic computation on digital information offers exciting prospects for improved
detection and diagnostic accuracy.

Lastly, Volume 3 describes the concurrent engineering developments that in
some instances have actually enabled further developments in digital diagnostic
imaging. Among the latter, the ongoing development of bright, high-resolution
monitorsfor viewing high-resolution digital radiographs, particularly for mammog-
raphy, stands out. Other effortsin thisfield offer exciting, previously inconceivable
possibilities, e.g., the use of 3D (virtual reality) visualization for surgical planning
and for image-guided surgery. Ancther important area of ongoing research in this
field involves image compression, which in concert with increasing bandwidth en-
ables rapid image communication and increases storage efficiency. The latter will
be particularly important with the expected increase in the acceptance of digital
radiography as a replacement for conventional film/screen imaging, which is ex-
pected to generate data volumes far in excess of currently available capacity. The
second half of thisvolume describes current developmentsin Picture Archiving and
Communications System (PACS) technology, with particular emphasis on integra-
tion of the new and emerging imaging technologies into the hospital environment
and the provision of means for rapid retrieval and transmission of imaging data.
Developments in rapid transmission are of particular importance since they will
enable access via telemedicine to remote or underdevel oped areas.

Asevidenced by the variety of the research described in these volumes, medical
imaging isstill undergoing very rapid change. The editors hope that this publication
will provide at least some of the information required by students, researchers,
and practitioners in this exciting field to make their own contributions to its ever
increasing usefulness.

Jacob Beutel

J. Michael Fitzpatrick
Steven C. Horii
Yongmin Kim

Harold L. Kundel
Milan Sonka

Richard L. Van Metter



Introduction to Volume 2: Medical Image
Processing and Analysis

The subject matter of this volume, which is well described by its name, Medical
Image Processing and Analysis, has not until now been the focus of a rigorous,
detailed, and comprehensive book. While there are many such books available for
the more general subjects of image processing and image analysis, their broader
scope does not alow for a thorough examination of the problems and approaches
to their solution that are specific to medical applications. It is the purpose of this
work to present the ideas and the methods of image processing and analysis that
are at work in the field of medical imaging.

There is much common ground, of course. Image processing, whether it be
applied to robotics, computer vision, or medicine, will treat imaging geometry, lin-
ear transforms, shift-invariance, the frequency domain, digital versus continuous
domains, segmentation, histogram analysis, morphology, and other topics that ap-
ply to any imaging modality and any application. Image analysis, regardless of its
application area, encompasses the incorporation of prior knowledge, the classifica-
tion of features, the matching of modelsto subimages, the description of shape, and
many of the generic problems and approaches of artificial intelligence. However,
while these classic approaches to general images and to general applications are
important, the special nature of medical images and medical applications requires
special treatment. This volume emphasizes those approaches that are appropriate
when medical images are the subjects of processing and analysis. With the em-
phasis placed firmly on medical applications and with the accomplishments of the
more general field used as a starting point, the chapters that follow are able, indi-
vidually, to treat their respective topics thoroughly, and they serve, collectively, to
describe the current state of the field of medical image processing and anaysisin
great depth.

The specia nature of medical images derives as much from their method of
acquisition as it does from the subjects whose images are being acquired. While
surface imaging is used in some applications, for example for the examination of
the properties of skin in Chapter 19, medical imaging has been distinguished pri-
marily by its ability to provide information about the volume beneath the surface,
a capability that sprang first from the discovery of x radiation some one hundred
years ago. Indeed, images are obtained for medical purposes amost exclusively to
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probe the otherwise invisible anatomy below the skin. Thisinformation may bein
the form of the two-dimensional projections acquired by traditional radiography,
the two-dimensional slices of B-mode ultrasound, or full three-dimensional map-
pings, such as those provided by computed tomography (CT), magnetic resonance
(MR) imaging, single photon emission computed tomography (SPECT), positron
emission tomography (PET), and 3D ultrasound. Volume 1 in this series provides
adetailed look at the current state of these modalities.

In the case of radiography, perspective projection maps physical pointsinto im-
age space in the same way as photography, but the detection and classification of
objects is confounded by the presence of overlying or underlying tissue, a prob-
lem rarely considered in general works on image analysis. In the case of tomo-
graphy, three-dimensional images bring both complications and simplifications to
processing and analysis relative to two-dimensional ones: The topology of three
dimensions is more complex than that of two dimensions, but the problems as-
sociated with perspective projection and occlusion are gone. In addition to these
geometrical differences, medical images typically suffer more from the problems
of discretization, where larger pixels (voxels in three dimensions) and lower res-
olution combine to reduce fidelity. Additional limitations to image quality arise
from the distortions and blurring associated with relatively long acquisition times
in the face of inevitable anatomical motion — primarily cardiac and pulmonary, and
reconstruction errors associated with noise, beam hardening, etc. These and other
differences between medical and nonmedical techniques of image acquisition ac-
count for many of the differences between medical and nonmedical approachesto
processing and anaysis.

The fact that medical image processing and analysis deal mostly with liv-
ing bodies brings other magjor differences in comparison to computer or robot vi-
sion. The objects of interest are soft and deformabl e with three-dimensional shapes
whose surfaces are rarely rectangular, cylindrical, or spherical and whose features
rarely include the planes or straight lines that are so frequent in technical vision
applications. There are however major advantages in dealing with medical images
that contribute in a substantial way to the analysisdesign. The available knowledge
of what is and what is not hormal human anatomy is one of them. Recent advances
in selective enhancement of specific organs or other objects of interest via the in-
jection of contrast-enhancing material represent others. All these differences affect
the way in which images are effectively processed and analyzed.

Validation of the developed medical image processing and analysis techniques
ismajor part of any medical imaging application. While validating the results of
any methodology is always important, the scarcity of accurate and reliable inde-
pendent standards creates yet another challenge for the medical imaging field.

Medical image processing deals with the development of problem-specific ap-
proaches to the enhancement of raw medical image data for the purposes of se-
lective visualization as well as further analysis. Medical image analysis then con-
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centrates on the development of techniques to supplement the mostly qualitative
and frequently subjective assessment of medical images by human experts with
a variety of new information that is quantitative, objective, and reproducible. Of
course, atreatment of medical image processing and analysis without a treatment
of the methods by which images are acquired, displayed, transmitted, and stored
would provide only a limited view of the field. The two accompanying volumes
of this handbook complete the picture with complementary information on all of
these topics. Image acquisition approaches are presented in Volume 1, and image
visualization, virtual reality, image transmission, compression, and archiving are
dealt with in Volume 3.

The volume you hold in your hands is a result of the work of a dedicated team
of researchersin medical image processing and analysis. The editors have worked
very closely with the authors of individual chapters to produce a coherent volume
with a uniformly deep treatment of all its topics, as well as to provide a compre-
hensive coverage of the field. Its pages include many cross references that further
enhance the usability of the nineteen chapters, which treat separate but frequently
interrelated topics. The book is loosely divided into two parts: Generally applica-
ble theory is provided in Chapters 1-10 with the remaining chapters devoted more
specifically to separate application areas. Nevertheless, many general approaches
are presented in the latter group of chapters in synergy with information that is
pertinent to specific applications. Each of the chapters is accompanied by numer-
ous figures, example images, and abundant references to the literature for further
reading.

The first part of this volume, which emphasizes general theory, begins with a
rigorous treatment of statistical image reconstruction in Chapter 1. Author, J.
Fessler, deals with the problems of tomographic reconstruction when the number
of detected photonsis so low that Poisson statistics must be taken into account. In
this regime standard back-projection methods fail, but maximum likelihood meth-
ods, if properly applied, can still produce good images. Fessler gives a rigorous
presentation of optimization methods for this problem with assessments of their
practical implementation, telling us what works and what does not. Thefocusison
attenuation images, but the simpler problem of emission tomography is treated as
well.

I mage segmentation, which isthe partitioning of animageinto regionsthat are
meaningful for aspecific task, is one of thefirst stepsleading to image analysisand
interpretation. Chapter 2, which presents this subject, was written by B. Dawant
and A. Zijdenbos and deals with the detection of organs such as the heart, the liver,
the brain, or the lungs in images acquired by various imaging modalities.

Image segmentation using defor mable modelsisthe topic of Chapter 3, writ-
ten by C. Xu, D. L. Pham, and J. L. Prince. Parametric and geometric deformable
models are treated in a unifying way, and an explicit mathematical relationship be-
tween them is presented. The chapter also provides a comprehensive overview of
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many extensions to deformable models including deformable Fourier models, de-
formable superquadrics, point distribution models, and active appearance models.

Chapter 4, prepared by J. Goutsias and S. Batman, provides a comprehensive
treatment of binary as well as gray-scale mathematical morphology. The theoret-
ical concepts areillustrated on examples demonstrating their direct applicability to
problems in medical image processing and analysis.

Chapter 5 is devoted to the extraction of description features from medical
images and was written by M. Loew. The text summarizes the need for image fea-
tures, categorizesthem in severa ways, presents the constraints that may determine
which features to employ in a given application, defines them mathematically, and
gives examples of their usein research and in clinical settings.

A. Guéziec authored Chapter 6, which describes methods for extracting sur-
face models of the anatomy from medical images, choosing an appropriate surface
representation, and optimizing surface models. This chapter provides detailed al-
gorithms for surface representation and evaluates and compares their performance
on red-life examples.

Image interpretation is one of the ultimate goals of medical imaging and uti-
lizes techniques of image segmentation, feature description, and surface represen-
tation. It is heavily dependent on a priori knowledge and available approaches for
pattern recognition, general interpretation, and understanding. It is also a frequent
prerequisite for highly automated quantitative analysis. This topic is treated in
Chapter 7 by M. Brown and M. McNitt-Gray.

Chapter 8 was authored by J. M. Fitzpatrick, D. L. G. Hill, and C. R. Maurer,
Jr. and presents the field of image registration. The goal of registration, which
is ssimply to map points in one view into corresponding points in a second view,
is important when information from two images is to be combined for diagnosis
or when images are used to guide surgery. This chapter presents the theoretical as
well as experimental aspects of the problem and describes many approaches to its
solution, emphasizing the highly successful application to rigid objects.

One of the promising directions of medical image analysisisthe potential abil-
ity to perform soft tissue characterization from image-based information. This
topic is treated in Chapter 9 by M. Insana, K. Myers, and L. Grossman. Tissue
characterization is approached as a signal processing problem of extracting and
presenting diagnostic information obtained from medical image data to improve
classification performance, or to more accurately describe biophysical mechanisms.
This chapter discusses in detail the difficulties resulting from the lack of accurate
models of image signals and provides an insight into tissue modeling strategies.

Validation of the image analysis techniquesis a necessity in medical imaging.
In Chapter 10, K. Bowyer focuses on the problem of measuring the performance
of medical image processing and analysis techniques. In this context, performance
relates to the frequency with which an algorithm resultsin a correct decision. The
chapter provides an overview of basic performance metrics, training and testing
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methodologies, and methods for statistical testing, as well as it draws attention to
commonly occurring flaws of validation.

Chapter 11 opens the second part of this volume, which emphasizes applica-
tions, by providing detailed information about cardiac anatomy in the context of
echocar diographic imaging and analysis. The chapter was written by F. Shee-
han, D. Wildon, D. Shavelle, and E. C. Geiser and consists of sections devoted
to echocardiographic imaging including 3-D echocardiography, echocardiographic
assessment of ventricular volume, mass, and function, and their clinical conse-
guences. Separate sections are devoted to imaging and analysis of vavular mor-
phology and function as well as to an overview of available automated analysis
approaches and their validation.

Ventricular motion and functionisatopic of Chapter 12, which was contributed
by X. Papademetris and J. Duncan. This chapter further explores the diagnos-
tic utility of estimating cardiac motion and deformation from medical images.
The authors focus primarily on the use of 3D MR image sequences, while aso dis-
cussing the applicationsto ultrafast CT and 3D ultrasound. Description of magnetic
resonance tagging, tag detection, and phase-contrast methods are all included and
motion assessment is discussed in the context of the corresponding image data.

The following chapter, Chapter 13, is authored by J. H. C. Reiber, G. Kon-
ing, J. Dijkstra, A. Wahle, B. Goedhart, F. Sheehan, and M. Sonka and deals with
minimally invasive approachesto imaging the heart and coronary arteriesusing
contrast angiography and intravascular ultrasound. This chapter summarizes the
preprocessing of angiography images, geometric correction techniques, and analy-
sis approaches |eading to quantitative coronary angiography aswell as quantitative
left ventriculography. Approaches for three-dimensional reconstruction from bi-
plane angiography projections are discussed. Later sections deal with quantitative
intravascular ultrasound techniques and introduce methodol ogy for image data fu-
sion of biplane angiography and intravascular ultrasound to achieve ageometrically
correct representation of coronary lumen and wall morphol ogy.

Chapter 14 treats ultrasound, MR, and CT approaches to non-invasive vascu-
lar imaging and subsequent image analysis. The chapter, written by M. Sonka,
A. Stolpen, W. Liang, and R. Stefancik, covers the determination of intima—media
thickness using carotid ultrasound, assessment of brachial artery endothelia func-
tion, as well as the imaging of peripheral and brain vasculature via MR angiog-
raphy and x-ray CT angiography. The chapter contains methods for determining
the topology and morphology of vascular structures and demonstrates how X-ray
CT can be used to determine coronary calcification. Overall, facilitating early di-
agnosis of cardiovascular disease is one of the main goals of the methodologies
presented.

Mammography accounts for one of the most challenging, as well as most
promising, recent additions to the set of highly automated applications of medical
imaging. In Chapter 15 authors, M. L. Giger, Z. Huo, M. A. Kupinski, and C.
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J. Vyborny, provide a comprehensive treatment of computer-aided diagnosis as a
second opinion for the mammographer. The entire process of image acquisition,
segmentation, lesion extraction, and classification is treated in this comprehensive
chapter along with a careful look at the important problem of clinical validation.

Pulmonary imaging and analysis is the topic of Chapter 16, prepared by J.
Reinhardt, R. Uppaluri, W. Higgins, and E. Hoffman. After abrief overview of pul-
monary anatomy and a survey of methods and clinical applications of pulmonary
imaging, the authors discuss pulmonary image analysis leading to the segmenta-
tion of lungs and lobes, vascular and airway tree segmentation, as well as the role
of virtual bronchoscopy. Approaches for the characterization of pulmonary tissue
are discussed followed by sections devoted to pulmonary mechanics, image-based
perfusion and ventilation, and multi-modality datafusion.

Chapter 17, authored by P. M. Thompson, M. S. Mega, K. L. Narr, E. R. Sowell,
R. E. Blanton, and A. W. Toga, presents the subjects of brain imaging, analysis,
and atlas construction. The authors describe brain atlases that fuse data across
subjects, imaging modalities, and time, storing information on variations in brain
structure and function in large populations. The chapter then reviews the main
types of algorithms used in brain image analysis, including approaches for non-
rigid image registration, anatomica modeling, tissue classification, cortical surface
mapping, and shape analysis. Applications include the use of atlases to uncover
disease-specific patterns of brain structure and function, and to analyze the dyn-
amic processes of brain devel opment and degeneration.

Chapter 18, by M. W. Vannier, is devoted to tumor imaging, analysis, and
cancer treatment planning. The chapter summarizes the use of imaging in diag-
nosis and treatment of solid tumors. It emphasizes current imaging technologies
and image processing methods used to extract information that can guide and mon-
itor interventions after cancer has been detected leading to initial diagnosis and
staging.

Chapter 19, the concluding chapter of this volume, deals with light imaging of
soft tissue movement and its finite element modeling. It was contributed by L.
V. Tsap, D. B. Goldgof, and S. Sarkar. The main topic is the analysis of soft tissue
motion descriptorsnot easily recoverable from visual observations. The descriptors
include strain and initially unknown (or hard to observe) local material properties.
New methods for human tissue motion analysis from range image sequences us-
ing the nonlinear finite element method are provided, and their practical utility is
demonstrated, using assessment of burn scar tissue severity and the extent of repet-
itive motion injury.

Medical image processing and analysis has, over the last thirty years or so,
evolved from an assortment of medical applicationsinto an established discipline.
The transition has been achieved through the cooperation of a large and growing
number of talented scientists, engineers, physicians, and surgeons, many of whose
ideas and accomplishments are detailed by the authors of these chapters. We have
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produced thisvolumein order to make these achievements accessible to researchers
both inside and outside the medical imaging field. It is our hope that its publication
will encourage othersto join usin the common goal of improving the diagnosis and
treatment of disease and injury by means of medical imaging.
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Introduction 3

1.1 Introduction

The problem of forming cross-sectional or tomographic images of the attenua-
tion characteristics of objects arises in a variety of contexts, including medical x-ray
computed tomography (CT) and nondestructive evaluation of objects in industrial
inspection. In the context of emission imaging, such as positron emission tomo-
graphy (PET) [1, 2], single photon emission computed tomography (SPECT) [3],
and related methods used in the assay of containers of radioactive waste [4], it is
useful to be able to form “attenuation maps,” tomographic images of attenuation
coefficients, from which one can compute attenuation correction factors for use in
emission image reconstruction. One can measure the attenuating characteristics of
an object by transmitting a collection of photons through the object along various
paths or “rays” and observing the fraction that pass unabsorbed. From measure-
ments collected over a large set of rays, one can reconstruct tomographic images of
the object. Such image reconstruction is the subject of this chapter.

In all the above applications, the number of photons one can measure in a
transmission scan is limited. In medical x-ray CT, source strength, patient motion,
and absorbed dose considerations limit the total x-ray exposure. Implanted objects
such as pacemakers also significantly reduce transmissivity and cause severe arti-
facts [5]. In industrial applications, source strength limitations, combined with the
very large attenuation coefficients of metallic objects, often result in a small frac-
tion of photons passing to the detector unabsorbed. In PET and SPECT imaging,
the transmission scan only determines a “nuisance” parameter of secondary interest
relative to the object’s emission properties, so one would like to minimize the trans-
mission scan duration. All the above considerations lead to “low-count” transmis-
sion scans. This chapter discusses algorithms for reconstructing attenuation images
from low-count transmission scans. In this context, we define low-count to mean
that the mean number of photons per ray is small enough that traditional filtered-
backprojection (FBP) images, or even methods based on the Gaussian approxima-
tion to the distribution of the Poisson measurements (or logarithm thereof), are
inadequate. We focus the presentation in the context of PET and SPECT transmis-
sion scans, but the methods are generally applicable to all low-count transmission
studies. See [6] for an excellent survey of statistical approaches for the emission
reconstruction problem.

Statistical methods for reconstructing attenuation images from transmission
scans have increased in importance recently for several reasons. Factors include
the necessity of reconstructing 2D attenuation maps for reprojection to form 3D
attenuation correction factors in septaless PET [7, 8], the widening availability of
SPECT systems equipped with transmission sources [9], and the potential for re-
ducing transmission noise in whole body PET images and in other protocols re-
quiring short transmission scans [10]. An additional advantage of reconstructing
attenuation maps in PET is that if the patient moves between the transmission and
emission scan, and if one can estimate this motion, then one can calculate appropri-
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ate attenuation correction factors by reprojecting the attenuation map at the proper
angles.

The traditional approach to tomographic image reconstruction is based on the
nonstatistical filtered backprojection method [11, 12]. The FBP method and the
data-weighted least-squares method [13, 14] for transmission image reconstruction
both lead to systematic biases for low-count scans [14-16]. These biases are due
to the nonlinearity of the logarithm applied to the transmission data. To elimi-
nate these biases, one can use statistical methods based on the Poisson measure-
ment statistics. These method use the raw measurements rather than the logarithms
thereof [14,17-19]. Statistical methods also produce images with lower variance
than FBP [14, 16, 20]. Thus, in this chapter we focus on statistical methods.

The organization of this chapter is as follows. Section 1.2 first reviews the
low-count tomographic reconstruction problem. Section 1.3 gives an overview of
the principles underlying optimization algorithms for image reconstruction. Sec-
tion 1.4 through Section 1.7 describe in detail four categories of reconstruction
algorithms: expectation maximization, coordinate ascent, paraboloidal surrogates,
and direct algorithms. All these algorithms are presented for the Poisson statistical
model; Section 1.8 summarizes alternatives to that approach. Section 1.9 briefly
summarizes application of the algorithms to emission reconstruction. Section 1.10
gives an overview of some advanced topics. Section 1.11 presents illustrative re-
sults for real PET transmission scans.

A few of the algorithms presented are “new” in the sense that they are derived
here under more realistic assumptions than were made in some of the original pa-
pers. And we have provided simple extensions to some algorithms that were not
intrinsically monotonic as previously published, but can be made monotonic by
suitable modifications.

1.2 Theproblem

In transmission tomography, the quantity of interest is the spatial distribution
of the linear attenuation coefficient, denoted p(Z, £), where & = (x1, 2, x3) de-
notes spatial location in 3-space, and the argument £ parameterizes the dependence
of the attenuation coefficient on incident photon energy [12]. The units of x are
typically inverse centimeters (cm™). If the object (patient) is moving, or if there
are variations due to, e.g., flowing contrast agent, then we could also denote the
temporal dependence. For simplicity we assume the object is static in this chapter.
The ideal transmission imaging modality would provide a complete description of
w(Z, E) for a wide range of energies, at infinitesimal spatial and temporal resolu-
tions, at a modest price, and with no harm to the subject. In practice we settle for
much less.
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Figure 1.1: Transmission scanning geometry for a 1st-generation CT scanner.

1.2.1 Transmission measurements

The methods described in this chapter are applicable to general transmission
geometries. However, the problem is simplest to describe in the context of a first-
generation CT scanner as illustrated in Fig. 1.1. A collimated source of photons
with intensity 1o (&) is transmitted through the attenuating object and the transmit-
ted photons are recorded by a detector with detector efficiency n(£). The source
and detector are translated and rotated around the object. We use the letter i to index
the source/detector locations, where ¢ = 1,... , Ny. Typically Ny is the product
of the number of radial positions assumed by the source for each angular position
times the number of angular positions. For 2D acquisitions, in SPECT transmission
scans Ny ~ 10%; in PET transmission scans, Ny ~ 10°; and in modern x-ray CT
systems Ny ~ 106.

For simplicity, we assume that the collimation eliminates scattered photons,
which is called the “narrow beam” geometry. In PET and SPECT transmission
scans, the source is usually a monoenergetic radioisotope® that emits gamma pho-
tons with a single energy &, i.e.,

Iy(&) = 1po(€ — &),

where §(-) is the Dirac delta function. For simplicity, we assume this monoener-
getic case hereafter. (In the polyenergetic case, one must consider effects such as
beam hardening [21].)

The absorption and Compton scattering of photons by the object is governed by
Beer’s law. Let b; denote the mean number of photons that would be recorded by
the detector (for the ith source-detector position, hereafter referred to as a “ray”) if
the object were absent. This b; depends on the scan duration, the source strength,
and the detector efficiency at the source photon energy £y. The dependence on ¢
reflects the fact that in modern systems there are multiple detectors, each of which

'Some gamma emitting radioisotopes produce photons at two or more distinct energies. If the
detector has adequate energy resolution, then it can separate photons at the energy of interest from
other photons, or bin the various energies separately.
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can have its own efficiency. By Beer’s law, the mean number of photons recorded
for the 4th ray ideally would be [12]

bi exp (—/L 110(7) dl) ; (11

where L; is the line or strip between the source and detector for the ith ray, and
where

is the linear attenuation coefficient at the source photon energy. The number of
photons actually recorded in practice differs from the ideal expression (1.1) in sev-
eral ways. First, for a photon-counting detector?, the number of recorded photons
is a Poisson random variable [12]. Second, there will usually be additional “back-
ground” counts recorded due to Compton scatter [22], room background, random
coincidences in PET [23,24], or emission crosstalk in SPECT [9,25-27]. Third, the
detectors have finite width, so the infinitesimal line integral in (1.1) is an approxi-
mation. For accurate image reconstruction, one must incorporate these effects into
the statistical model for the measurements, rather than simply using the idealized
model (1.1).

Let Y; denote the random variable representing the number of photons counted
for the 4th ray. A reasonable statistical model® for these transmission measurements
is that they are independent Poisson random variables with means given by

ElY;] =b; eXP(-/LV pio (%) dl) + i, (1.2)

where r; denotes the mean number of background events (such as random coin-
cidences, scatter, and crosstalk). In many papers, the r;’s are ignored or assumed
to be zero. In this chapter, we assume that the r;’s are known, which in practice
means that they are determined separately by some other means (such as smoothing
a delayed-window sinogram in PET transmission scans [31]). The noise in these
estimated r;’s is not considered here, and is a subject requiring further investiga-
tion and analysis. In some PET transmission scans, the random coincidences are
subtracted from the measurements in real time. Statistical methods for treating this
problem have been developed [32-34], and require fairly simple modifications of
the algorithms presented in this chapter.

We assume the b;’s are known. In PET and SPECT centers, these are deter-
mined by periodic “blank scans”: transmission scans with nothing but air in the

2For a current integrating detector, such as those used in commercial x-ray CT scanners, the
measurement noise is a mixture of Poisson photon statistics and gaussian electronic noise.

®Due to the effects of detector deadtime in PET and SPECT, the measurement distributions are
not exactly Poisson [28-30], but the Poisson approximation seems adequate in practice.
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scanner portal. Since no patient is present, these scans can have fairly long dura-
tions (typically a couple of hours, run automatically in the middle of the night).
Thus the estimated b;’s computed from such a long scan have much less variabil-
ity than the transmission measurements (Y;’s). Therefore, we ignore the variability
in these estimated b;’s. Accounting for the small variability in the b; estimates is
another open problem (but one likely to be of limited practical significance).

1.2.2 Reconstruction problem

After acquiring a transmission scan, the tomographic reconstruction problem
is to estimate yio(&) from a realization {y; = Y;}*; of the measurements. This
collection of measurements is usually called a sinogram®* [35]. The conventional
approach to this problem is to first estimate the ith line integral from the model (1.2)
and then to apply the FBP algorithm to the collection of line-integral estimates.
Specifically, let

ftrue 2 / 10 (&) dl
L;

denote the true line integral along the ith ray. Conventionally, one forms an estimate
l; of 1tr¢ by computing the logarithm of the measured sinogram as follows:

R b; ; .
= o8 (Y—) , Yi> (L.3)
?7 }/1, <r.

One then reconstructs an estimate 4FBP from {i;} Y, using FBP [35]. There are
several problems with this approach. First, the logarithm is not defined when
Y; < r;, which can happen frequently in low-count transmission scans. (Typi-
cally one must substitute some artificial value (denoted “?” above) for such rays,
or interpolate neighboring rays [36], which can lead to biases.) Second, the above
procedure yields biased estimates of the line-integral. By Jensen’s inequality, since
—log x is a concave function, for any random variable X,

E[—log X| > —log E[X]
(see [37], p. 50), so when applied to (1.2) and (1.3)

Bl - E[log(YilfTi)}:E[_log(Yib_i”ﬂ

—log<E [Yb_r]) :/Li po(Z) di = 1t . (1.4)

Thus, the logarithm in (1.3) systematically over-estimates the line integral on av-
erage. This over-estimation has been verified empirically [14, 15]. One can show

v

“When the ray measurements are organized as a 2D array according their radial and angular
coordinates, the projection of a point object appears approximately as a sinusoidal trace in the array.
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Figure 1.2: lllustration of 2D function uo(z1, z2) parameterized using the pixel basis (1.6).

analytically that the bias increases as the counts decrease [14], so the logarithm is
particularly unsuitable for low-count scans. A third problem with (1.3) is that the
variances of the /;’s can be quite nonuniform, so some rays are much more informa-
tive than other rays. The FBP method treats all rays equally, even those for which
Y; —r; is non-positive, which leads to noisy images corrupted by streaks originating
from high variance /;’s. Noise is considered only as an afterthought by apodizing
the ramp filter, which is equivalent to space-invariant smoothing. (There are a few
exceptions where space-variant sinogram filtering has been applied, e.g., [38—40].)
Fourth, the FBP method is poorly suited to nonstandard imaging geometries, such
as truncated fan-beam or cone-beam scans, e.g., [41-46].

Since noise is a primary concern, the image reconstruction problem is naturally
treated as a statistical estimation problem. Since we only have a finite number Ny
of measurements, it is natural to also represent .o (&) with a finite parameterization.
Such parameterizations are reasonable in practice since ultimately the estimate of
o Will be viewed on a digital display with a finite number of pixels. After one
has parameterized 1, the reconstruction problem becomes a statistical problem:
estimate the parameters from the noisy measurements {Y;} ™.

A general approach to parameterizing the attenuation map is to expand it in
terms of a finite basis expansion [47,48]:

Np
po(Z) = pix; (@), (L5)
j=1

where N,, is the number of coefficients 1; and basis functions x;(Z). There are
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many possible choices for the basis functions. We would like to choose basis func-
tions that naturally represent nonnegative functions since o > 0. We would also
like basis functions that have compact support, since such a basis yields a very
sparse system matrix A in (1.9) below. The conventional basis is just the “pixel”
or “voxel” basis, which satisfies both of these requirements. The voxel basis x ;(Z)
is 1 inside the jth voxel, and is 0 everywhere else. In two-space, one can express
the pixel basis by

T — T Yy —y;
Xj(x,y):rect( AJ) rect( AJ)’ (1.6)

where (z;,y;) is the center of the jth pixel and A is the pixel width. This basis
gives a piecewise-constant approximation to pq, as illustrated in Fig. 1.2. With any
parameterization of the form (1.5), the problem of estimating 1 (%) is reduced to
the simpler problem of estimating the parameter vector u = [u1,. .., puy,]" from
the measurement vector Y = [Y7,... , Yy, |', where “/” denotes vector and matrix
transpose. Under the parameterization (1.5), the line integral in (1.2) becomes the

following summation:

A -
aij :/ x; (&) dl
L;

is the line integral® along the 4th ray through the jth basis function. This simplifi-
cation yields the following discrete-discrete measurement model:

Y; ~ Poisson{gi(ﬁtme)} ,i=1,...,Ny, .7
where the ensemble mean of the sth measurement is denoted
Ji(n) £ bre~1Auk 4 g, (1.8)
A
[Apli = aijug (1.9)
j=1

where A = {a;;}. The remainder of this chapter will be based on the Poisson
measurement model (1.7). (See Appendix 1.14 for a review of Poisson statistics.)

®In practice, we use normalized strip integrals [49, 50] rather than line integrals to account for
finite detector width [51]. Regardless, the units of a;; are length units (mm or cm), whereas the units
of the p;’s are inverse length.
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1.2.3 Likelihood-based estimation

Maximumtlikelihood (ML) estimation is a natural approach® for finding  from
a particular measurement realization Y = y when a statistical model such as (1.7)
is available. The ML estimate  is defined as follows:

A
= arglgng%L(g) , L(p) =log PIY = y;p].

For the Poisson model (1.7), the measurement joint probability mass function is

Ny
Y =y p = HP =yisp] = [[ e %W m(w]¥ /u!. (1.10)
=1
The ML method seeks the object (as described by the parameter vector ) that max-
imizes the probability of having observed the particular measurements that were
recorded. The first paper to propose a ML approach for transmission tomography
appears to be due to Rockmore and Macovski in 1977 [47]. However, the pseu-
doinverse method described in [47] in general does not find the maximizer of the
likelihood L(u).
For independent transmission measurements, we can use (1.8) and (1.10) to
express the log-likelihood in the following convenient form:

Ny
=3 hi(lAp)) (L.12)
=1

where we use “=" hereafter for expressions that are equal up to irrelevant constants
independent of 4, and where the marginal log-likelihood of the ith measurement is

hi(l) £ yilog(bie ™' + 1) — (bie™' +77). (1.12)

A typical h; is shown in Fig. 1.4 on page 17. For convenience later, we also list the
derivatives of h; here:

: A d Yi —
hi(l)= —=h;(l) = |1— ——| b; 1.13
)= gh® [ biel+ri] ¢ (L13)
B-(Z)é d—2h‘(l)—— 1_L bet (1.14)
W= gz = (bie—l + )2 | ¢ '

®The usual rationale for the ML approach is that ML estimators are asymptotically unbiased
and asymptotically efficient (minimum variance) under very general conditions [37]. Such asymp-
totic properties alone would be a questionable justification for the ML approach in the case of low-
count transmission scans. However, ML estimators often perform well even in the “non-asymptotic”
regime. We are unaware of any data-fit measure for low-count transmission scans that outperforms
the log-likelihood, but there is no known proof of optimality of the log-likelihood in this case, so the
question is an open one.
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The algorithms described in the following sections are based on various strate-
gies for finding the maximizer of L(u). Several of the algorithms are quite general
in the sense that one can easily modify them to apply to many objective functions
of the form (1.11), even when h; has a functional form different from the form
(1.12) that is specific to transmission measurements. Thus, even though the fo-
cus of this chapter is transmission imaging, many of the algorithms and comments
apply equally to emission reconstruction and to other inverse problems.

Maximizing the log-likelihood L(-) alone leads to unacceptably noisy images,
because tomographic image reconstruction is an ill-conditioned problem. Roughly
speaking, this means that there are many choices of attenuation maps (%) that
fit the measurements {Y} 1 reasonably well. Even when the problem is param—
eterized, there are many ch0|ces of the vector y that fit the measurements {Y;}\%
reasonably well, where the fit is quantified by the log-likelihood L(p). Not all of
those images are useful or physically plausible. Thus, the likelihood alone does
not adequately identify the “best” image. One effective remedy to this problem is
to modify the objective function by including a penalty function that favors recon-
structed images that are piecewise smooth. This process is called regularization
since the penalty function improves the conditioning of the problem”. In this chap-
ter we focus on methods that form an estimate /i of the true attenuation map .
by maximizing a penalized-likelihood objective function of the following form

L(p) — BR(p) (1.15)

A A
fr =argmax ®(p), P(u)=

= 1>0
where the objective function ® includes a roughness penalty R(x) discussed in
more detail below. The parameter /3 controls the tradeoff between spatial resolution
and noise: larger values of 5 generally lead to reduced noise at the price of reduced
spatial resolution. Solving (1.15) is the primary subject of this chapter.

One benefit of using methods that are based on objective functions such as
(1.15) is that for such methods, image quality is determined by the objective func-
tion rather than by the particular iterative algorithm, provided the iterative algo-
rithm converges to the maximizer of the objective function. In particular, from the
objective function one can analyze spatial resolution properties and bias, variance,
and autocorrelation properties [16, 20, 54-59].

1.2.3.1 Connection to Bayesian perspective

By letting 8 = 0 in (1.15) and in the algorithms presented in the following
sections, one has ML algorithms as a special case. Bayesian image reconstruc-

"For emission tomography, a popular alternative approach to “regularization” is simply to post-
smooth the ML reconstruction image with a Gaussian filter. In the emission case, under the somewhat
idealized assumption of a shift-invariant Gaussian blur model for the system, a certain commutability
condition ((12) of [52] holds, which ensures that Gaussian post-filtering is equivalent to Gaussian
sieves. It is unclear whether this equivalence holds in the transmission case, although some authors
have implied that it does without proof, e.g. [53].
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tion formulations also lead to objective functions of the form (1.15). Suppose one
considers u to be a random vector drawn from a prior distribution f(u) that is pro-

portional to e PR, (Such priors arise naturally in the context of Markov random
field models for images [60].) One computes the maximum a posteriori (MAP)
estimate of 4 by maximizing the posterior distribution f(u|Y'). By Bayes rule:

fY) = fX|p)f(w)/f(Y)

so the log posterior is

log f(p|Y) = log f(Y|p) +log f(p) = L(p) — BR(p) -
Thus MAP estimation is computationally equivalent to (1.15).

1.2.4 Penalty function

It has been considered by many authors to be reasonable to assume that the
attenuation maps of interest are piecewise smooth functions. An extreme example
of such assumptions is the common use of attenuation map segmentation in PET
imaging to reduce the noise due to attenuation correction factors [61-63]. Under
the piecewise smooth attenuation map assumption, it is reasonable for the penalty
function R(u) to discourage images that are too “rough.” The simplest penalty
function that discourages roughness considers the discrepancies between neighbor-
ing pixel values:

Z Z wigh (g — pr) (1.16)

7j=1

where wj;, = wy;. Ordinarily w;;, = 1 for the four horizontal and vertical neigh-
boring pixels, w;;, = 1/+/2 for diagonal neighboring pixels, and wjr = 0 oth-
erwise. One can also adopt the modifications described in [20, 54-57] to provide
more uniform spatial resolution. The potential function ¢ assigns a cost to 1t ; — .

For the results presented in Section 1.11, we used a penalty function of the
form (1.16). However, the methods we present all apply to much more general
penalty functions. Such generality is needed for penalty functions such as the
weak-plate prior of [64] or the local averaging function considered in [65]. One
can express most® of the penalty functions that have been used in tomographic
reconstruction in the following very general form:

K
R(p) = vr([Cul) (1.17)
k=1

80ne exception is the median root prior [66].
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where C'is a K x N,, penalty matrix and

Np

[Culk = crjny -
j=1

We assume throughout that the functions 1, are symmetric and differentiable.
The pairwise penalty (1.16) is the special case of (1.17) where K ~ 2N, and
each row of C has one +1 and one —1 entry corresponding to some pair of pixels.
In this chapter we focus on quadratic penalty functions where . (t) = wyt?/2
for wy, > 0, so

K
— l 2 _ 1 Fall
R(p) = ;wk2([0g]k) = ;4 C'aCy, (1.18)
where © £ diag{wy }. The second derivative of such a penalty is given by

S R(w) =) cijwn (1.19)

This focus is for simplifying the presentation; in practice nonquadratic penalty
functions are often preferable for transmission image reconstruction e.g. [67, 68].

1.2.5 Concavity

From the second derivative expression (1.14), when r; = 0, h;(l) = —be !,
which is always nonpositive, so h; is concave over all of R (and strictly concave if
b; > 0). From (1.11) one can easily verify that the Hessian matrix (the IV, x N,
matrix of second partial derivatives) of L(-) is:

V2L(p) = A’ diag{hi([AH]i)} A, (1.20)

where diag{d;} isa Ny x Ny diagonal matrix with ith diagonal element d;. Thus
the log-likelihood is concave over all of R™» when r; = 0 Vi. If the ¢;’s are
all strictly convex and L(-) is concave, then the objective @ is strictly concave
under mild conditions on A [69]. Such concavity is central to the convergence
proofs of the algorithms described below. In the case r; # 0, the likelihood L(-) is
not necessarily concave. Nevertheless, in our experience it seems to be unimodal.
(Initializing monotonic iterative algorithms with different starting images seems
to lead to the same final image.) In the non-concave case, we cannot guarantee
global convergence to the global maximum for any of the algorithms described
below. For the monotonic algorithms we usually can prove convergence to a local
maximum [70]; if in addition the objective function is unimodal, then the only local
maximum will be the global maximum, but proving that ® is unimodal is an open
problem.
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1.3 Optimization algorithms

Ignoring the nonnegativity constraint, one could attempt to find i analytically
by zeroing the gradient of ®. The partial derivatives of ® are

B
aiih —B—R(u), j=1,...,N,, 1.21
auj ®(p) = Z j o (B, J » (1.21)

where h; was defined in (1.13). Unfortunately, even disregarding both the non-
negativity constraint and the penalty function, there are no closed-form solutions
to the set of equations (1.21), except in the trivial case when A = I. Even when
A = I there are no closed-form solutions for nonseparable penalty functions. Thus
iterative methods are required to find the maximizer i of such objective functions.

1.3.1 Why so many algorithms?

Analytical solutions for the maximizer of (1.15) appear intractable, so one
must use iterative algorithms. An iterative algorithm is a procedure that is ini-
tialized with an initial guess M(o) of u, and then recursively generates a sequence
p®,u® . also denoted {u(™}. 1deally, the iterates {x(™} should rapidly ap-
proach the maximizer ji. When developing algorithms for image reconstruction
based on penalized-likelihood objective functions, there are many design consider-
ations, most of which are common to any problem involving iterative methods. In
particular, an algorithm designer should consider the impact of design choices on
the following characteristics.

 Monotonicity (®(x(™) increases every iteration)

e Nonnegativity constraint (x > 0)

e Parallelization B

e Sensitivity to numerical errors

e Convergence rate (as few iterations as possible)

e Computation time per iteration (as few floating point operations as possible)

e Storage requirements (as little memory as possible)

e Memory bandwidth (data access)
Generic numerical methods such as steepest ascent do not exploit the specific struc-
ture of the objective function ®, nor do they easily accommodate the nonnegativity
constraint. Thus for fastest convergence, one must seek algorithms tailored to this
type of problem. Some of the relevant properties of L include:

e L(#) is a sum of scalar functions h;(-).

e The h;’s have bounded curvature, and are concave when r; = 0.

e The arguments of the functions h; are inner products.

e The inner product coefficients are all nonnegative.
The cornucopia of algorithms that have been proposed in the image reconstruction
literature exploit these properties (implicitly or explicitly) in different ways.
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1.3.2 Optimization transfer principle

Before delving into the details of the many algorithms that have been proposed
for maximizing @, we first describe a very useful and intuitive general principle
that underlies almost all the methods. The principle is called optimization transfer.
This idea was described briefly as a majorization principle in the limited context
of 1D line searches in the classic text by Ortega and Rheinbolt [71, p. 253]. It was
rediscovered and generalized to inverse problems in the recent work of De Pierro
[72,73] and Lange [69, 74]. Since the concept applies more generally than just to
transmission tomography, we use 8 as the generic unknown parameter here.

The basic idea is illustrated in Fig. 1.3. Since @ is difficult to maximize, at the
nth iteration we can replace ® with a surrogate function ¢(¢; (”)) that is easier to
maximize, i.e., the next iterate is defined as:

64D 2 argmax ¢(0:. ") (1.22)

The maximization is restricted to the valid parameter space (e.g. 8 > 0 for problems
with nonnegative constraints). Maximizing ¢(-; Q(")) will usually not lead directly
to the global maximizer . Thus one repeats the process iteratively, finding a new
surrogate function ¢ at each iteration and then maximizing that surrogate function.
If we choose the surrogate functions appropriately, then the sequence {8 (")} should
eventually converge to the maximizer 4 [75].

Fig. 1.3 does not do full justice to the problem, since 1D functions are usually
fairly easy to maximize. The optimization transfer principle is particularly com-
pelling for problems where the dimension of @ is large, such as in inverse problems
like tomography.

It is very desirable to use algorithms that monotonically increase ® each iter-
ation, i.e., for which ®("*1)) > &(9(™)). Such algorithms are guaranteed to be
stable, i.e., the sequence {Q(")} will not diverge if ® is concave. And generally
such algorithms will converge to the maximizer £ if it is unique [70]. If we choose
surrogate functions that satisfy B

o(0) — 2(8™) > $(8;0™) — p(8™;0™), V8,0 (1.23)

then one can see immediately that the algorithm (1.22) monotonically increases &.
To ensure monotonicity, it is not essential to find the exact maximizer in (1.22). It
suffices to find a value 81 such that (6" +1); 9()) > (6™); §™), since that
alone will ensure ®(9(" 1)) > &(9(™)) by (1.23). The various algorithms described
in the sections that follow are all based on different choices of the surrogate function
¢, and on different procedures for the maximization in (1.22).

Rather than working with (1.23), all the surrogate functions we present satisfy
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Figure 1.3: lllustration of optimization transfer in 1D.

the following conditions:

p(0™;0) = a(0™) (1.24)
Vod(0:8™)|,_ 0y = VEOlp—g (1.25)
$(0;0™) < @(8) V8> 0. (1.26)

Any surrogate function that satisfies these conditions will satisfy (1.23). (The mid-
dle condition follows from the outer two conditions when ® and ¢ are differen-
tiable.)

1.3.3 Convergencerate

The convergence rate of an iterative algorithm based on the optimization trans-
fer principle can be analyzed qualitatively by considering Fig. 1.3. If the surrogate
function ¢ has low curvature, then it appears as a “broad” graph in Fig. 1.3, which
means that the algorithm can take large steps (8" — (™) can be large) which
means that it reaches the maximizer faster. Conversely, if the surrogate function
has high curvature, then it appears as a “skinny” graph, the steps are small, and
many steps are required for convergence. So in general we would like to find low
curvature surrogate functions, with the caveat that we want to maintain ¢ < & to
ensure monotonicity [76]. And of course we would also like the surrogate ¢ to be
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Figure 1.4: Ray log-likelihood h;(l) and parabola surrogate g;(I; ll(")) for y; = 50, b; = 100,
ri =5,and I{™ = 3.

easy to maximize for (1.22). Unfortunately, the criteria “low curvature” and “easy
to maximize” are often incompatible, so we must compromise.

1.3.4 Parabola surrogate
Throughout this chapter we struggle with the ray log-likelihood function h;
defined in (1.12), which we rewrite here without the 4’s for simplicity:
h(l) =ylogbe ' +7)— (be t47r),

where y,b,r > 0 are known constants. Of the many possible surrogate functions
that could replace h(-) in an optimization transfer approach, a choice that is partic-
ularly convenient is a parabola surrogate:

%

a1 = R + AU - 1) - S, w2n)
for some choice of the curvature ¢ > 0, where
1™ = [Ap™); (1.28)

is the ith line integral through the estimated attenuation map at the nth iteration.
The choice (1.27) clearly satisfies conditions (1.24) and (1.25), but we must care-
fully choose ¢ = c(ll("), y, b, 7) to ensure that q(l; lz(”)) < h(l) VI > 0so that (1.26)
is satisfied. On the other hand, from the convergence rate description in the pre-
ceding section, we would like the curvature ¢ to be as small as possible. In other
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words, we would like to find

(™ y,b,r) 2

min{c SR+ RAM) = 1) = S = 1) < h(0), Wz o} .

)

In [77], we showed that the optimal curvature is as follows:

— ™Y 4 By )
) = (1;")2 N (1.29)
7 7(n) (n)
—h(l 1™ =0
—ha™) M=o,

(n)

C(ll 'Y, b7 r

where [z] is z for positive = and zero otherwise. Fig. 1.4 illustrates the surrogate
parabola ¢ in (1.27) with the optimal curvature (1.29).

One small inconvenience with (1.29) is that it changes every iteration since it
depends on ZE"). An alternative choice of the curvature that ensures ¢ < h is the
maximum second derivative of —h([) over [0, co0). In [77] we show that

max [—ﬁ(z)L - [—B(O)L - K1 - %) bL . (1.30)

We can precompute this curvature before iterating since it is independent of ZE").
However, typically this curvature is much larger than the optimal choice (1.29), so
the floating point operations (flops) saved by precomputing may be lost in increased
number of iterations due to a slower convergence rate.

The surrogate parabola (1.27) with curvature (1.29) will be used repeatedly
in this chapter, both for the derivation of recently developed algorithms, as well
as for making minor improvements to older algorithms that were not monotonic
as originally proposed. A similar approach applies to the emission reconstruction
problem [78].

1.4 EM algorithms

The emission reconstruction algorithm derived by Shepp and Vardi in [79] and
by Lange and Carson in [17] is often referred to as “the” EM algorithm in the nu-
clear imaging community. In fact, the expectation-maximization (EM) framework
is a general method for developing many different algorithms [80]. The appeal
of the EM framework is that it leads to iterative algorithms that in principle yield
sequences of iterates that monotonically increase the objective function. Further-
more, in many statistical problems one can derive EM algorithms that are quite
simple to implement. Unfortunately, the Poisson transmission reconstruction prob-
lem does not seem to be such a problem. Only one basic type of EM algorithm
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has been proposed for the transmission problem, and that algorithm converges very
slowly and has other difficulties described below. We include the description of the
EM algorithm for completeness, but the reader who is not interested in the histori-
cal perspective could safely skip this section since we present much more efficient
algorithms in subsequent sections.

We describe the general EM framework in the context of problems where one
observes a realization y of a measurement vector Y, and wishes to estimate a pa-
rameter vector § by maximizing the likelihood or penalized log-likelihood. To de-
velop an EM algorithm, one must first postulate a hypothetical collection of random
variables called the “complete data space” X. These are random variables that, in
general, were not observed during the experiment, but that might have simplified
the estimation procedure had they been observed. The only requirement that the
complete data space must satisfy is that one must be able to extract the observed
data from X, i.e. there must exist a function A(-) such that

Y = h(X). (1.31)

This is a trivial requirement since one can always include the random vector Y
itself in the collection X of random variables.

Having judiciously chosen X, an essential ingredient of any EM algorithm is
the following conditional expectation of the log-likelihood of X:

Q(8;6™) = Ellog f(X;0) | Y = y; 0] = / fz|Y =y;6™)log f(x;0) dz,
(1.32)

and, in the context of penalized-likelihood problems, the following function

3(8;0™) £ Q(8;6™) — BR(B) , (1.33)

where R(8) is a penalty function. We refer to ¢ as an EM-based surrogate function,
since one replaces the difficult problem of maximizing ® with a sequence of (hope-
fully) simpler maximizations of ¢. There are often alternative surrogate functions
that have advantages over the EM-based functions, as described in Section 1.6.1.
The surrogate function concept is illustrated in Fig. 1.3 on page 16.
An EM algorithm is initialized at an arbitrary point §° and generates a sequence
of iterates ', 6%, .... Under fairly general conditions [81], the sequence {Q(”)}
converges to the maximizer of the objective function ®(¢) = L(¢) — SR(§). The
EM recursion is as follows:
E-step: find Q(6;0™) using (1.32) and $(6; ™)) using (1.33)
M-step: 6*+1) = arg max ¢(¢;6%"),
where the maximization is restricted to the set of valid parameters, as in (1.22).

Many generalizations of this basic framework have been proposed, see for example
[82-86] and a recent review paper [87].
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By applying Jensen’s inequality, one can show [80] that the EM-based surro-
gate function satisfies the monotonicity inequality (1.23) for all # and (™). Since
the M-step ensures that

(O™, 9M)) > p(e™; g™,

it follows from (1.23) that the above EM recursion is guaranteed to lead to mono-
tone increases in the objective function ®. Thus, the EM framework is a special
case of the optimization transfer approach (1.22), where the surrogate function de-
rives from statistical principles (1.32).

141 Transmission EM algorithm

Although Rockmore and Macovski proposed ML transmission reconstruction
in 1977 [47], it took until 1984 for the first practical algorithm to appear, when
Lange and Carson proposed a complete data space for a transmission EM algorithm
[17]. Lange and Carson considered the case where »; = 0. In this section we derive
a transmission EM algorithm that generalizes that of [17]; we allow r; = 0, and we
consider arbitrary pixel orderings, as described below. The algorithm of [17] is a
special case of what follows.

The “complete” data space that we consider for the case r; # 0 is the following
collection of random variables, all of which have Poisson marginal distributions:

X={Yy :i=01,...,Ny,k=1,... NJJU{R; : i=1,...,Ny}.
We assume that
R; ~ Poisson{r;}
and
Yio ~ Poisson{b;}, i =1,..., Ny,

and that the R;’s are all mutually independent and statistically independent of all
the Y;;’s. Furthermore, Y;;, and Y, are independent for ¢ = [. However, Y;; and
Y;; are not independent. (The distributions of R; and Y;o do not depend on , so
are of less importance in what follows.)

For each 4, let (j; 1,... ,Ji,n,) be any permutation of the set of pixel indices
j = 1,...,Np. Notationally, the simplest case is just when j;, = k, which
corresponds to the algorithm considered in [88]. Lange and Carson [17] assign
Ji k. to the physical ordering corresponding to the ray connecting the source to the
detector. Statistically, any ordering suffices, and it is an open (and probably aca-
demic) gquestion whether certain orderings lead to faster convergence. Given such
an ordering, we define the remaining Y;;’s recursively by the following conditional
distributions:

. . 7)\1_
Yir | Yik—1,Yir—2,..., Y ~ Binomial <Yi,k—1,€ ’“) :
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where
A
Aik = @i g i,
Thus the conditional probability mass function (PMF) of Yy, fork =1,... N, is
given by:

P(Yik |Yik—1sYik—2 - - » Yios 1) = P(Yik |Yik—1; 1)

_ ( Yik—1 ) <ef)\i,k>yik <1 _ e*)\i,k>yi’k_1_yik , (1.34)
Yik

where ( :1 ) is the binomial coefficient. An alternative way of writing this recur-
sion is
Yir—1
}/’ik: Z Zikl7 kzlv 7Np7 i = 17 7NY7
=1

where Z;;, is a collection of independent 0-1 Bernoulli random variables with
PlZy,=1] = e Mk

Since a Bernoulli-thinned Poisson process remains Poisson (see Appendix 1.14), it
follows that each Y;;, has a Poisson distribution:

k
Yii ~ Poisson{bi He_’\“} = Poisson{bie_ Zf:l/\“} . (1.35)
I=1

The special case k£ = N, in (1.35) yields
Yin, ~ Poisson{bie_ o /\“} = Poisson{bie_[Aﬁ]"} .
Therefore, the observed measurements are related to the complete data space by
Yi=Yin, + Ri,

so the condition (1.31) is satisfied. As noted in [89], there are multiple orderings of
the Y;’s that can be considered, each of which would lead to a different update, but
which would leave unchanged the limit if there is a unique maximizer (and provided
this EM algorithm is globally convergent, which has never been established for the
case r; # 0).

Figure 1.5 illustrates a loose physical interpretation of the above complete data
space. For the ith ordering, imagine a sequence of layers of material with atten-
uation coefficients 11, ,, ... , pj, », and thicknesses aij; ,, ... , aij, y, . SUppose a
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Yio Kjia | Yia Kjin| Yi2 Yin,—1 Hjn, | Yin, Y;

— — _— — %@9

g gy, Aijs Ny

Figure 1.5. Pseudo-physical interpretation of transmission EM complete-data space.

Poisson number Y;o of photons is transmitted into the first layer. The number that
survive passage through that layer is Y;1, which then proceed through the second
layer and so on. The final number of photons exiting the sequence of layers is
Y;n,, and this number is added to the random coincidences R; to form the ob-
served counts Y;. This interpretation is most intuitive when the pixels are ordered
according to the actual passage of photons from source to detector (as in [17]), but
a physical interpretation is not essential for EM algorithm development.
It follows from (1.35) and Appendix 1.14 that

Np
Y;n, |Yir ~ Binomial | Yy, H e Nt
I=k+1

since a cascade of independent Binomials is Binomial with the product of the suc-
cess probabilities.

Having specified the complete-data space, the next step in developing an EM
algorithm is to find the surrogate function Q(u; (™) of (1.32). It follows from the
above specifications that the joint probability mass function (PMF) of X is given

by
Ny NY
p(X; 1) = [ oY a2 ) [ (R:) -
i=1 i=1

By applying the chain rule for conditional probabilities [90] and using (1.34):

Np

N,
p({Yir} 20 1) = p(Yio) H P(Yik [Yig—1; 1)
k=1
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SO

i=1 k=1

p

Z Yik 10g< — k) (Yik—1— Yik) 10g<1 - 6_’\"”“> :

i=1 k=1

Ny Np
logp(X;p) = ZZIng(Yik V15 1)
N,

Thus, following [17, 88], the EM-based surrogate function for the above complete
data space has the following form:

Q(,U;H(n)) — ZZN log —auﬂg) + (Mi(;l) _ Nigﬁ)) log(1 — e~k

=1 j=1
NP
= 3 Qs ™), (1.36)
j=1
where
A
Qs(pzs ) 2 3" N og (e ot) + (ML — NJV)log(1 — e="3#)
=1
(1.37)
NS 2 B[V |Yi =y u)] (1.38)
k:jik=J
MG L BYi Y=y ™) - (1:39)
- k:jik=3

To complete the E-step of the EM algorithm, we must find the preceding conditional
expectations. Using the law of iterated expectation [90]:

ElYi |Yi=vyi] = E[E[Yy |R,Y:;=y]|Y:=yi
E [E[Yy |Yin, =vi — Ri] | Yi = yi)
= E|[E[Yu] — ElYin,]|+vi— Ri | Yi =i

7
= E[Y4 —EYin]+y —yi——— (140
[Yik] [Yin, ]+ ym+E[Yi,Np] (1.40)

using results from [17] and Appendix 1.14. From (1.35)

b )
B[V 1™ vfj")AbH T e Sl St L (L4Y)

k:ji k=3
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from which one can show using (1.40) that

M — N =A™ _1) > 0. (1.42)
Combining (1.36), (1.37), (1.40), and (1.41) yields an explicit expression for the
EM surrogate Q(u; 1(™)), completing the E-step.

For the M-step of the EM algorithm, we must find the maximizer of Q(+; u(™).
The function Q(-; (™) is a separable function of the f;°s, as shown in (1.36), so
it is easier to maximize than ®. Thus the M-step reduces to the N, separable 1D
maximization problems:

u Y = argmax Q; (g ™). (1.43)
wi=0

Unfortunately however, due to the transcendental functions in (1.36), there is no
closed-form expression for the maximizer of Q;(-; )) In fact, finding the max-
imizer of Q;(+; M(")) is no easier than maximizing ‘b( p) with respect to ; while
holding the other parameters fixed, which is the coordinate ascent algorithm de-
scribed in Section 1.5. Nevertheless, the EM algorithm is parallelizable, unlike the
coordinate ascent algorithm, so we proceed here with its description. Zeroing the
derivative of @); in (1.37) yields the following:

d (n) (n)y @ije” "M
E N i + (M N , (144
0 d/j,J HJ? CL ] 1) ) 1 _ e_a”u] ( )

the solution to which is ug.” ). Unfortunately, (1.44) can only be solved for ;. an-
alytically when the a;;’s are all equal. However, Lange and Carson [17] noted that
typically a;;1; will be small (much less than unity), so that the following Taylor-
series expansion around zero should be a reasonable approximation:

e ©
l—e®

Applying this approximation to (1.44) with = = a;;u; yields:

xXr
~1l——=forz~0.
2 T

& () LR aijpij
o (n -~ —r(n o (n 17y
DNy~ Y (MY = Ny );<1_T>
i=1 i=1 J
K o) sn( 1l a
_ n) _ gy (L 4
- ;(sz Nz] )(N] 2>

Solving this equality for 1, yields the final iterative form for the ML transmission
EM algorithm [17]:

i) (M) — M)

J 1 ENY aij (M(”) + N(”))

(1.45)
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This algorithm is very slow to converge [69] and each iteration is very computa-
tionally expensive due to the large number of exponentiations required in (1.41).
One exponentiation per nonzero a;; is required.

Lange and Carson [17] also describe an update based on a second-order Taylor
series, and they note that one can use their expansion to find upper and lower bounds
for the exact value of z2; that maximizes Q; (+; u(™).

1.4.2 EM algorithmswith approximate M-steps

Since the M-step of the transmission EM algorithm of [17] did not yield a
closed form for the maximizer, Browne and Holmes [91] proposed a modified EM
algorithm that used an approximate M-step based on image rotations using bilinear
interpolation. Kent and Wright made a similar approximation [89]. An advantage
of these methods is that (after interpolation) the a;;’s are all equal, which is the
case where one can solve (1.44) analytically. Specifically, if a;; = ag for all 7 and
J, then (1.44) simplifies to

= ) _ N ) oy L
NG =D 0 = N e
=1 =1

where 1\71.(;1) and Mi(j") replace Mi(j”) and Ni(j”) respectively, in rotated coordinates.
When solved for 1, this yields the iteration

Ny p7r(n)

Ny prl

ot Lygg( oty ) (1.46)
aw "\ o N

which is the logarithm of the ratio of (conditional expectations of) the number of
photons entering the jth pixel to the number of photons leaving the jth pixel, di-

vided by the pixel size. However, the interpolations required to form ]\72.(]”) and

Mi(f) presumably destroy the monotonicity properties of the EM algorithm. Al-
though bookkeeping is reduced, these methods require the same (very large) num-
ber of exponentiations as the original transmission EM algorithm, so they are also
impractical algorithms.

1.43 EM algorithm with Newton M-step

Ollinger [92,93] reported that the M-step approximation (1.45) proposed in [17]
led to convergence problems, and proposed a 1D Newton’s method for maximizing
Q in the context of a GEM algorithm for the M-step. Since Newton’s method is
not guaranteed to converge, the step length was adjusted by a halving strategy to
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ensure a monotone increase in the surrogate function:

- Qj (s p™)

_,(n)

udt ) = Wy, , e M (1.47)
Gz Q™)
Bj=H;
where one ensures that Q ; (ug."“) ") > Q, (1; (”) ©™) by choosing ., via a

line-search. This line-search can require multlple evaluatlons of Q; as each pixel
is updated, which is relatively expensive. The large number of exponentiations
required to compute J\Zfi(f) and 1\751) also remains a drawback.

From (1.44) and (1.42),

Ny \ 1 (n) (n)

d Mz B Nl' — () o(n
d_Q](iu’]’H(n)) () = Zaiﬂ [ ’ B (]n) e Yiik; 757 )]
i Hj=H; i=1 1-— eiawuj
(n)
_ (m) _ g i Yibie "
- Zaw 72] =M T 1(m)
bie " +1r;

i

i (n) d
= Zaij 1= + bie™h = 7 L)
i=1 bie_l +7r; 122} p=

S0 (1.25) is indeed satisfied. From (1.44) and (1.42),

d2 Ny _ a2 e dijHj
L WM (O NI NS A SO 4 (MG 1.48
d,UJJz Q]('U’Jvﬁ ) ;( 1 ] )(1 _ e*azgll])2 ’ ( )
o)
d? " N n (™
—FQJ'(,UJJ;H( )) = Za?j%’(j /(1= e,
i = =1
Thus, the ML EM Newton-Raphson (EM-NR) algorithm (1.47) becomes
S aig (1 — )bie—li")
n n ieflin T
ug +1) _ ( )_,_aJ, " ;’ *_a“ o (1.49)
Zz ) l‘]’YZJ /(1 —e Mty )

From (1.48), the curvature of Q); becomes unbounded as p; — 0, which ap-
pears to preclude the use of parabola surrogates as described in Section 1.4.5.2 to
form an intrinsically monotonic M-step (1.43).

Variations on the transmission EM algorithm continue to resurface at confer-
ences, despite its many drawbacks. The endurance of the transmission EM algo-
rithm can only be explained by its having “ridden on the coat tails” of the popular
emission EM algorithm. The modern methods described in subsequent sections are
entirely preferable to the transmission EM algorithm.
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1.4.4 Diagonally-scaled gradient-ascent algorithms

Several authors, e.g. [94], noted that the emission EM algorithm can be ex-
pressed as a diagonally-scaled, gradient-ascent algorithm, with a particular diago-
nal scaling matrix that (almost miraculously) ensures monotonicity and preserves
nonnegativity. (The EM-NR algorithm (1.49) has a similar form.) Based on an
analogy with that emission EM algorithm, Lange et al. proposed a diagonally-
scaled gradient-ascent algorithm for transmission tomography [95]. The algorithm
can be expressed as the following recursion:

H(n+1) _ H(n) + D(H(n))vll’(ﬁ(n))v (1.50)

where D(-) is some iteration-dependent diagonal matrix and where V' denotes the
column gradient operator (cf (1.21)):

Ny
0 Yi —[Aps
! - - . . 1
[V L(,u)]j = jL(u) = E_l agj [1 P VI bje HEE (1.51)

Since the gradient of the objective function is evaluated once per iteration, the num-
ber of exponentiations required is roughly Ny, far fewer than required by the trans-
mission EM algorithm (1.45).

The choice of the N, x N, diagonal scaling matrix D(u) critically affects
convergence rate, monotonicity, and nonnegativity. Considering the case r; = 0,
Lange et al. [95] suggested the following diagonal scaling matrix, chosen so that
(1.50) could be expressed as a multiplicative update in the case r; = 0:

"
D(p)j; = ZNYI—Jay : (1.52)
i=1 @ijYi

The natural generalization of this choice to the general case where r; # 0 is the
diagonal matrix with the following expression for the jth diagonal element:

Hj
Dl — . 1.53
(1) sz\;Yl aijyibief[Aﬁ]i/(bie*[AH]i +75) (1.53)

Using (1.51) and (1.53) one can rewrite the diagonally-scaled gradient ascent (DS-
GA\) algorithm (1.50) as follows:

_n)
o _ SN g -
'uj - 'uj Ny _im ) . .
Do aijyibie™" T [(bieTh T )

This is a multiplicative update that preserves nonnegativity, and at least its positive
fixed points are stationary points of the log-likelihood. However, the particular
choice of diagonal scaling matrix (1.53) does not guarantee intrinsically monotone
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increases in the likelihood function. In Section 1.6.2 below, we present one form
of a paraboloidal surrogates algorithm that has the same general form as (1.50) but
overcomes the limitations of (1.54) by choosing D appropriately.

Lange et al. also proposed modifications of the iteration (1.50) to include a
separable penalty function and a line-search to enforce monotonicity [95] (for r; =
0 case, but the ideas generalize easily to the r; # 0 case).

Lange proposed another diagonally-scaled gradient-ascent algorithm in [96],
based on the following diagonal scaling matrix:

_ Hj
D(w)j; leiyl aijbie_[Aﬁ]"[Ag]i ) (1.55)
Although the rationale for this choice was not given in [96], Lange was able to
show that the algorithm has local convergence properties, but that it may not yield
nonnegative estimates. Lange further modified the scaled-gradient algorithm in
[97] to include nonseparable penalty functions, and a practical approximate line-
search that ensures global convergence for r; = 0.
Considering the case r; = 0, Maniawski et al. [98] proposed the following over-
relaxed unregularized version of the diagonally-scaled gradient-ascent algorithm
(1.50):

Ny 71(11)
n+1 n o1 @ijbie "
/J;' +1) _ u;- ) WZ 1Ny] +(1-w)|, (1.56)
Dic1 GijYi

where w was selected empirically to be 4 - 108 times the total number of measured
counts in a SPECT transmission scan. Like (1.54), this is a multiplicative update
that preserves nonnegativity. One can also express the above algorithm more gen-
erally as follows:

p ) = (1 - w)ﬁ(n) + wD(E(”))V’L(H(”)) ,

where D(u) is chosen as in (1.52). No convergence analysis was discussed for the
algorithm (1.56), although “fast convergence” was reported.

145 Convex algorithm

De Pierro [72] described a non-statistical derivation of the emission EM al-
gorithm using the concavity properties of the log-likelihood for emission tomo-
graphy. Lange and Fessler [69] applied a similar derivation to the transmission
log-likelihood for the case ~; = 0, yielding a “convex?® algorithm” that, like the
transmission EM algorithm, is guaranteed to monotonically increase L(u) each it-
eration. As discussed in Section 1.2.5, the transmission log-likelihood is concave

%The algorithm name is unfortunate, since the algorithm itself is not convex, but rather the algo-
rithm is derived by exploiting the concavity of the log-likelihood.
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when r; = 0, so De Pierro’s convexity method could be applied directly in [69].
In the case r; # 0, the log-likelihood is not concave, so De Pierro’s convexity
argument does not directly apply. Fessler [14] noted that even when r; # 0, the
marginal log-likelihood functions (the h;’s in (1.11)) are concave over a (typically)
large interval of the real line, and thereby developed an “approximate” convex al-
gorithm. However, the “convex algorithm” of [14] is not guaranteed to be globally
monotonic.

Rather than presenting either the convex algorithm of [69], which is incomplete
since it did not consider the case r; # 0, or the algorithm of [14], which is non-
monotone, we derive a new “convex” algorithm here. The algorithm of [69] falls
out as a special case of this new algorithm by setting ; = 0. The idea is to first use
the EM algorithm to find a concave surrogate function ) that “eliminates” the r;
terms, but is still difficult to maximize directly; then we apply De Pierro’s convexity
argument to Q; to find another surrogate function @ that is easily maximized. The
same idea was developed independently by Kim [99].

Consider a “complete” data space that is the collection of the following statis-
tically independent random variables:

X = {N:}, {RiE0 ),
where
N;, ~ Poisson{bie*[Aﬂ]i}
R; ~ Poisson{r;}
and where the observed measurements are related to the elements of X by
Y;=N;+ R;,

so the condition (1.31) is satisfied. The complete-data log-likelihood is simply:

Ny
C) = : oA _ (., —[Apl:
logp(i,ﬁ) _;Nl log<ble ® ) <bze e ) ,

since the distribution of the R;’s is a constant independent of 1, so can be ignored.
Since by Appendix 1.14

biefll(n)

(n)
bie_li

G(n) &

i

E[N; |Y; = yi; ] = i

)
+7r;

the EM surrogate function is the following concave function:

Quips ™) = 3" —N[Ap]; — bie 48 = 3" g ((a)) (157
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where

g™ (1) 2 —N™Ml — e (1.58)
The form of (1.57) is identical to the form that (1.11) would have if all the r;’s were
zero. Therefore, by this technique we can generalize any algorithm that has been
derived for the r; = 0 case to the realistic case where r; # 0 simply by replacing y;
in the algorithm with Ni("). However, in general the convergence of an algorithm
derived this way may be slower than methods based on direct maximization of
L(p) since the curvatures of the @1 components are smaller than those of L since

]\71.(”) < ;. For rays where the random fraction is large, ]\71-(”) < y;, leading to
slow convergence rates. In statistical terms, the complete-data space X is much
more informative than the observed data Y [100].

We could attempt to naively perform the M-step of the EM algorithm:

pl" Y = arg max Q1 (u; p™),
p=0
except that maximizing @, is (almost!?) as difficult as maximizing the original
log-likelihood.
By differentiating twice, one can easily show that each gE") is a concave func-
tion and that Q1 (-; M(”)) is a concave function. Therefore, rather than maximizing
Q: directly, we find a surrogate function for Q; by applying the convexity method

of De Pierro [72]. The essence of De Pierro’s method is the following clever ex-
pression for matrix-vector multiplication:

Q5 n n
(Al =3 | 2y = ) + 1 (159

where the projection of the current attenuation map estimate is given by
i £ 1Ap™);.

The expression (1.59) holds for any collection of a;;’s, provided a;; = 0 only if
a;; = 0 and

Np
E Q5 = 1.
j=1

If we choose nonnegative o;;’s, then because each g

oM ([Aul) = g™ Za [

() is concave, by (1.59):

)

Np
j— ) + lz(n)] > o0 (g ™),
j=1

(1.60)

), is concave, unlike L.
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where

Q5 n
g (g u™) 2 g )< = (1 — ) +1f )) :

(0771

Thus, a suitable surrogate function for @ (y; p™) is

NY Np
H E Z Z al] gz] p’]’ Z Q2,] ou’]) (161)
i=1 j=1
where
Ny W
Qusl ) 2 3 s o ) = Yol (5 — ) 7))
i=1 i=1 &

(1.62)

Since Q2 is a separable function, its maximization reduces to N, simultaneous
maximization problems:

'u(nJrl) = arg max QZj(;uj; N(n)) . (163)

Unfortunately there is not a closed-form analytical solution for the maximizer, so
we must apply approximations, line searches, or the optimization transfer principle.

1.45.1 Convex-NR algorithms

A simple “solution” to (1.63) is to apply one or more Newton-Raphson steps,
as in (1.47). Such an algorithm should be locally convergent, and can presumably
be made globally convergent by a line-search modification of the type proposed by
Lange [97]. From (1.62), (1.57), and (1.13):

Z 0™ (1)
_l(")

R TCO (n) b;e i
— Soy et N] z%kw w e

bie™" i "+ 1r;

NY
Yi i 0
- (1_T> bie™t = 5 L)
: bie i 4 g p

d
200 (s ™

Hj=

SO
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Thus the new convex algorithm (1.63), based on one 1D Newton-Raphson step for
each pixel, has the same form as the diagonally-scaled gradient-ascent algorithm
(1.50), except that it uses the following diagonal scaling matrix:

[D(p™)]; = ! ,

7 Q2. (g 1)

pi=p"

where from (1.62) and (1.58)

’ O a? Ny g2

d (n) @ij .. (n) (n) a;; _in)
~ gz @ealki ™) == G gty =Y —Fheh

Hi () =1 Yid i1 Y

g =Hj
(1.64)

In [69] and [14], the following choice for the a;;’s was used, following [72]

(n) (n)

Q5 s Qij by

gy = — = (1.65)
Sirau L
Substituting into (1.64) etc. yields the Convex-NR-1 algorithm:
Ny . v ) _lz(n)
u(n+1) _ u(n) n u(n) 2= (1 bie V" +n) vie (1.66)
’ ’ ’ Ziiyl ai]'ll(n)bie_lz(n)

The diagonal scaling matrix of this Convex-NR-1 algorithm is identical to (1.55),
which is interesting since (1.55) was presented for the case »; = 0. There are
potential problems with the choice (1.65) when the 1 ;’s approach zero [69], so the
following alternative choice, considered in [73] and [101], may be preferable:
aij aij

Qi = =2 (1.67)
’ ZkNL aip Y
where a; 2 ;.V:pl a;;, for which (1.64) leads to

1
N —im
> aija; bie™h

[D(Wlis =

A small advantage of the choice (1.67) over (1.65) is that the a; ’s in the denomina-
tor of (1.67) are independent of v so they can be precomputed, unlike the denomi-
nator of (1.65).
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Substituting the above into (1.50) yields the following Convex-NR-2 algorithm:

N, (n)
o _ o, <1 g > e
W = ) 4 - 2 1 e

212 aijai bie™h

Each iteration requires one forward projection (to compute the l s) and two back-
projections (one each for the numerator and denominator). In general a line search
would be necessary with this algorithm to ensure monotonicity and convergence.

1.45.2 Convex-PSalgorithm

The function Q2 ; in (1.62) cannot be maximized analytically, but we can apply
the optimization transfer principle of Section 1.3.2 to derive the first intrinsically
monotonic algorithm presented in this chapter. Using the surrogate parabola (1.27):

(n)
n n n A n n n c n
g () 2 ¢ 1) = g ) + 5 ) - 1) = S - 1P, vz 0

(1.69)

where from (1.29) the optimal curvature is

>{ 206 = i 57 = 1)), 1l >0

' bi7 l TL) — 0
(1.70)
This suggests the following quadratic surrogate function
aw (n) (n), ;(n)
Q3,J Hjs b qu (aU M )+lz ’li ) )
with corresponding algorithm
pd" Y = arg max Qs (uy; u™) . (1.71)
20

Since Q3 ; is quadratic, it is trivial to maximize analytically. Furthermore, since this
is a 1D maximization problem for a concave function, to enforce the nonnegativity
constraint we simply reset any negative pixels to zero. The derivatives of @3 ; are:

- Za’l]qz zn lzn))
( )
=1

= Za]gl(n) l(n) n) Za” (1- /(bie™ gn))bie*lgn)

d
Qs (p;; (n)

(n) (n) d
= Z aij(1 —yi/(bie " +ri)bie v = ——L(p) 7
=1
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N 2
d2 n Y as.
T Q3,553 p™) = a—JC(")
Hj O R

Using the choice (1.67) for the «;;’s yields the following Convex-PSalgorithm:

) (m)
(1) _ |, ) e (1 s )bie_li

J Ny (n)
20521 4ijai ¢

(1.72)

Jr

The [-], operation enforces the nonnegativity constraint. Since this is the first in-
trinsically monotonic algorithm presented in this chapter, we provide the following
more detailed description of its implementation.

forn=0,1,... {

l(n) = [AE(n)]Z, 1= ]_,. e ,Ny

. ; (n)
WYo= (1 — )b =1 Ny (L73)
bie i 41

compute cl(") using (1.70),i =1,... , Ny
egn) =aq cl(n), t1=1,...,Ny

forj=1,... ,Np{

Ny 7 (n)
(n+1) _ | ), Doim1 %l
M = |:/Lj + ﬂ] (174)
2ot aije; +

}.

This ML algorithm monotonically increases the log-likelihood function L(u("))
each iteration. N

To derive (1.72), we have used all three of the optimization transfer principles
that are present in this chapter: the EM approach in (1.57), the convex separability
approach in (1.61), and the parabola surrogate approach in (1.69). Undoubtably
there are other algorithms awaiting discovery by using different combinations of
these principles!

1.4.6 Ordered-subsets EM algorithm

Hudson and Larkin [102] proposed an “ordered subsets” modification of the
emission EM algorithm in which one updates the image estimate using a sequence
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of subsets of the measured data, subsampled by projection angle, rather than using
all the measurements simultaneously. Manglos et al. [44] applied this concept to
the transmission EM algorithm (1.45), yielding the iteration:

7™ _ ™)
net) & _ 2ies, My — Ny ) (1.75)
’ 3 s, aij(Mi(f) + Ni(;l))
where S, is a subset of the ray indices {1,... , Ny} selected for the nth subiter-

ation. This type of modification destroys the monotonicity properties of the EM
algorithm, and typically the sequence of images asymptotically approaches a limit
cycle [103-105]. However, at least in the emission case, the OSEM algorithm
seems to produce visually appealing images fairly quickly and hence has become
very popular.

Any of the algorithms described in this chapter could be easily modified to
have a block-iterative form akin to (1.75) simply by replacing any ray summations
(those over ) with partial summations over ; € S,,. Since (1.75) requires the same
number of exponentiations per iteration as the transmission EM algorithm (1.45), it
is still impractical. However, block-iterative forms of some of the other algorithms
described in this chapter are practical. In particular, Nuyts et al. proposed a block-
iterative modification of a gradient-based method [106] (only in the case r; = 0).
Kamphius and Beekman [107] proposed a block-iterative version of (1.66) (only
in the case ; = 0). Erdogan and Fessler propose a block-iterative version of the
separable paraboloidal surrogates algorithm of Section 1.6.2 in [108, 109].

1.4.7 EM algorithmswith nonseparable penalty functions

All the algorithms described above were given for the ML case (where 5 = 0).
What happens if we want to include a nonseparable penalty function for regulariza-
tion, for example in the Convex-PS algorithm? Considering (1.33), it appears that
we should replace (1.71) with

p" ) = arg max Qa4 1™ — BR(p) . (1.76)

Unfortunately, this is a nontrivial maximization since a nonseparable penalty R ()
leads to coupled equations. One approach to circumventing this problem is the gen-
eralized EM (GEM) method [80,110-112], in which one replaces the maximization
in (1.76) with a few cycles of, for example, the coordinate ascent algorithm.

A clever alternative is to replace R(u) in (1.76) with a separable surrogate

function using a similar trick as in (1.60), which was proposed by De Pierro [73].
We discuss this approach in more detail in Section 1.6.2: see (1.92).

1.5 Coordinate-ascent algorithms

A simple and natural approach to finding the maximizer of ®(u) is to sequen-
tially maximize ® () over each element 1. of 1 using the most recent values for all
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other elements of 1. A general coordinate ascent method has the following form:

forn=0,1,... {
forj=1,... ,Np{
(n+1) | (n+1) (n+1) (n) (n)) (177)

ou’] = a‘rg/r{]l%}éq)(,ul PRI a/J’j_l 7/‘Lj7)u’j+17‘ . 7,uNp

}

The operation in (1.77) is performed “in place,” i.e., the new value of n; replaces
the old value, so that the most recent values of all elements of y are always used.
An early use of such a method for tomography was in [113].

Sauer and Bouman analyzed such algorithms using clever frequency domain
arguments [13], and showed that sequential algorithms yield iterates whose high
frequency components converge fastest. This is often ideal for tomography, since
we can use a low-resolution FBP image as the initial guess, and then iterate to
improve resolution and reduce noise, which is mostly high frequency errors. (Using
a uniform or zero initial image for coordinate ascent is a very poor choice since low
frequencies can converge very slowly.)

The long string of arguments in (1.77) is quite notationally cumbersome. For
the remainder of this section, we use

A n n n n n
S I R T L N ) (1.78)

P

=t

as shorthand for the vector of the most recent parameter values. For simplicity, this
notation leaves implicit the dependence of f on iteration n and pixel index j.

The general method described by (1.77) is not exactly an “algorithm,” since the
procedure for performing the 1D maximization is yet unspecified. In practice it is
impractical to find the exact maximizer, even in the 1D problem (1.77), so we settle
for methods that increase ®.

15.1 Coordinate-ascent Newton-Raphson

If () were a quadratic functional, then the natural approach to performing
the maximization in (1.77) would be Newton’s method. Since ®(p) in (1.15) is
nonquadratic, applying Newton’s method to (1.77) does not guarantee monotonic
increases in ®, but one might still try it anyway and hope for the best. In practice
monotonicity usually does not seem to be a problem, as suggested by the success of

Bouman et al. with this approach [18, 114]. For such a coordinate-ascent Newton-



Coordinate-ascent algorithms 37

Raphson (CA-NR) algorithm, we replace (1.77) with the following update:

5 ®(1)|

opj ~\EJ| -

H(n+1) _ M;n) n 32 H=H 7 (179)
83»;‘1’@ .

The [-] . operation enforces the nonnegativity constraint. The first partial derivative
is given by (1.21), and the second is given by:

82 Ny ) 82
52 =§aijhz([AuL)—ﬁa—@R<g), (1.80)

where h; is given by (1.14).
Specifically, using (1.13), (1.14), (1.21), and (1.80), the update (1.79) of the
CA-NR algorithm becomes

Ny _ Yi ARl _ 3. 0 prr
2 i=1 @i (1 bie— Al 1 Ti) bie B B(R)

M§n+1)_ N;n)"i‘
Ny g2 (1 - Yil' Al 5 2 pr
Z"la”<1 (bie[Amin)bze tlaefD|
(1.81)

Literally interpreted, this form of the CA-NR algorithm appears to be extremely in-
efficient computationally, because it appears to require that Aj; be recomputed after
every pixel is updated sequentially. This would lead to O(NE) flops per iteration,
which is impractical.

In the following efficient implementation of CA-NR, we maintain a copy of

A N
= Ajias a “state vector,” and update that vector after each pixel is updated.

l
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Initialization: I := Ay®
forn=0,1,... {
forj=1,...,Np{

M§n+1) - ’ugn) ! N YiTq 2
.3’@2. 1—# beil'b-l- 6R~
(1.82)
Zi = l; + aij(,ug-nH) — ,ug-n)), Vi : Qjj 7'5 0 (183)
}

}

The computational requirements per iteration are summarized in [77].
Bouman et al. also present a clever method to search for a zero-crossing to
avoid using Newton-Raphson for the penalty part of the objective function [19].
The numerator in (1.82) is essentially a backprojection, and appears to be quite
similar to the backprojection in the numerator of (1.68). One might guess then that
coordinate ascent and an algorithm like Convex-NR in (1.68) would have similar
computational requirements, but they do not. We can precompute the entire expres-

sion| 1— T bie b " for each ¢ in the numerator of (1.68) before starting

the backprOJectlon which saves many flops and nonsequential memory accesses.
In contrast, the numerator of (1.82) contains /;’s that change after each pixel is
updated, so that expression cannot be precomputed. During the “backprojection”
step, one must access four arrays (nonsequentially): the y;’s, b;’s, 7;’s, and ;s
in addition to the system matrix elements a;;. And one must compute an expo-
nentiation and a handful of addition and multiplications for each nonzero a;;. For
these reasons, coordinate ascent is quite expensive computationally per iteration.
On the other hand, experience shows that if one considers the number of iterations
required for “convergence,” then CA-NR is among the best of all algorithms. The
PSCA algorithm described in Section 1.6.4 below is an attempt to capture the con-
vergence rate properties of CA-NR, but yet guaranteeing monotonicity and greatly
reducing the flop counts per iteration.

An alternative approach to ensuring monotonicity would be to evaluate the ob-
jective function @ after updating each pixel, and impose an interval search in the
(hopefully relatively rare) cases where the objective function decreases. Unfortu-
nately, evaluating ® after every pixel adds considerable computational overhead.
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15.2 Variation 1: Hybrid Poisson/polynomial approach

One approach to reducing the flops required by (1.82) is to replace some of
the nonquadratic h;’s in the log-likelihood (1.11) with quadratic functions. Specif-
ically, any given measured sinogram is likely to contain a mixture of high and low
count rays. For high-count rays, a quadratic approximation to h; should be ade-
guate, e.g. a Gaussian approximation to the Poisson statistics. For low count rays,
the Poisson h; function (1.12) can be retained to avoid biases. This “hybrid Pois-
son/polynomial” approach was proposed in [14], and was shown to significantly
reduce CPU time. However, implementation is somewhat inelegant since the sys-
tem matrix A must be stored by sparse columns, and those sparse columns must be
regrouped according to the indices of low and high count rays, which is a program-
ming nuisance.

15.3 Variation 2: 1D parabolic surrogates

Besides CPU time, another potential problem with (1.82) is that it is not guar-
anteed to monotonically increase ®, so divergence is possible. One can ensure
monotonicity by applying the optimization transfer principle to the maximization
problem (1.77). One possible approach is to use a parabolic surrogate for the 1D
function £(u;) = ®(u{™™,. .. ,ug.’il),pj,ug’fl, ..., ). For the fastest con-
vergence rate, the optimal parabolic surrogate would have the lowest possible cur-
vature, as discussed in Section 1.6.2 below. The surrogate parabola (1.27) with
optimal curvature (1.29) can be applied to (1.77) to yield an algorithm of the form
(1.82) but with a different expression in the denominator. Ignoring the penalty
function, the ML coordinate ascent parabola surrogate (CA-PS) algorithm is

Ny _ Yi =
o = [, (Lt ve

N
¢ El:Yl a%‘] C(li, Yi, bia 'f'i)

(1.84)

where ¢(-) was defined in (1.29). Unfortunately, this algorithm suffers from the
same high CPU demands as (1.82), so is impractical. To incorporate a penalty
function, one could follow a similar procedure as in Section 1.6.2 below.

Another approach to applying optimization transfer to (1.77) was proposed by
Saquib et al. [115] and Zheng et al. [116], called “functional substitution.” That
method also yields a monotonic algorithm, for the case r; = 0 since concavity of
h; is exploited in the derivation. The required flops are comparable to those of CA-
NR. We can generalize the functional substitution algorithm of [116], to the case
r; 7 0 by exploiting the EM surrogate described in Section 1.4.5 to derive a new
monotic algorithm. Essentially one simply replaces y; with y;b;e =" /(bie ™" 4 r;)
in the curvature terms in [116], yielding an algorithm that is identical to (1.82) but
with a different denominator.
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1.6 Paraboloidal surrogatesalgorithms

Coordinate ascent algorithms are sequential update algorithms because the pix-
els are updated in sequence. This leads to fast convergence, but requires column
access of the system matrix A, and makes parallelization quite difficult. In con-
trast, simultaneous update algorithms can update all pixels independently in paral-
lel, such as the EM algorithms (1.45), (1.46), and (1.49), the scaled gradient ascent
algorithms (1.50), (1.54), and (1.56), and the Convex algorithms (1.66), (1.68), and
(1.72). However, a serious problem with all the simultaneous algorithms described
above, except Convex-PS (1.72), is that they are not intrinsically monotonic. (They
can all be forced to be monotonic by adding line searches, but this is somewhat
inconvenient.) In this section we describe an approach based on the optimization
transfer principle of Section 1.3.2 that leads to a simultaneous update algorithm that
is also intrinsically monotonic, as well as a sequential algorithm that is intrinsically
monotonic like CA-PS (1.84), but much more computationally efficient.

As mentioned in Section 1.3.4, a principal difficulty with maximizing (1.15)
is the fact that the h;’s in (1.12) are nonquadratic. Maximization is much easier
for quadratic functions, so it is natural to use the surrogate parabola described in
(1.27) to construct a paraboloidal surrogate function for the log-likelihood L(x) in
(1.12). B

Using (1.29), define

Cz(n) = c(lz(n)a Yi, bi7 Ti) ’

where 1) = [Ap(™); was defined in (1.28). For this choice of curvatures, the
parabola

Gl 1) = ) + b 1) — S - iy

is a surrogate for h;(-) in the sense that h;(l) > qi(l;lz(")) forall > 0. Summing
these 1D surrogate functions, as in (1.11), leads to the following surrogate function
for the log-likelihood:

Ny
n)y & n
Qu(p: ™) =" qi([Apli; [Ap™]) . (1.85)
=1
This is a surrogate for the log-likelihood in the sense that if we define
1 (s ™) = Qu (s ™) — BR(p) , (1.86)

then ¢, satisfies (1.24), (1.25), and (1.26).
When expanded, the paraboloidal surrogate function @1 in (1.85) has the fol-
lowing quadratic form;

1 . n n
Qu(ss u™) = VL) (1 = ™) = 5 (u = ™) A ding{ ™ | A — ™).

- s
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Maximizing a quadratic form like (1.87) is potentially much easier than the log-
likelihood (1.11).

1.6.1 Paraboloidal surrogate with Newton Raphson

For a quadratic penalty R(u) = u'Ry/2, as in (1.18), the surrogate function
¢1 in (1.86) above is a quadratic form. Disregarding the nonnegativity constraint,
in principle we can maximize ¢ (as in (1.22)) by zeroing the gradient of ¢1:

V1 (s 1™) = V'L(u™) — BRE — [A' diag{c(” } A+ BRI (1~ ).

This leads to the following paraboloidal surrogates Newton-Raphson (PS-NR) al-
gorithm;

J

1
Y = ) [—V% (1 H(n))‘#:u(n)] V1 (s 1)

H(n+1) —

=

() 4 (A’ diag{c§”>} A+ BRI V'L(u™) — BRL™).| (1.88)

There are three problems with this algorithm. The matrix inverse is impractical,
the method appears only to apply to quadratic penalty functions, and nonnegativity
is not enforced. Fortunately all three of these limitations can be overcome, as we
describe next.

1.6.2 Separable paraboloidal surrogates algorithm

In this section we derive an intrinsically monotonic algorithm that we believe
to be the current “method of choice” for cases where one desired a simultaneous
update without any line searches.

A difficulty in maximizing (1.86) is that in general both @1 and R are nonsep-
arable functions of the elements of the parameter vector n.. However, since each g;
in (1.85) is concave, we can apply precisely the same convexity trick of De Pierro
used in (1.59) and (1.60) to form a second separable surrogate function. Since

Np
n Qjj n n n
a(apal™) = g (zalj 25 1y = ) 17 >>

ij

Q5 n n)_ ;(n
> Zai]’qz'(a—;(#j—ﬂg )+ s )) ;

the natural separable surrogate function for the log-likelihood is

L(p) > Z Q2,5 (13 1 (1.89)
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where

QZ,] s b Za”%(

Since Q- is a separable function, it is easily maximized.
We need to apply a similar trick to separate the penalty function. We assume
that R has the form (1.18). Similar to (1.59) we have

— i)+ 1 l(")) (1.90)

i .

Cule =S [%(M )4 [cmk] , (Lo1)

where ~y;; > 0 and Ej.vz”l vk; = 1. So since 2 /2 is a convex function:

Ry = Yy (Cul)?
k=1
2
= ZCUk; <Z7kj [Cﬂ K #gn))‘i‘[cﬁ(n)]k])
K Np 2
> Y s ( u§">>+[0g<n>]k) @)
k=1 j=1

so the natural surrogate function is

Np
A
R(p; p™) =3 Rjugs p™),
j=1
where
) 2
Ao Z’Yk; Wi ( j Mg-n))—i-[CE(")]k) .

Combining @2 and R(-;H(")) yields the following separable quadratic surrogate
function:

o (1 ™) = Qo ™) — BR(; ™) Z@,J (g3 o

where

¢2,j(/~bj§ﬂ ) Q2,](/”’J’ ) BR; (155 ())-
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Using the choice (1.67) for the «;;’s, the surrogate curvature is

d2
dp 2Q2,J Hjs Zazg/am Za”a, ¢

Similarly, if we choose v;; = |ck;|/ck , Where ¢, 2 Ej.vz”l |ck;], then

K K
A

d? n
Tj = d_/J/QR]('uJ’H( )) = Zcijwk/’ykj = Z |ij|ck Wk . (193)
J k=1 k=1

Since the surrogate is separable, the optimization transfer algorithm (1.22) be-

comes
+1 ;
,u’;'n ) :argmaX¢27]’(ﬂj;H(n))a ] = 1, ,Np-
H; >0

Since ¢o ; (uj;ﬁ(")) is quadratic, it is easily maximized by zeroing its derivative,
leading to the following separable paraboloidal surrogates (SPS) algorithm:

SN aghi™ — 525 1ijwk[CE(")]k

N
D im @ijli ¢ e prj +

/1};-”_’_1) _ Mgn)+

(1.94)

where hl(”) was defined in (1.73) and we precompute the r;’s in (1.93) before iter-
ating. This algorithm is highly parallelizable, and can be implemented efficiently
using the same structure as the Convex-PS algorithm (1.74). It is also easy to form
an ordered subsets version (cf. Section 1.4.6) of the SPS algorithm [109].

See [109, 117] for the extension to nonquadratic penalty functions, which is
based on a parabola surrogate for 1, proposed by Huber [118].

1.6.3 Ordered subsetsrevisited

One can easily form an ordered subsets version (cf. Section 1.4.6) of the SPS
algorithm (1.94) by replacing the sums over 4 with sums over subsets of the rays,
yielding the ordered subsets transmission (OSTR) algorithm described in [109].
Since ordered subsets algorithms are not guaranteed to converge, one may as well
further abandon monotonicity and replace the denominator in the ordered subsets
version of (1.94) with something that can be precomputed. Specifically, in [109]

we recommend replacing the c s in (1.94) with'?

ci = —hi(l;) = { v oo Y~ 0

1.95
0, yi =0, (1.95)

"This trick is somewhat similar in spirit to the method of Fisher scoring [119, 120], in which one
replaces the Hessian with its expectation (the Fisher information matrix) to reduce computation in
nonquadratic optimization problems.
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where [; 2 ’ﬁr . For this “fast denominator” approximation, the OSTR-M
algorithm becomes:
new M Zzes al] ﬁ Zk 1 CkJLUk[C,u( )]
i =M T : (1.96)
d; + w; .

where S is a cyclically chosen subset of the rays, formed by angular subsampling
by a factor M, where h§"> was defined in (1.73), and where we precompute

Y
A .
dj: E aijaici,jzl,...,Np.

The results in [109] show that this algorithm does not quite find the maximizer of
the objective function ®, but the images are nearly as good as those produced by
convergent algorithms in terms of mean squared error and segmentation accuracy.

1.6.4 Paraboloidal surrogates coordinate-ascent (PSCA) algorithm

A disadvantage of simultaneous updates like (1.94) is that they typically con-
verge slowly since separable surrogate functions have high curvature and hence
slow convergence rates (cf. Section 1.3.3). Thus, in [77,121] we proposed to ap-
ply coordinate ascent to the quadratic surrogate function (1.86). (We focus on the
guadratic penalty case here; the extension to the nonquadratic case is straightfor-
ward following a similar approach as in Section 1.6.2.) To apply CA to (1.86),
we sequentially maximize ¢ (u; (™) over each element 115, using the most recent
values for all other elements of 1, as in Section 1.5. We again adopt the shorthand
(1.78) here. In its simplest form, this leads to a paraboloidal surrogates coordinate
ascent (PSCA) algorithm having a similar form as (1.82), but with the inner update
being:

:(n) d p(r
P =ty il ~ 050, RE) (1.97)
J J d +B ok R( ) ’
where, before looping over j in each iteration, we precompute
d _Za,?J M i=1,... Ny, (1.98)

and the following term is maintained as a “state vector” (analogous to the [;’s in

(1.83):
i 2 (") = (1 = )bieén)'
biefli +7;
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This precomputation saves many flops per iteration, yet still yields an intrinsically
monotonic algorithm. Even greater computational savings are possibly by a “fast
denominator” trick similar to (1.95), although one should then check for mono-
tonicity after each iteration and redo the iteration using the monotonicity preserv-
ing denominators (1.98) in those rare cases where the objective function decreases.
There are several “details” that are essential for efficient implementation; see [77].

1.6.5 Grouped coordinate ascent algorithm

We have described algorithms that update a single pixel at a time, as in the
PSCA algorithm (1.97) above, or update all pixels simultaneously, as in the SPS
algorithm (1.94) above. A problem with the sequential algorithms is that they are
difficult to parallelize, whereas a problem with simultaneous algorithms is their
slow convergence rates. An alternative is to update a group of pixels simultane-
ously. If the pixels are well separated spatially, then they may be approximately
uncorrelated'?, which leads to separable surrogate functions that have lower cur-
vature [101, 122, 123]. We call such methods grouped coordinate ascent (GCA)
algorithms. The statistics literature has work on GCA algorithms e.g. [124], which
in turn cites related algorithms dating to 1964! In tomography, one can apply the
GCA idea directly to the log-likelihood (1.11) [101,117,123], or to the paraboloidal
surrogate (1.85) [77].

1.7 Direct algorithms

The algorithms described above have all been developed, to some degree, by
considering the specific form of the log-likelihood (1.11). It is reasonable to hy-
pothesize that algorithms that are “tailor made” for the form of the objective func-
tion (1.15) in tomography should outperform (converge faster) general purpose op-
timization methods that usually treat the objective function as a “black box” in the
interest of greatest generality. Nevertheless, general purpose optimization is a very
active research area, and it behooves developers of image reconstruction algorithms
to keep abreast of progress in that field. General purpose algorithms that are natural
candidates for image reconstruction include the conjugate gradient algorithm and
the quasi-Newton algorithm, described next.

1.7.1 Conjugate gradient algorithm

For unconstrained quadratic optimization problems, the preconditioned conju-
gate gradient (CG) algorithm [125] is particularly appealing because it converges
rapidly2 for suitably chosen preconditioners, e.g. [67]. For nonquadratic objective

12To be more precise: the submatrix of the Hessian matrix of ® corresponding to a subset of
spatially separated pixels is approximately diagonal.

Bt is often noted that CG converges in IV, iterations in exact arithmetic, but this fact is essentially
irrelevant in tomography since IV, is so large. More relevant is the fact that the convergence rate of
CG is quite good with suitable preconditioners.
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functions, or when constraints such as nonnegativity are desired, the CG method
is somewhat less convenient due to the need to perform line searches. It may be
possible to adopt the optimization transfer principles to simplify the line searches,
cf. [67].

Mumcuoglu et al. [31, 126] have been particularly successful in applying diag-
onally preconditioned conjugate gradients to both transmission and emission tomo-
graphy. Their diagonal preconditioner was based on (1.52). They investigated both
a penalty function approach to encourage nonnegativity [31, 126], as well as active
set methods [127] for determining the set of nonzero pixels [128, 129].

An alternative approach to enforcing nonnegativity in gradient-based methods
uses adaptive barriers [130].

1.7.2 Quasi-Newton algorithm

The ideal preconditioner for the conjugate gradient algorithm would be the in-
verse of the Hessian matrix, which would lead to superlinear convergence [131].
Unfortunately, in tomography the Hessian matrix is a large non-sparse matrix, so
its inverse is impractical to compute and store. The basic idea of the quasi-Newton
family of algorithms is to form low-rank approximations to the inverse of the Hes-
sian matrix as the iterations proceed [85]. This approach has been applied by
Kaplan et al. [132] to simultaneous estimation of SPECT attenuation and emis-
sion distributions, using the public domain software for limited memory, bound-
constrained minimization (L-BFGS-B) [133]. Preconditioning has been found to
accelerate such algorithms [132].

1.8 Alternativesto Poisson models

Some of the algorithms described above are fairly complex, and this complex-
ity derives from the nonconvex, nonquadratic form of the transmission Poisson
log-likelihood (1.11) and (1.12). It is natural then to ask whether there are simpler
approaches that would give adequate results in practice. Every simpler approach
that we are aware of begins by using the logarithmic transformation (1.3), which
compensates for the nonlinearity of Beer’s law (1.2) and leads then to a linear prob-
lem

~

li ~ [Aﬁ]l, 1= 1, e ,Ny . (199)
Unfortunately, for low-count transmission scans, especially those contaminated by
background events of any type (r; # 0), the logarithm (1.3) simply cannot be used
since Y; — r; can be nonpositive for many rays. In medium to high-count transmis-
sion scans, the bias described in (1.4) should be small, so one could work with the
estimated line integrals (the l}’s) rather than the raw transmission measurements
(the Y;’s).
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1.8.1 Algebraic reconstruction methods

A simple approach to estimating y is to treat (1.99) as a set of Ny equations in
N, unknowns and try to “solve” for 1. This was the motivation for the algebraic re-
construction technique (ART) family of algorithms [11]. For noisy measurements
the equations (1.99) are usually inconsistent, and ART “converges” to a limit cy-
cle for inconsistent problems. One can force ART to converge by introducing ap-
propriate strong underrelaxation [134]. However, the limit is the minimum-norm
weighted least-squares solution for a particular norm that is unrelated to the mea-
surement statistics. The Gauss-Markov theorem [90] states that estimator variance
is minimized when the least-squares norm is chosen to be the inverse of the covari-
ance matrix, so it seems preferable to approach (1.99) by first finding a statistically-
motivated cost function, and then finding algorithms that minimize that cost func-
tion, rather than trying to “fix up” algorithms that were derived under the unrealistic
assumption that (1.99) is a consistent system of equations.

1.8.2 Methodsto avoid

A surprising number of investigators have applied the emission EM algorithm
to “solve” (1.99), even though the statistics of ; are entirely different from those
of emission sinogram measurements, e.g. [15]. We strongly recommend avoiding
this practice. Empirical results with simulated and phantom data show that this
approach is inferior to methods such as OSTR which are based on the transmission
statistical model (1.7).

Liang and Ye [135] present the following iteration for MAP reconstruction of
attenuation maps without giving any derivation:

uHD Y ay .
! TSN ai[Ap™);/ log(bs /i)

The iteration looks like an “upside down” emission EM algorithm. The conver-
gence properties of this algorithm are unknown.

Zeng and Gullberg [136] proposed the following steepest ascent method with a
fixed step-length parameter:

Ny
n n i 0 n
u§- ) =u§- '+a 2 :aij(yi/bi—e E )+56_;L]-R(H( N,
i=1

for an interesting choice of penalty R(u) that encourages attenuation values near
those of air/lung, soft tissue, or bone. Without a line search of the type studied
by Lange [95, 97], monotonicity is not guaranteed. Even with a line search it is
unlikely that this algorithm maximizes the objective function since its fixed points

are not stationary points of ®.
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1.8.3 Wkeighted least-squares methods

Rather than simply treating (1.99) as a system of equations, we can use (1.99)
as the rationale for a weighted least-squares cost function. There are several choices
for the weights.

1.8.3.1 Model-weighted LS

By a standard propagation-of-errors argument, one can show from (1.3) and
(1.7) that

var{i;} ~ (3/371«)2 (1.100)

where g; was defined in (1.8). A natural “model-weighted” least-squares cost func-
tion is then

ks (@i (p) —3)?
_ 7 _ \2 L\ ?
(p) = ;_l(lz [Apl:) T (1.101)

This type of cost function has been considered in [137]. Unfortunately, the above
cost function is nonquadratic, so finding its minimizer is virtually as difficult as
maximizing (1.15).

1.8.3.2 Data-weighted LS

A computationally simpler approach arises if we replace the estimate-dependent
variance (1.100) with a data-based estimate by substituting the data Y; for g;. This
leads naturally to the following data-weighted | east-squares cost function:

Ny
O(p) =Y (I — [Ap)i)*w; , (1.102)
=1
where w; = (Y;/i’")z is a precomputed weight. Minimizing & is straightforward

since itis quadratié:, so one can apply, for example, conjugate gradient algorithms or
coordinate descent algorithms [13]. This approach gives more weight to those mea-
surements that have lower variance, and less weight to the noiser measurements.
This type of weighting can significantly reduce the noise in the reconstructed im-
age relative to unweighted least squares. In fact, unweighted least squares esti-
mates are essentially equivalent to FBP images. (The shift-invariant FBP meth-
ods treat all data equally, since noise is ignored.) However, as mentioned below
(1.4), data-weighting leads to a systematic negative bias that increases as counts
decrease [14, 15]. So (1.102) is only appropriate for moderate to high SNR prob-
lems.

One can also derive (1.102) by making a second-order Taylor expansion of the
log-likelihood (1.12) about I; [13,14,138,139].
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1.8.3.3 Reweighted LS

The two cost functions given above represent two extremes. In (1.102), the
weights are fixed once-and-for-all prior to minimization, whereas in (1.101), the
weights vary continuously as the estimate of p changes. A practical alternative is
to first run any inexpensive algorithm (such as OSTR) for a few iterations and then
reproject the estimated image (™) to form estimated line integrals { E”) = [Ap™)];.
Then perform a second-order Taylor expansion of the log-likelihood (1.12) around
lf") to find a quadratic approximation that can be minimized easily. This approach
should avoid the biases of data-weighted least-squares, and if iterated is known as
reweighted least squares [140, 141].

1.9 Emission reconstruction

In emission tomography, the goal is to reconstruct an emission distribution A(Z)
from recorded counts of emitted photons. We again parameterize the emission
distribution analogous to (1.5), letting A; denote the mean number of emissions
from the jth voxel. The goal is to estimate A = [A1,...,An,]" from projection
measurements Y = [Y7,...,Yn,]’. The usual Poisson measurement model is
identical to (1.7), except that the measurement means are given by

Np
Ui = Zaij)\j +ri = [AA]; + 7y, (1.103)
=

where a;; represents the probability that an emission from the jth voxel is recorded
by the sth detector, and r; again denotes additive background counts such as random
coincidences and scatter. (Accurate models for the a;;’s can lead to significant
improvements in image spatial resolution and accuracy, e.g. [142, 143]. The log-
likelihood has a similar form to (1.11):

Ny
L) = hi([AN),
=1

where
hi(l) = yilog(l + 7)) — (L + 7). (1.104)

This h; function is concave for [ € (—r;,00), and is strictly concave if y; > 0.
Since g; is linearly related to the A;’s (in contrast to the nonlinear relationship in
(1.8) in the transmission case), the emission reconstruction problem is considerably
easier than the transmission problem. Many of the algorithms described above
apply to the emission problem, as well as to other inverse problems having log-
likelihood functions of the general form (1.11). We describe in this section a few
algorithms for maximizing the emission log-likelihood L()). Extensions to the
regularized problem are similar to those described for the transmission case.
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1.9.1 EM Algorithm

One can derive the classical EM algorithm for the emission problem by a formal
complete-data exposition [17], which is less complicated than the transmission case
but still somewhat mysterious to many readers, or by fixed-point considerations
[79] (which do not fully illustrate the monotonicity of the emission EM algorithm).
Instead, we adopt the simple concavity-based derivation of De Pierro [72], which
reinforces the surrogate function concepts woven throughout this chapter.

The key to the derivation is the following “multiplicative” trick, which applies
if A" >0

(@ A (i)
[AN]; +ri = Z( 3 > (i) u" +<E> g (1.105)
=1\ Aj Y;

The N, + 1 terms in parentheses are nonnegative and sum to unity, so we can apply
the concavity inequality. Since g;({) 2 y; log ! — 1 is concave on (0, o), it follows
that

Ny

L) = > gi([AN;i + 1)

1=1

Ny Np aij)\;”) Aj _(n) T _(n)y & (n)
Z ZZ _(n) 9i )\n)yi + (n) gi(7; ) = QA AY).

The surrogate function Q is separable:

ue aij)\('n) Aj o _(n)
QA AM) = ZQ] A A, Qi(A;5AM) = ZTf)gi<—;)yi”> :
Y

=1 7

Thus the the following parallelizable maximization step is guaranteed to monoton-
ically increase the log-likelihood L()) each iteration:

n+1 n
/\5. ) — arg gx;%Qj(Aj;x ). (1.107)

The maximization is trivial:
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Equating to zero and solving for ); yields the famous update:

A1) _ () vayl az]yl/gz(n)
! ZNYl Qg5

Unfortunately, the emission EM algorithm (1.108) usually converges painfully
slowly. To understand this, consider the curvatures of the surrogate functions @ ;:

j=1,...,N,. (1.108)

— 552 Qi (A A™) = A2 Zaw mof (1.109)
J

For any pixels converging towards zero, these curvatures grow without bound. This
leads to very slow convergence; even sublinear convergence rates are possible [76].
1.9.2 Animproved EM algorithm

One can choose a slightly better decomposition than (1.105) to get slightly
faster converging EM algorithms [75]. First find any set of nonnegative constants

{m; };V;’I that satisfy

NP
ri > ) agm;,Vi. (1.110)
j=1

Then an alternative to (1.105) is:

Yo (a0 +mp)\ A 7
[Aamri:z( s J) — y§”’+<_(;)>y£"), (1111)
=1 A my Ui

where 7#; = r; — Z;.V:pl a;jm; > 0. Again the terms in parentheses in (1.111) are
nonnegative and sum to unity. So a similar derivation as that yielding (1.106) leads
to a new surrogate function:

Ny, ai-(/\(-n)—i-m-) \i 4+ m
Qj(/\j;A(n)) = E : : J_(n) Zgi| 2 ) ng( ap

‘ ) A

i=1 Y; 5

Maximizing as in (1.107) leads to the following algorithm

Ny —(n)

n n i=1 @ijYi/ Y; .

AP = (Ag.hrmj)Z ZlNi / —mj] L i=1,...,N,.| (1112
la’ZJ +

This algorithm was derived by a more complicated EM approach in [75], and called
ML-EM-3. The surrogate function derivation is simpler to present and understand,
and more readily generalizable to alternative surrogates.
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The curvatures of the second @ ;’s just derived are smaller than those in (1.106),
due to the m;’s (replace A; with A; 4 my; in the denominator of (1.109)). The con-
vergence rate improves as the m ;’s increase, but of course (1.110) must be satisfied
to ensure monotonicity. Since the EM algorithm updates all parameters simulta-
neously, the m; values must be “shared” among all pixels, and typically are fairly
small due to (1.110). In contrast the SAGE algorithm [75] updates the pixels se-
quentially, which greatly relaxes the constraints on the m ;’s, allowing larger values
and hence faster convergence rates.

1.9.3 Other emission algorithms

Most of the other methods for developing reconstruction algorithms described
in this chapter have counterparts for the emission problem. Monotonic acceleration
is possible using line searches [94]. Replacing the sums over ¢ in (1.108) with sums
over subsets of the projections yields the emission OSEM algorithm [102]; see also
the related variants RAMLA [144] and RBBI [103,104]. Although the OSEM al-
gorithm fails to converge in general, it often gives reasonable looking images in a
small number of iterations when initialized with a uniform image. Sequential up-
dates rather than parallel updates leads to the fast converging SAGE algorithms [75]
and coordinate ascent algorithms [19], including paraboloidal surrogate variations
thereof [78]. The conjugate gradient algorithm has been applied extensively to
the emission problem and is particularly effective provided one carefully treats the
nonnegativity constraints [31].

1.10 Advanced topics

In this section we provide pointers to the literature for several additional topics,
all of which are active research areas.

1.10.1 Choice of regularization parameters

A common critique of penalized-likelihood and Bayesian methods is that one
must choose (subjectively?) the regularization parameter 5 in (1.15). (In unreg-
ularized methods there are also free parameters that one must select, such as the
number of iterations or the amount of post-filtering, but fiddling these factors to
get visually pleasing images is perhaps easier than adjusting 3, since each new 3
requires another run of the iterative algorithm.) A large variety of methods for au-
tomatically choosing 3 have been proposed, based on principles such as maximum
likelihood or cross validation e.g., [145-154], most of which have been evaluated
in terms of mean-squared error performance, which equally weights bias (squared)
and variance, even though resolution and noise may have unequal importance in
imaging problems.

For quadratic regularization methods, one can choose both /5 and R(y) to con-
trol the spatial resolution properties and to relate the desired spatial resolution to an
appropriate value of 5 by a predetermined table [20, 54-57].
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In addition to the variety of methods for choosing 3, there is an even larger
variety of possible choices for the “potential functions” v in (1.17), ranging from
guadratic to nonquadratic to nonconvex and even nondifferentiable. See [155] for
a recent discussion.

The absolute value potential (15 (¢) = |¢|) is particularly appealing in problems
with piecewise constant attenuation maps. However, its nondifferentiability greatly
complicates optimization [156-158].

1.10.2 Source-free attenuation reconstruction

In PET and SPECT imaging, the attenuation map is a nuisance parameter; the
emission distribution is of greatest interest. This has spawned several attempts
to estimate the attenuation map from the emission sinograms, without a separate
transmission scan. See e.g., [132, 159, 160].

1.10.3 Dual energy imaging

We have focused on the case of monoenergetic imaging, by the assumption
(1.23). For quantitative applications such as bone densitometry, one must account
for the polyenergetic property of x-ray source spectra. A variety of methods have
been proposed for dual energy image reconstruction, including (recently) statistical
methods [161-163].

1.10.4 Overlapping beams

Some transmission scan geometries involve multiple transmission sources, and
it is possible for a given detector element to record photons that originated in
more than one of these sources, i.e., the beams of photons emitted from the var-
ious sources overlap on the detector. The transmission statistical model (1.8) must
be generalized to account for such overlap, leading to new reconstruction algo-
rithms [164-167].

1.10.5 Sinogram truncation and limited angles

In certain geometries, portions of the sinogram are missing due to geometric
truncation (such as fan-beam geometries with a short focal length). In such cases,
prior information plays an essential role in regularizing the reconstruction problem,
e.g., [43]. Similarly, in limited angle tomography the sinograms are truncated due
to missing angles. Nonquadratic regularization methods have shown considerable
promise for such problems [68].

1.10.6 Parametric object priors

Throughout this chapter we have considered the image to be parameterized by
the linear series expansion (1.5), and the associated regularization methods have
used only fairly generic image properties, such as piecewise smoothness. In some
applications, particularly when the counts are extremely low or the number of



54 Statistical Image Reconstruction Methods

projection views is limited, it can be desirable (or even essential) to apply much
stronger prior information to the reconstruction problem. Simple parametric object
models such as circles and ellipses (with unknown location, shape, and intensity pa-
rameters) have been used for certain applications such as angiography [168-172]
or for analysis of imaging system designs, e.g., [173, 174]. Polygonal models have
been applied to cardiac image reconstruction, e.g., [175]. More general and flex-
ible object models based on deformable templates have also shown considerable
promise and comprise a very active research area, e.g., [176-180]. (See Chapter
3)

111 Exampleresults

This section presents representative results of applying penalized likelihood
image reconstruction to real PET transmission scan data, following [109]. Many
more examples can be found in the references cited throughout this chapter.

We collected a 12-minute transmission scan (y;’s) on a Siemens/CTI ECAT
EXACT 921 PET scanner with rotating rod sources of an anthropomorphic thorax
phantom (Data Spectrum, Chapel Hill, NC). The sinogram size was 160 radial bins
by 192 angles (over 180°), with 3mm radial spacing. The reconstructed images
were 128 x 128 pixels that were 4.5mm on each side.

For the penalized-likelihood reconstructions we used a second order penalty
function of the form (1.16) with the following potential function proposed in [97]:

Y(t) = 6% [|t/3] —log (1 +[t/d]) ], (1.113)

where 8 = 21%and § = 0.004cm~! were chosen visually. This function approaches
the quadratic ¢ (t) = ¢2/2 as § — oo, but provides a degree of edge preservation
for finite §. The derivative of v requires no transcendental functions, which is
computationally desirable.

Fig. 1.6 presents a representative example of performance on real PET trans-
mission data. The FBP image is noisy and blurry, since there are only 921K prompt
coincidences in this scan [101]. In the upper right is the emission OSEM algo-
rithm applied to the logarithm (1.3) and (1.99). As discussed in Section 1.8.2,
this approach yields suboptimal images. The lower two images in Fig. 1.6 were
reconstructed by penalized likelihood methods based on (1.15) and (1.16) with the
penalty described above. The lower left image used 2 iterations of the OSTR-16
algorithm (1.96) (modified for a nonquadratic penalty as described in [77]). The
lower right image used 10 iterations of the PSCA algorithm (1.97). Both penal-
ized likelihood images have lower noise and better spatial resolution than FBP and
ML-OSEM-8, as quantified in [77]. There are small differences between the non-
convergent OSTR image and the image reconstructed by the monotonic PSCA al-
gorithm, but whether these differences are important in practice is an open question.

In PET the main purpose of the attenuation map is to form attenuation correc-
tion factors (ACFs) for the emission scan. Fig. 1.7 shows sagittal views (47 slices)
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FBP ML-OSEM-8

PL-OSTR-16 PL-PSCA

Figure 1.6 Reconstructed images of thorax phantom from 12—minute PET transmission
scan.

of a patient injected with FDG and scanned with PET. In this case, a 2-minute
transmission scan was emulated by binomial thinning of a 12—minute transmission
scan [109]. For the subfigures labeled “T-PL” and “T-FBP” the ACFs were com-
puted from attenuation maps reconstructed by penalized likelihood methods or by
FBP respectively. For the subfigures labeled “E-PL” and “E-FBP,” the emission
data was reconstructed by penalized likelihood methods or by FBP respectively.
The best image (upper left) is formed when both the emission and transmission
images are reconstructed by statistical approaches. The second best image (upper
right) is formed by using statistical reconstruction of the attenuation map, but or-
dinary FBP for the emission data. Clearly for such low-count transmission scans,
reducing the noise in the ACFs is as important, if not more so, than how the emis-
sion images are reconstructed.
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E-PLT-PL E-FBP,T-PL

E-FBP,T-FBP

Figure 1.7: FDG PET emission images, reconstructed by both FBP (E-FBP) and penalized-
likelihood (E-PL) methods. Attenuation correction was performed using attenuation maps
generated either by transmission FBP (T-FBP) or transmission penalized-likelihood (T-PL)
reconstructions. The use of statistical reconstruction methods significantly reduces image
noise.

112 Summary

We have summarized a wide variety of algorithms for statistical image recon-
struction from transmission measurements. Most of the ideas underlying these
algorithms are applicable to emission tomography, as well as to image recovery
problems in general.

There is a wide variety of algorithms in part because there is yet to have been
found any algorithm that has all the desirable properties listed in Section 1.3.1.
In cases where the system matrix A can easily be precomputed and stored, and a
non-parallel computer is to be used, we recommend the PSCA algorithm of Sec-
tion 1.6.4. For parallel computing, the conjugate gradient algorithm [31] is a rea-
sonable choice, particularly if exact nonnegativity constraints can be relaxed. If
an inexact maximum is acceptable, the OSTR algorithm of Section 1.6.3 is a very
practical choice, and is likely to be widely applied given the popularity of the emis-
sion OSEM algorithm. Meanwhile, the search continues for an algorithm with the
simplicity of OSTR that is parallelizable, monotone and fast converging, and can
accommodate any form of system matrix.
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1.14 Appendix: Poisson properties

Suppose a source transmits NV photons of a certain energy along a ray passing
through an object towards a specified pixel on the detector. We assume N is a
Poisson random variable with mean Ny:

1
P[N = k] = Ee‘NONé“.

Each of the NV transmitted photons may either pass unaffected (“survive” passage)
or may interact with the object. These are Bernoulli trials since the photons interact
independently. From Beer’s law we know that the probability of surviving passage
is given by

p= eff,u(z)dz'

The number of photons M that pass unaffected through the object is a random
variable, and from Beer’s law:

P[M:m|N:n]:(Z)pm(l—p)"_m,mzo,...,n.

Using total probability:

P[M =m] =Y P[M =m|N =n|P[N = n]

00

_ n ™m nfml —No At __ 1 —Nop m _

_Z(m)p (1-p) ae ONo—ﬁe °P(Nop)™, m=0,1,....
n=m

Therefore the distribution of photons that survive passage is also Poisson, with
mean E[M] = Nop.
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Furthermore, by applying Bayes’ rule, for n > m > 0:
P[M = m|N = n]P[N = n]
P[M =m)]
n pm(l _ p)nfm lefNONn
m n! 0

1 e—ng(NOp)m

m!

P[N =n|M =m] =

= ﬁ(}\fo — Nop)" e~ (No—Nop)
n—m)!

1
— _~  (EIN| = EIMNr—me—(EIN]-E[M])
oy (BIN] = M)
Thus, conditioned on M, the random variable N — M has a Poisson distribution
with mean E[N] — E[M]. In particular,

E[N — M|M| = E[N] — E[M],
which is useful in deriving the transmission EM algorithm proposed in [17].
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6.1 Introduction

A large number of applications in medical imaging require geometric models
of the surface of various anatomical structures. Although recent direct volume ren-
dering techniques provide high visual quality [1] and speed, using cost-effective
special purpose hardware [2], surfaces are very effective for showing the spatial re-
lationship between different structures. (Radio-therapy planning visualization pro-
vides an excellent bio-medical example of this [3].) Surface extraction is necessary
when surfaces (meshes) are used for further analysis and processing, independently
of visualization. Such processes include finite element analysis (Chapter 19) and
registration (see Chapter 8). Several methods have recently been developed to help
guide surgery using computer-generated displays of anatomical structures regis-
tered with live imagery of the patient. Such methods often use surface models for
registration and rendering [4-6].

This chapter is cross-disciplinary. One of its goals is to illustrate the flexibility
in choosing a surface representation. Surface representations are reviewed in Sec-
tion 6.2 and illustrated with various examples. Another goal is to describe recent
techniques that have been developed for surface extraction from medical images in
Sections 6.3, 6.4, and 6.5 and to provide references for further reading.

We also study some methods for optimizing surface models in Section 6.6,
such as smoothing (fairing) and simplification. We introduce a few algorithms that
operate on a surface and accompany them with real-world examples in Section 6.7.

6.2 Surfacerepresentations

Various geometric objects may be used to represent a surface. The first object,
in Section 6.2.1, specifies a surface with a set of samples (and hence does not define
a surface per se). A powerful piece-wise linear representation is introduced in
Section 6.2.2. Smooth curved surface representations (Section 6.2.3) are (in theory)
more compact and allow the full exploitation of curvature and normal information;
however, their topology is less flexible.

6.2.1 Point set

The simplest representation for a surface is probably a point set, each point,
or vertex, being defined by three Cartesian coordinates (x,y, z). Contrary to a
curve, for which a set of sample points may be naturally ordered according to a
progression along the curve, there is no such natural ordering for surface sample
points.

Point sets have been used successfully for registration purposes, as in the “Head
in the Hat” scheme [7]. More recent surface registration methods using sample
points are described in [8,9]. Registration between point sets or between a point
set and a surface is generally performed by associating a corresponding point (re-
spectively, surface location) to each point of a set and by determining a geometric
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transformation that best aligns each point with its correspondent using various opti-
mization schemes. See Chapter 8 for an in-depth description of surface registration
methods. Point sets have also been used for some visualization tasks where a rep-
resentation of a surface using discrete points is suitable.

This representation has several limitations, due to the lack of information be-
tween sample points: area and volume measurements are not possible; for registra-
tion processes, misregistrations can occur due to the fact that a closest sample point
and a closest surface point are not necessarily the same.

A number of strategies have been developed for constructing a surface from its
samples and thus to bridge gaps between samples [10-13]. None of these tech-
niques, to the best of the author’s current knowledge, is guaranteed to produce a
satisfactory result in all cases.

6.2.2 Triangular mesh

A triangular mesh comprises vertices and triangles, each triangle referring to
an ordered triple of vertices. A triangular mesh modeling a portion of a human
femur is illustrated in Fig. 6.1. For the type of applications that we are interested in,
we consider a particular triangular mesh that is oriented and that is also a manifold.
A triangular mesh is oriented if two triangles sharing an edge (an edge is a pair of
vertices referred to by a triangle) are such that the two vertices (endpoints) of the
edge are listed in a different order in both triangles. A triangular mesh is a manifold
if each vertex is such that there is only one triangle fan incident to it. (A triangle
fan of the mesh is a collection of triangles incident to a given vertex and connected
by edges, such that each edge is shared by no more than two triangles of the mesh,
i.e., is a regular edge. A singular edge is shared by more than two triangles—see
Fig. 6.1(b)). A vertex with a single incident triangle fan is called a regular vertex
(Fig. 6.1(c)). A vertex with more than one incident triangle fan is called a singular
vertex (Fig. 6.1(d)).

A boundary edge is an edge that has only one incident triangle. A boundary
of a manifold triangular mesh is obtained by linking boundary edges connected by
vertices. If n, is the number of vertices of the triangular mesh, n. the number of
edges and n,; the number of triangles, the Euler Number is defined to be n, —n.+n;.
Supposing that the triangular mesh has no boundaries, then the Euler number equals
2(1 — nyp) where ny, is the number of “handles” (exactly as the handle of a tea-cup)
of the surface: for instance, it is equal to zero for a torus and to two for a sphere
(or a tetrahedron, a cube, etc.). Figure 6.2 illustrates triangular meshes with zero,
one, and two handles. When discussing the topology of a triangular mesh (or more
generally, of a surface) in subsequent sections, we will be referring to the property
of the surface to have handles or boundaries and to the number of handles and
boundaries.

If the surface has no boundaries, we can also write that 3 * n; = 2 * n, (this
is a standard result that the reader should be able to verify by him/herself when
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Figure 6.1. Triangular meshes: (a) triangular mesh modeling the boundary of a proximal
portion of a human femur; (b) singular edge and vertex; (c) regular vertices. (d) a non-
manifold mesh having a singular vertex.

(b)

Figure 6.2: Triangular meshes with a different Euler Number: (a) 2; (b) 0 (one handle);
(c) -2 (two handles).

enumerating the edges by visiting in turn each triangle). It can be seen that 2n,, —
4(1 —mnyp) = n. Hence, the number of triangles is approximately twice the number
of vertices, provided that nj /n, << 1.

Most of the applications listed in the present chapter utilize a triangular mesh.
If the triangles are sufficiently small, it is possible to approximate surfaces closely
enough in most cases. Also, as discussed further in Section 6.6.1, a signal process-
ing framework may be applied to triangular meshes, allowing such operations as
smoothing.

One drawback of a triangular mesh is the amount of data that is required to
represent it. To address this issue, methods have been developed to approximate
triangular meshes using fewer triangles (Section 6.6.2). Methods for compressing
triangular meshes were also developed, initially in the computer graphics commu-
nity [14, 15]; these methods facilitate storage, transmission, and rendering.
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Delingette/Cotin use “simplex meshes” [16] for modeling the elastic properties
of some tissues and simulating surgery. A simplex mesh is the dual of a triangular
mesh: each triangle in a triangular mesh corresponds to a vertex in a simplex mesh,
each pair of adjacent triangles in a triangular mesh corresponds to an edge in a
simplex mesh.

6.2.3 Curved surfaces

Several types of smooth curved surface representations have been developed
in the past and used extensively in computer aided design, including Bézier rect-
angular patches, Bézier triangles, B-spline surfaces, and NURBS (Non-Uniform
Rational B-splines). These representations are built by blending a set of control
vertices using piecewise polynomial or rational functions. Generally, we will refer
to them as splines. While it is outside the scope of this chapter to review the de-
tails of each type of spline, such details are available for instance in Farin [17]. In
Section 6.5, however, we explain the details of tensor-product B-spline surfaces. A
discussion of various representations is also available in Guéziec [18]. The process
of fitting these representations to data is discussed in Dierckx [19].

The use of such representations in engineering is quite different from their use
in medical imaging. While spline surfaces allow very effective designing by user-
directed manipulation of control vertices, fitting spline surfaces to data is more
complex and is still the focus of much research. In the computer aided design
community this is in fact a process called “reverse engineering” [20].

Splines are explicit surface representations. Implicit representations, which
characterize a surface as the zero set of some real-valued function of three-dimen-
sional space, are also possible!. Implicit superquadrics are smooth curved surfaces
that have been used in medical imaging [21, 22]. Superquadrics may be defined
using fewer parameters than splines. Assuming that the fitting process is accurate,
these parameters may be useful for tracking and characterizing the deformation of
anatomical surfaces in live subjects. Such applications are covered more deeply in
Chapter 3.

Another noteworthy implicit representation is Bajaj’s implicit algebraic patches,
or A-patches [23]. A-patches are embedded in a supporting tetrahedral mesh (mod-
eling not only the surface, but also the enclosed volume) and can be used for dyn-
amic simulations.

6.3 |so-surfaceextraction

Iso-surface extraction is an essential technique for analyzing and visualizing
medical images. The process of extracting an iso-surface that we develop in this
section starts with regular volume data. Volume data may be formed with a se-

A three-dimensional medical image, possibly segmented, may be viewed as a regular grid of
samples of an implicit function. The process of extracting an iso-surface of Section 6.3 uses such an
implicit representation.
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ries of two-dimensional image slices (this is the case for CT-scan data) or may be
readily available as in MRI-scan data. Regular volume data is defined with a set of
vertices regularly positioned in space and a function value (e.g., Hounsfield num-
ber in CT data) provided at each vertex. Vertices are connected, forming a graph.
More specifically, vertices are connected by a three-dimensional lattice, such that
each vertex has 6 neighbors except at the boundary of the lattice (see Fig. 6.3). In
what follows, we will call the vertices voxels. For simplicity, we will refer to the
function values as intensities. Regular volume data is sometimes referred to as a
“three-dimensional image,” because one can resample the data on any plane chosen
arbitrarily through the volume and obtain an (two dimensional) image as a result.

An iso-surfaceis a surface that will connect all the points of space that have the
same function value associated; this function value is called the iso-value. A good
model of the anatomy is rarely obtained by computing an iso-surface of the raw
image data, except in particular cases, e.g., when dry bone is scanned, as illustrated
in Section 6.3.6%. It is thus preferable to perform a segmentation of the image
before extracting an iso-surface. Segmentation is studied in detail in Chapter 2.

There are two fundamental strategies for extracting an iso-surface correspond-
ing to a given iso-value from regular volume data. The strategies differ in how
they treat each cell of the three-dimensional lattice. The first strategy visits all
hexahedral cells of the three-dimensional lattice and draws the (most often, empty)
portion of the iso-surface intersecting each cell. Since a polygonal surface is built,
this is often called polygonizing a cell. The second strategy first decomposes hex-
ahedral cells into tetrahedra and polygonizes tetrahedral cells. There are a number
of variants for either strategy. See [24, 25] for a discussion of various algorithms.
The reader may also consult a text by the same author [26] for a detailed descrip-
tion of a variant of each strategy and for recent research on iso-surface extraction
algorithms.

6.3.1 Hexahedral decomposition

Marching Cubes (Lorensen & Cline, 1987) [27] is probably the best known
variant of the hexahedral decomposition method. However, the resulting tiling may
be inconsistent across hexahedra, resulting in non-manifold surfaces [24, 28, 29].
(This problem may be resolved in some implementations.) The Wyvill et al. [30]
or Kalvin [28] methods for instance do not have this problem. For brevity, we
concentrate on the tetrahedral decomposition method in the next Section 6.3.2. A
complete description of an implementation of the Wyvill et al. method is also avail-
able in [26]. In [26] the results that are presented indicate that when subjected to
the same simplification process the final output of the hexagonal and tetrahedral de-
compositions are virtually identical. It is also argued that implementing the tetra-
hedral decomposition is perhaps simpler. Additional perspectives on iso-surface

2Even for CT-scans of dry bone, iso-surfaces may yield models that are not anatomically faithful
in regions of thin bone.
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X iy

hexagonal cell
connecting 8
iso surface voxels

volume element
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Figure 6.3. A hexahedral cell of a three-dimensional lattice of volume elements (voxels). A
central cell is shown with 8 voxels of different intensities (function values), represented using
different gray levels. The arrows indicate that the lattice extends a priori in all six directions.
A portion of iso-surface is also shown. The iso-surface cuts through the lattice.

extraction can be found in [31-42].

6.3.2 Tetrahedral decomposition

This section describes the method of Guéziec and Hummel [43], which is an
extension of the method of Doi, Koide, et al. [44, 45]. The differences between
the methods described in [43] and in [44, 45] are related to 1) the specifics of
the decomposition into tetrahedra and the resulting orientation of the tetrahedra,
2) the look-up procedure for oriented triangles, and 3) the addition in [43] of a
simplification process following the extraction process. The simplification process
is described in detail in Section 6.6.2. The hexahedral lattice is decomposed into a
tetrahedral lattice as shown in Fig. 6.4.

In addition to the examples provided in Section 6.3.6, Guéziec and Hummel’s
method has been applied to compare schizophrenic and normal ventricles by Dean
et al. [46] and is used for surface extraction before registration in [9, 47].

The method has also been used during simulations studies by Gencer et al. on
the optimal placement of electrodes for electric source imaging [48]. The effect of
the simplification procedure on the accuracy of the detection of rib lines (which are
discussed in detail in Section 6.3.5) has been studied by Guéziec and Dean [49].
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Figure 6.4: Triangulation of an hexahedral cell producing five tetrahedra. Four are isosce-
les and isomorphic to one another (A1, A2, As, and A4 denote their apices). Two of the four
are shown at the left and center. The fifth tetrahedron (right) is equilateral and occupies the
center of the hexahedral cell.

6.3.2.1 ldentifying tetrahedra vertices

The following procedure is used to build a tetrahedron as an (oriented) quadru-
ple of vertices. The actual implementation may either apply this procedure for
every tetrahedron or apply it once and insert all possible tetrahedra (10) in a table.
This table may also be built manually. The first two methods are probably less
error-prone.

For any given hexahedral cell, two tetrahedral decompositions are possible.
One of these is shown in Fig. 6.4; the other is mirror symmetric to the one shown.
In order to be consistent between neighboring hexahedral cells, i.e., in order that
faces and edges of tetrahedra in one cell match faces and edges of tetrahedra in the
neighboring cells, we must alternate between the two decompositions from cell to
cell, in a three-dimensional checkerboard fashion.

We next describe the use of binary operations to perform the decomposition
easily. (This is not used in the Doi/Koide version.) Each of the vertices of the
hexahedral cell is numbered from 0 to 7 (see Fig. 6.5). Moving along an edge of
the hexahedral cell is performed by inverting one of the three bits of the vertex
number. The three possible 1-bit inversions will be denoted by ® 001, ® 010, and
®100 (see Fig. 6.5).

Each hexahedral cell has an integer coordinate location (i, j, k) for its local
origin. We use 4, j, and k to measure the row, column, and height in the array of
cells. In order to identify each tetrahedron within a cell, we perform the following
steps:

1. Ifi+ 5+ k is even, we call the cell an even cell, and we say that the parity of
the cell is even. If the sum is odd, the cell’s parity is odd. To determine tetra-
hedron number 1 within the cell, we select apex A; as vertex 000 in an even
cell, and as 001 in an odd cell. We then obtain three other apices from A1 by
applying the motion operators ®001, ®010, and ®100, resulting in a11, a2,
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Figure 6.5 Some motion operators.

A Ay Ay A,

a2 \ 2

Even Odd

Figure 6.6: To determine tetrahedron number 1 within the cell, we select apex A; as vertex
000 in an even cell and as vertex 001 in an odd cell. We then obtain three other vertices
from A; by applying the motion operators ® 001, ® 010, and ® 100.
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and a3 respectively. Tetrahedron number 1 is spanned by (A1, a1, a12,a13),
which we view as an ordered tuple of vertices (see Fig. 6.6).

2. Tetrahedron number 2 uses the second apex As, obtained from A; by the
2-bit inversion ® 011. Three vertices, aa1, azs, and aqs, are obtained from
A, by the one-bit transitions ® 001, ® 010, and ®100.

3. Next, As is obtained by applying ® 101 to A;. The span of (As, asi, as2,
as3) defines tetrahedron number 3, where the a31, asz, and ags once again
were obtained from Ag after applying ® 001, ®010, ®100.

4. By applying ® 110 to Ay, we define A4, and the corresponding tetrahedron
4 is defined analogously to tetrahedra 1, 2, and 3.

5. The fifth tetrahedron is defined by shifting the four apices (A1, Aa, A3, A4)
by ®001, resulting in (A; ®001, A; ®001, A3 ®001, A4 ®001).

6.3.2.2 Intersecting the iso-surface with a tetrahedron

The next step consists in determining whether a portion of the iso-surface will
intersect a given tetrahedron (a1, az, as, as). The voxel values (v, v2,vs3,v4) COI-
responding to the four tetrahedron apices are retrieved from the three-dimensional
lattice. For each tetrahedron edge that exhibits an intensity sign change, a vertex of
the polygonal approximation of the iso-surface v = 0 is created. The exact position
of the vertex is determined by the zero-crossing of a function interpolating voxel
values along the edge. Because of the issue illustrated in Fig. 6.7, we use linear
interpolation on an edge of the hexahedral cell and bilinear interpolation on a diag-
onal edge (which amounts to using bilinear interpolation overall). Specifically, if
(a, b, ¢, d) denote the four intensity values on the face of an 8-cell, then the intensity
value along the (a, d) diagonal edge is given by:

v(w)=(a+d—b—c)u?+(—2a+b+c)u+a.

Here, u varies from 0 to 1 linearly along the diagonal. Provided ad < 0, v will have
exactly one zero in the range 0 < u < 1, which can easily be determined from the
quadratic formula (the other zero will fall outside this range).

6.3.2.3 Building a set of oriented triangles

Consider a tetrahedron (a1, a2, a3, as) that is defined by an ordered tuple of
apices. The order is as determined by one of the five steps from Section 6.3.2.1. The
corresponding intensity values are given by a four-tuple (vq, ve, vs,v4). If all four
values have the same sign, then the surface does not intersect the tetrahedron. If the
signs are mixed, however, we then have three major cases. Among v1, v, v3, ¥4,
there are either one, two, or three positive values. These cases, which we call Cases
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5 .29 .25

1 -1

Figure 6.7: Using a linear interpolation along the diagonal edge results in a severe dif-
ference in position for the polygonal surface when the diagonal edge is swapped (left and
right), assuming a square face. Instead, we use a hilinear interpolant (middle). The num-
bers .5, .29, and .25 indicate the relative position of the iso-surface, where it intersects the
top-left-to-bottom-right diagonal.

I, 11, and IlI, are illustrated in Fig. 6.8. For the Cases | and Il1, three of the values
have the same sign. For Case Il, two vertices are positive and two are negative. In
this case, the surface will intersect all four faces, and we have a quadrilateral. By
choosing arbitrarily a diagonal of the quadrilateral, we obtain two triangles within
the tetrahedron. Combining all cases, we have a patch of the surface represented as
either one or two triangles. The triangles can be oriented.

Cases| and Il For Cases | and Ill, exactly one value among (vy, va, v3, v4)
has sign opposite to the others. Using this value, we compute intersections along
the edges connecting its vertex to the other three vertices, preserving order among
(a1,a2,as3,a4). So, for example, if v3 has the different sign, we compute inter-
section along (a3, a1), then (as, az), and then (a3, a4). These three intersections
determine an ordering which is either the correct direction, or opposite to the cor-
rect direction. One way to determine if the orientation is correct is to check it by
examining the sign of a determinant, as done by Doi/Koide, as follows.

First, we reorder the vertices (a1, a2, a3, as) to obtain («, 3,7, d) such that
the vertices with negative values precede the vertices with positive values, without
otherwise disturbing relative order. Viewing the vertices as coordinates in three-
space, we can then compute the determinant

det(ﬂ_a77_575_7)

If this determinant is negative, then the ordering of the triangle vertices is correct;
otherwise, the ordering must be reversed. The procedure can be verified by care-
fully considering the cross product (8 — a) x (v — 3) (see Fig. 6.8).

Casell In this case, exactly two vertices are negative, and two are positive. We
reorder the vertices (a1, a2, as, a4) as above, to give vertices («, 3,4, §), where the
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- - +
Case | Case Il Case Il

Figure 6.8: Defining one or two oriented triangles. Depending upon the number of vertices
outside the solid (marked with the minus sign) we define three or four vertices of the surface
approximation in the ordering specified in the text. The condition for having to reverse the
ordering is det(8 — o,y — 8,9 — ) > 0. Note that this value is six times the volume, positive
or negative, of the tetrahedron.

values associated with o and 3 are negative, and the values associated with v and §
are positive. We compute the vertices of the quadrilateral as follows. We first find
the zero along («, ). Next, we find the zero along («, ), then (3, 6), and finally
(B,~). This sequence of four points establishes a cycle, which is either the correct
ordering, or the incorrect ordering, which can be easily checked.

In this case, the verification procedure is exactly the same as in the previous
case. That is, viewing the vertices as vectors in i3, we compute det(3 — o,y —
B,0 — ~). The ordering of the interpolation points defined above is correct if the
determinant is negative; if the determinant is positive, then the order should be
reversed.

If the resulting ordering of the interpolation points is given by (w1, w2, w3, wa),
then there are two possible triangulations: one is given by the following pair of or-
dered triangles { (w1, w2, ws), (w2, ws,ws)}, and the other is given by the pair
{(w1, w2, ws), (w3, ws,wr)}. The triangulations may be chosen arbitrarily. How-
ever, by always choosing the first one in an even cell, and the second one in an odd
cell, the degree of vertices in the triangulation can be shown to be always less than
or equal to nine [43].

6.3.3 A look-up procedure to replace the determinant test

In fact, it is not necessary to compute the determinant value det(5—a, y—f,5—
«v) to know its sign. By applying the procedure that follows instead of computing
determinants, a 2.5-fold speed-up was recorded in [43].

Let us first suppose that for a given tetrahedron (a1, a2, as, a4) in an even cell,
no reordering is required to obtain («,3,7,6). It then turns out, based on the
construction of the ordered tuple representing the tetrahedron, that det(8 — «, v —
B,0 — ~) will be positive, regardless of whether (a1, a2, as,a4) is a tetrahedron
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number 1, 2, 3, 4, or 5, as long as we are inside an even cell. (For an odd cell,
the result is always negative.) Next, we suppose that some reordering is required
in determining (v, 3,7, §). Recall that vertices with negative values are listed first,
without changing other relative orderings. Suppose, for example, that a2 and a;
must be exchanged to obtain («, 3,7, d). The result of this permutation is that the
sign of the determinant is reversed. If instead a3 must be brought to the front, then
two transpositions are required, and the sign of the determinant stays the same.

In general, the sign of the determinant det(5 — «,y — 3,0 — =) is determined
by the number of transpositions required to permute the negative vertices among
(a1, a2, as,as) to the beginning of the list. The number of transpositions required
can be pretabulated, as follows. Representing a negative vertex in (a1, az, a3, as)
by a 0, and a positive vertex by a 1, we obtain a 4-bit code for the tetrahedron,
yielding a number between 0 and 15. The resulting determinant will be positive or
negative according to whether an even or odd number of transpositions are required,
as tabulated in Table 6.1. Note that it is no longer required to physically reorder
the vertices—only the bit code is needed. Accordingly, if the table yields a positive
entry for the determinant, the oriented cycle representing the surface patch should
be reversed.

Table 6.1: Mapping from the bit code representing the signs of the values at the tetrahedra
vertices in an even cell to the sign of the determinant that determines whether a triangle is
correctly oriented (negative determinant) or must be reversed (positive determinant). For an
odd cell, the entries are opposites of those of an even cell.

Bit code || Index | Sign of det()
0000 0 +
0001 1 +
0010 2 -
0011 3 +
0100 4 +
0101 5 -
0110 6 +
0111 7 +
1000 8 -
1001 9 +
1010 10 -
1011 11 -
1100 12 +
1101 13 +
1110 14 -
1111 15 +
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Special Cases Zero-area polygons can easily be avoided in the tetrahedral de-
composition method as shown in this section. Such degenerate polygons occur
when v = 0 at some or all of the positive vertices. (Recall that v > 0 corresponds
to a positive vertex.) When v = vg = 0 occurs, a single vertex v = 0 within a
tetrahedron is handled exactly as any positive vertex. Indeed, we treat a vertex with
v = 0 exactly as any other positive vertex except for two special cases: (1) If there
is one vertex with v = 0, and the other three are strictly negative, then we do not
create a triangle, even though we are in a Case | situation; (2) Also, if there are two
vertices with v = 0, and the other two vertices are strictly negative, then we do not
create polygons, even though we have a Case |l situation. In these two cases, the
polygons are degenerate. On the other hand, if three values among (v1, vz, v3,v4)
are zero and the other is negative, then we create one triangle, exactly as a Case 11
situation would predict. Also, contrary to [44], when v; = v9 = v3 = vq4 = 0, We
do not create any polygons, instead viewing this situation as four positive vertices
lying inside the iso-surface.

This completes the description of the tetrahedral decomposition method. Once
the surface has been extracted, it is possible to define memory-efficient data struc-
tures based on tetrahedra to store vertices and triangles. This is described in [43].

6.3.4 Computing surface curvatures

Monga et al. [50] provide a method for computing principal curvature direc-
tions and curvature values of an iso-surface directly from voxel data and spatial
derivatives of the voxel data 3. Approaches based on triangular patches, rather than
voxel data, are given in [52,53] and [54]. If a differentiable explicit representation
is available (e.g., using spline tensor products), the method of [18] may also be
used.

In order to evaluate the surface curvatures using volume data, we consider a
curve C', with tangent vector t, along a normal section of the iso-surface S 4. Since
C is contained in a plane that contains the surface normal, n, the normal of C is
also n = Vu/||Vwv||, where v designates a continuous function modeling volume
(voxel) data. The differentiation of Vv - t = 0 in the direction of t yields

t'Ht + Vo -kn=0

where k denotes the normal curvature of C', which is also by definition the surface
curvature in direction t, and H (v) is the Hessian:

Vgr Ugy Vzz
H@)= | vay vyy vy

VUgz Uyz VUzz

3See also [51].

4A normal section of a surface (through a vertex of the surface) is a section of the surface cut by
a plane that contains the vertex normal. There are an infinity of normal sections at a given surface
vertex.
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Thus k = —t'Ht/||Vv||. The principal curvatures are obtained by maximizing
and minimizing k over possible tangent directions t. Accordingly, the principal
curvatures are the negatives of the eigenvalues of PTHT P divided by the magni-
tude of the gradient ||Vv||, where P is the projection of (z,y, z) onto (z,y) and is
a three-by-two matrix:

10
P=|01
0 0

and T is the Householder transformation that maps n to z = (0,0, 1). We first
define u = (n — z)/||n — z||, and then T = I — 2uu?, where I is the identity
matrix. The principal directions a and b are the tangent directions for which the
minimum and maximum curvatures are obtained.

All vertices of surface patches occur along edges of hexahedral cells, and deriva-
tives of the data v may be computed and interpolated at these locations by suitable
methods. Solving the eigenproblem at the interpolated position of each surface
vertex, we may attach curvatures (and also principal curvature directions, after ap-
plying the inverse Householder transformation) to each vertex of the iso-surface.

The above method was used to compute surface curvatures that were colorized
with a suitable color map to produce some of the illustrations in Section 6.3.6.

6.3.5 Extractingrib (or ridge, or crest) lines

Rib (or ridge, or crest) lines of a surface are the loci of the surface where the
principal curvatures reach a local extremum. Rib lines have been studied in medical
imaging by Bookstein and Cutting [55, 56], the Epidaure team at INRIA [51, 57—
61], as well as Dean et al. [46,49]. While Epidaure’s main application has been to
extract (few) salient and robust features for registering 3D image data sets, Cutting,
Bookstein, Dean, et al. have been pursuing the goal of using rib lines, combined
with other networks of (geodesic, or minimum-distance) lines, to build templates
of the anatomy, particularly of the face, skull, or ventricles.

Several characterizations of rib lines have been proposed. We refer to the
above-referenced publications as well as textbooks on the geometry of surfaces [62—
64]. Referring to Section 6.3.4 above, rib lines may be related to ribs (discontinu-
ity curves) of the focal surfaces of a surface, which are the loci of the centers of
curvature of the surface®. There is one center for the minimum principal curvature,
another center for the maximum principal curvature, and hence two focal surfaces,
except at an umbilic point. Ribs may thus be colored differently, depending on
which focal surface they relate to [64].

In this section, we use and illustrate Markatis’s characterization of a rib line

SA center of curvature is located along the normal, at an offset equal to the radius of curvature,
which is the inverse of the curvature.
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based upon focal surfaces [65]°. Markatis’s equation applies for a surface defined
using an implicit equation, which is the case for an iso-surface (the implicit function
being known at the voxels only). Markatis’s characterization is also discussed on
p.197 of the book by Porteous [64]. According to Markatis’s equation, a surface
point belongs to a rib if either of the following relations holds:

(Fi(v)n)(F3(v)a’®) — 3(Fa(v)an)(Fy(v)a?) = 0 (6.1)
(Fy(v)n)(F3(v)b®) — 3(Fy(v)bn)(Fy(v)b?) = 0. (6.2)

The notations in Egs. (6.1, 6.2) should be interpreted as follows: F(v) = Vo,
F5(v) = H(v) and F3(v) is a matrix of third order derivatives of the intensity (with
10 different entries). a and b are the principal directions, as previously discussed
in Section 6.3.4.

Equations (6.1) and (6.2) are implicit equations that define another set of iso-
surfaces in the volume data. The intersection between these surfaces and the first
surface corresponds in general to a set of lines. To extract these lines, one possibil-
ity is to use the Marching Lines method developed by Thirion and Gourdon [60].
Another possibility is to extend the method of Section 6.3.2 as follows. For each tri-
angle of the iso-surface, the three vertices of the triangle are tested against Egs. (6.1)
and (6.2). If a change in sign is observed, then a segment of a rib line is created.
Such segments may then be linked together, forming curves. We show a result of
the latter approach in Fig. 6.9, where we illustrate ribs on an iso-surface of the
cortex. The ribs appear to follow the centerlines of the sulci.

6.3.6 Iso-surface examples

The first example in Fig. 6.10 is a cortex model composed of 362,000 triangles
(courtesy of Henry Rusinek and Gregoire Malandain, who performed the segmen-
tation [66]) that was constructed in 59 seconds on an IBM RS6000 computer using
the tetrahedral decomposition method. Surface simplification (see [43] and Sec-
tion 6.6.2) reduced the number of triangles from 362,000 to 52,000. The result is
shown in Fig. 6.10(b). Brain sulci appear in red, and gyri appear in green and blue,
as color coded relative to the magnitude of the largest principal curvature.

The next example is a surface model obtained from a CT scan of a cranium from
the Cleveland Museum of Natural History Collection (Courtesy of Bruce Latimer,
Court Cutting, and David Dean). The following surface model was obtained us-
ing the tetrahedral decomposition method followed by surface simplification. The
model, shown in Fig. 6.11, comprises 66,000 triangles and 129,000 triangles, sim-
plified from an original iso-surface containing 3,450,000 triangles.

®Markatis’s ridge equation was brought to the author’s attention through personal communication
with I. Porteous, from the University of Liverpool.
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Figure 6.9: Ribs (in white) drawn on an iso-surface of a cortex segmented in an MRI im-
age. The ribs were characterized using Markatis's equation. The ribs appear to follow the
centerlines of the sulci.

6.4 Building surfacesfrom two-dimensional contours

As explained before, direct extraction of anatomical surfaces as iso-surfaces
using the method explained above may fail to extract an accurate model of the
anatomy. Another, perhaps more classical, approach for extracting a surface model
from image slice data is to first extract two-dimensional contours from each rel-
evant image slice and then tile the two-dimensional contours together to form a
surface [67-71].

In the present section, we illustrate this situation with a concrete example: the
extraction of a three-dimensional model of the femur from CT-scan data for sur-
gical planning and intra operative registration in Total Hip Replacement (THR)
surgery [72-74].

In the CT scan data that is clinically acquired for THR [75], the slice spacing
typically varies significantly, from 1 mm in the vicinity of the fiducial markers to 6
mm or more in the femur shaft in order to maximize the detail in the critical areas
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Figure 6.10: Example of iso-surface extraction and curvature computation. (a) cortex model
represented as an iso-surface (362,000 triangles). (b) simplified cortex (52,000 triangles);
the vertices are color-coded (with Gouraud shading) ® according to the magnitude of the
largest surface principal curvature. (For a color version of this Figure see Plate 1 in the
color section of this book.)

while limiting the x-ray dosage. Direct extraction of bone surfaces from such CT
data using software that builds an iso-surface produces “staircase” artifacts: bone
contours are located several voxels apart from slice to slice, and the gap is modeled
by the iso-surfacing method as a flat surface portion parallel to the slices. Aside
from the problems created by the irregular spacing between slices, bone has very
different Hounsfield numbers in the CT data because of varying bone densities
(within the same femur bone). Selecting a different iso-value for each slice may
not be sufficient to obtain a correct segmentation of each slice. This problem is
illustrated in Fig. 6.12.

6.4.1 Extracting two-dimensional contoursfrom an image

The extraction of relevant two-dimensional contours from each slice may be
automated or performed by an operator or semi automated (and operator assisted).
This operation is part of a segmentation process and is described more completely
in Chapters 2 and 3.

A solution that performs well in practice on the data of our THR example op-
erates as follows [72]. For each slice, we use a deformable model technique to
detect the two-dimensional contour of the bone. We implement the technique of
Kass et al. [76] with some modifications as explained next. In [76] an “energy” is
defined that incorporates the stretching and bending energies of the contour as well
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(b)

Figure 6.11: Iso-surface extracted from a CT-scan image. (a) model of cranium extracted
as an iso-surface and simplified. (b) the surface is color-coded (with Gouraud shading)
according to the curvature as in Fig. 6.10. (For a color version of this Figure see Plate 2 in
the color section of this book.)

Figure 6.12: Because of bone density variations, iso-contouring methods may produce
inadequate results, even if the iso-value is chosen differently for each slice. We show here
a CT slice taken in the distal femur region (region of the condyles) along with a best attempt
(yet widely unsuccessful) at segmenting the bone using iso-contours (gray almost-fractal-
like curves). A segmentation using our deformable model implementation is shown using
the white curve (another gray curve next to the white curve represents a preliminary result
obtained using a smoothed low-resolution version of the image).
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as a potential field that measures closeness to the data; a two-dimensional contour
modeling of the bone is obtained at a minimum of the energy. The contour is then
modeled with a series of points, and the energy is minimized by solving a partial
differential equation using a finite difference method.

In our implementation we have chosen a smoothed image gradient norm for
the potential field. The user is asked to select a few points in the vicinity of the
structures of interest. The system then connects such points by a polygon, samples
new points on that polygon, and uses such sampled points as an initial estimate
for the deformable model (Fig. 6.13). As discussed in Chapter 3, a considerable
research effort was recently devoted to extend [76] for attracting the contours from
a long range and thus automating the process better®. To define a longer range
potential, we have implemented a two-step process, whereby a first deformable
model is attracted by a smoothed low-resolution version of the potential; the result
is then used as an initialization for a second deformable model that is attracted by
the full resolution potential. This process was particularly useful to reuse the same
initial points from slice to slice and limit the user input. Such reuse of the input
points is shown in Fig. 6.13. In this figure, the white curve model corresponds to
the first iteration of the deformable model, operating at a coarse scale, while the
black curve corresponds to the second iteration of the deformable model, operating
at a fine scale.

6.4.2 Tiling contoursinto a surface portion

The problem of tiling two-dimensional contours extracted from two parallel©
slices can be quite complex. There are essentially two cases: (1) the correspon-
dence between two contours is established and corresponding vertices for the be-
ginning and end of contours are determined; (2) the correspondence must yet be
determined.

In order to solve either problem both volume-based and surface-based
approaches have been proposed. In volume-based approaches [3], contours are
scan-converted to binary images. Intermediate (in-between) binary images may
be interpolated to build a volume using various interpolation methods, including
shape-based interpolation [77]. Shape-based interpolation methods use distance
transforms [78] applied to binary images to assign grey levels to intermediate slices.
Resulting grey-level images are then thresholded. A surface portion can then be
extracted from the volume data that was built by the interpolation process using
iso-surface extraction methods (see Section 6.3). While to some extent, the process
of back converting to pixels/voxels a contour that was previously extracted from
pixel/voxel data is wasteful, volume-based methods are guaranteed to produce a
valid surface.

®Another avenue of research seeks to automate changes of topology. We briefly study some
surface modeling aspects of this issue in Section 6.5.
The methods could be extended to nonparallel slices, but they don’t seem to occur in practice.
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Figure 6.13. Using deformable contours for surface extraction. A hierarchical deformable
contour can cope with incorrect user input (e.g., rightmost point marked with a square), or
reuse such input for multiple slices.

Surface-based (or polygon-based) methods concentrate on determining a set of
polygons or triangles that span the vertices of contours extracted from the slices.
Several approaches address the general problem (2) associated with complex cor-
respondence and branching situations between contours [69, 70, 79-82]. Boisson-
nat and Geiger’s approaches [70, 79] use the notion of proximity, formalized us-
ing Voronoi diagrams, to decide which vertices to connect with triangles. Mey-
ers et al. [69] represent (approximate) contours with ellipsoids and objects as cylin-
ders connected with a graph; this representation is used to infer branchings. Ba-
jaj et al. [82] impose further constraints on the problem of shape reconstruction and
use them to derive precise correspondence and tiling rules.

In several respects, the correspondence and (particularly) branching problems
are still not completely solved at the time this chapter is written: with some par-
ticular configurations of contours, even sophisticated algorithms may still fail to
produce a suitable tiling.

One major argument in favor of surface-based models has traditionally been
that these methods allow significant data reduction [70]: contours may be indi-
vidually approximated using fewer polygonal edges, and triangles/polygons are
built only to span such vertices. In contrast, when using volume based methods,
contours are discretized using small voxels, and an iso-surface will likely pro-
duce a large collection of small triangles/polygons with a size comparable to a
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voxel. However, since [70] was published, there has been considerable interest
and progress in polygonal surface simplification methods. This is studied in Sec-
tion 6.6.2. Iso-surfaces can be simplified as a post process with bounds on the
computational burden as well as the resulting surface deviation (degradation); iso-
surface extraction followed by simplification has been demonstrated as an effective
tool for real-world (clinical) applications [3]. The examples of Section 6.3.6 illus-
trate simplified iso-surfaces. For surfaces with complex topologies that represent a
challenge for surface-based methods, volume-based methods, combined with data
reduction, offer a guarantee of success, perhaps at a higher computational cost.

6.4.2.1 Tesselating when the correspondence is known

For many data-sets encountered in practice, the topological changes between
adjacent contours can be resolved without too much difficulty, and the remaining
challenge is to tesselate the contours. We next illustrate this process with a concrete
example.

Returning to our example involving Total Hip Replacement surgery data, the
full generality of the above methods is not necessary for most of the femur length,
as contours are in one-to-one correspondence. Branching contours exist at the head
of the femur and condyles.

When the correspondence between two contours is obvious, we may use a vari-
ation of a method described in [67,83] to build a piece of surface connecting the
two contours. We define a measure of surface quality as the sum of the measures
of each individual triangle quality. As in Keppel [83], we can then build a set of
triangles that connects the two contours and corresponds to a true optimum of the
surface quality measure. Typical criteria that have been proposed so far include
minimizing surface area or maximizing the volume enclosed by the surface portion
between the two slices. The exact volume enclosed by a triangular mesh without
boundary can be easily computed as a sum of volumes of tetrahedra spanned by an
arbitrary origin and the triangles of the triangular mesh. After a coordinate trans-
formation, we can assume that the origin has coordinates (0, 0, 0). The volume V" is
given by the following sum, wherein A(ig, i1, 72) designates a triangle of the mesh
(40,11, and - are indices of the three vertices of the triangle having label 7). Only
the triangles of the surface connecting the contours contribute to the sum since the
triangles capping the surface above and below cannot be modified.
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(b)

Figure 6.14. Femur models obtained by tiling contours. The models have been simpli-
fied as explained in Section 6.6.2. (a) Proximal femur (1,664 triangles). (b) distal femur
(4,199 triangles).

To produce the pictures shown in Fig. 6.14, we have maximized the sum of triangle
compactnesses [84]. In [84], the compactness ¢ of a triangle is defined with the
following formula:

4+/3a

= . 6.5
TR (©3)

where « is the positive area of the triangle and (lo, 1, [2) are the lengths of the
three sides. This formula defines a dimensionless measure similar to the area-to-
perimeter ratio; this measure can be computed inexpensively, without evaluating
square roots (except /3, which is precomputed or read from a table).

Following [67,83], we consider a rectangular graph (grid) whose n x m nodes
represent edges between n and m vertices in the respective adjacent contours. Edge
(1, 1) (which is the same as (m — 1, n—1)) is chosen as a closest point pair between
the contours. A path in the graph from node (0, 0) to node (m —1,n—1) represents
a surface connecting the two contours. This graph is shown in Fig. 6.15(a). Starting
with Edge 0-0, we may decide to construct a triangle by connecting the edge with
with the next vertex on the top contour (with m vertices), which is represented in
the graph by drawing a horizontal arrow starting from vertex (0,0) and pointing
left. Alternatively, we may decide to connect Edge 0-0 with the next vertex on
the bottom contour (with n vertices), which is represented in the graph by drawing
a vertical arrow starting from vertex (0,0) and pointing down. Starting from the
graph node pointed by the arrow (this node represents an edge in the tesselation,
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(@) (b)

Figure 6.15. Tesselating two closed contours. When the correspondence between two
contours comprising m and n vertices is known, and a first edge connecting the two contour
is chosen (Edge 0-0), an optimum of a user-defined surface quality criterion is built using
dynamic programming. (a) rectangular graph whose n x m nodes represent edges between
n and m vertices in the respective adjacent contours. Each node has a cost associated,
representative of an optimum path from (0,0) to that node; (b) edges drawn in gray map the
gray path in A (see text).

either Edge 1-0 or Edge 0-1), we may again decide to connect with a vertex from
either the top or the bottom contours. Both choices may be recorded in the graph.
By examining carefully Fig. 6.15, the reader will be able to convince him/herself
that all possible tesselations starting with Edge 0-0 may be represented as a path in
the toroidal graph of Fig. 6.15(a).

For each triangle, we compute a cost function (area, volume, or else) as deter-
mined by the user. The cost of a particular tesselation is obtained by adding the
costs of all triangles. The costs for all possible paths may be computed by filling
an m by n table, wherein each table entry corresponds to a vertex of the graph of
Fig. 6.15(a), and represents the cost of the optimum path leading to that vertex. The
cost of Entry (m — 1,n — 1) thus represents the cost of the best tesselation. This
process follows a general method called dynamic programming [85].

6.4.2.2 Smplebranching and “ capping”

We next illustrate with a concrete example how simple branching situations
may be resolved. In our exemplary data-set, branching situations have been limited
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(b)

Figure 6.16: Capping of a distal femur model by extrapolating areas and centroids of a few
contours: (a) before; (b) after.

to one “primary” contour branching to two “secondary” contours. We may treat
this common situation using a particular case of the method of [70] as follows.
We compute a Voronoi diagram [86] of the points of the two secondary contours,
retaining only the edges of the diagram that bisect a pair of vertices from different
contours. We then project this reduced diagram on the plane supporting the primary
contour. It would generally intersect the primary contour in two locations that,
together with segments falling inside the primary contour, may be used to split the
contour into two portions; each portion may be tiled separately to one secondary
contour.

CT slices generally fail to capture the exact location where an object starts or
ends. This is the case for a CT scan of the femur in the vicinity of the condyles (the
femur is visible in one slice and invisible in the next slice). In [87] we developed
an original method to “cap” the surface: using a few contours, we fit an ellipsoid
of revolution to the data formed by the contour areas and centroids. A better fit is
generally obtained by allowing the ellipsoid’s main axis to be tilted with respect to
the scan’s main axis. The fitted model then predicts that the equation of the area
A of the intersection between the ellipsoid and the slice is a parabola as a function
of the slice’s z coordinate: A = az? 4+ Bz 4 v, witha < 0 and v > % (the area
must decrease from a positive value). After fitting o, 3, to the data, at the slice
z coordinate that predicts an area of zero, we create a new surface vertex (z and y
coordinates may be predicted with the centroid data) and link it with triangles to all
edges of the last contour: the surface is thus capped. This operation is illustrated in
Fig. 6.16.

6.5 Sometopological issuesin deformable surfaces

In previous sections we provided the complete details of methods for extract-
ing surfaces from segmented volume data (Section 6.3) and from a collection of
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contours that were segmented from two-dimensional image data (Section 6.4). We
thus assumed that the processes of segmentation and surface extraction were de-
coupled. This is often the case, reflecting the organization of the present handbook
comprising separate chapters for segmentation (Chapter 2) and surface extraction
(present chapter).

In several situations, however, it is useful to combine the two processes. Three-
dimensional deformable models, which are covered in a more comprehensive fash-
ion in Chapter 3, allow us to do just that. With deformable surface models the
characteristics of the surface (continuity, curvature) are used to guide the segmen-
tation process by bridging areas where the image data is ambiguous, or by ignoring
spurious data. In this section we study how the type of representation selected
for the deformable surface (see Section 6.2) affects the result and particularly its
topology.

The first method that we present uses tensor-product B-splines for representing
the surface with a fixed topology. It is described with more detail in [18].

6.5.1 Tensor-product B-splines

B-spline basis functions are piecewise polynomials with a finite support and a
recursive definition. The spline basis functions of degree zero are the characteristic
functions of the variable w € R for the intervals between real values {u;} called

knots:
‘ B 1 Uj <u< Uj+1
Bia(u) = { 0 otherwise

Higher-order splines are formed by convolving lower-order splines:

— Bj k(u) + MBJ'-H,K(U) : (6.6)

Bjkii(u) = ———
Uj+K — Uj Uj+K+1 — Ujt1

The Bj k1 functions have degree K. They are globally CX =1, The evaluation
of (6.6) is especially efficient, i.e., can be computed with divided differences, and
can be used to implement splines of all orders. We plot in Fig. 6.17 a quadratic
B-spline function. In order to model a curve, we associate a control vertex x with
each function. With the shape of the functions in Fig. 6.17(a), endpoints are inter-
polated. It is also possible to obtain a closed curve, with the help of functions as in
Fig. 6.17(b).

Cubic spline functions (degree K = 3) are particularly useful because of their
property of minimizing the bending energy in 1.D (see for instance [88, 89]).

In order to model a surface patch .S, we construct a tensor product of spline
functions, i.e., a surface point S(u, v) will be written as
S(u,v) = >y Br(u)Bi(v)x ), where we have fixed and suppressed K.

When using the B-spline functions of the type of Fig. 6.17(a), if none of the
control vertices is repeated, the surface has a planar topology. When using the B-
spline functions of the type of Fig. 6.17(b) for one of the variables (say u) setting
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(a) (b)

Figure 6.17. B-spline functions. (a) Uniform quadratic singular B-spline functions. If a
control point is attached to each function, a C* curve that interpolates endpoints is obtained.
(b) Uniform quadratic periodic splines. The two last control points are set equal to the two
first in order to obtain a closed C* curve.

the last K control points along u equal to the K first for each row of control points,
we obtain a cylindrical topology. When using the B-spline functions of the type of
Fig. 6.17(b) for the two variables (u, v) and setting the first & control points equal
to the last K for each row and each column of control points, a toroidal topology is
obtained.

The spherical topology is slightly more difficult to obtain than the planar, cylin-
drical, and toroidal topologies. The control vertices may be organized along an even
number of “meridians,” aligned along one parametric direction. As in the toroidal
case, B-spline functions of the type of Fig. 6.17(b) are used for both parametric
directions. Control points should be repeated, and one must distinguish between
odd order and even order splines. For instance, in the case of biquadratic B-splines
illustrated in Fig. 6.19, each two terminal control vertices on a meridian are set
equal to the two first control vertices on the opposite meridian (which is why the
number of meridians must be even).

When using one B-spline surface patch, only the above mentioned four different
topologies may be obtained (planar, cylindrical, toroidal, and spherical). This is a
significant limitation for a large number of anatomical structures.

In order to deform the surfaces, the same mechanisms that were developed for
“snakes” may be used [76]. An “energy,” compounding surface tension and bend-
ing and “external” forces defined using the data to be segmented (often, depending
upon the gradient of image data), is minimized. As the energy term is generally
too complex to be minimized in closed form (it depends upon local voxel values
and their derivatives), the minimization is generally performed using an iterative
process, for instance an iterative solution of a partial differential equation, or a
sequence of least-square approximations [18]. Each step of the minimization cor-
responds to a new position for the surface. Such an iterative deformation process
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is illustrated in Fig. 6.18. An initial B-spline surface approximating a cylinder is
positioned inside a three-dimensional volume of MRI data. Selected slices of the
MRI data set are shown in Fig. 6.18(a). The surface then evolves and converges to
approximate the epidermis [Fig. 6.18(b)—(d)]. A more detailed study of deformable
models and their convergence is available in Chapter 3.

Splines of order 3 and higher are particularly useful for computing surface cur-
vatures. The ability to compute surface curvatures is one of the justifications for
using smooth surface models (see also Cohen et al. [90]). Curvatures are visualized
in Figs. 6.18 and 6.20. In order to perform these curvature computations, since the
spline surfaces are of the form S (u, v) with derivatives with respect to « and v eas-
ily available, it is possible to use standard formulae. These formulae can be found
in textbooks of differential geometry [91] or in [92]. Recent work has demonstrated
that high curvature features are very useful for registration purposes [93,94]. How-
ever, several methods exist for computing curvatures on triangular meshes [53,54].

6.5.2 Dynamic changes of topology

Few methods using curved surface models and allowing dynamic changes of
topology have been proposed. The method of Leitner and Cinquin [95] does so
using cubic B-spline surfaces. This method starts with a spherical topology. A
hole is created (evolving to a torus) if the method detects a self-intersection of
the surface at some point. To create more complex topologies, several smoothly
connected B-spline patches are used.

The study of recent work indicates that when using a triangular mesh to rep-
resent a surface, there is more flexibility in changing the topology. Lachaud and
Montanvert [96] propose a method in which the topology can be changed at each it-
eration. After the vertices have been moved using rules similar to other deformable
models, simple proximity constraints determine whether vertices should be created
or removed or whether a connection between surface bodies should be created or
removed. Figure 6.21 illustrates the operation of the method of [96] for extracting
brain vessels from a MRI scan.

Mclnerney and Terzopoulos [97] tessellate volume space using a tetrahedral
mesh. After each evolution of the surface, the vertices that are crossed in the mesh
are marked, and the surface is retiled (from the tetrahedral mesh data) as explained
in Section 6.3. Owing to the mechanism used for marking the tetrahedral mesh
vertices, the surface can only expand everywhere or retract everywhere.

6.6 Optimization

The surface models, either spline or polygonal, that were constructed in the
previous sections may benefit from various optimizations. During iso-surface con-
struction or tiling from contours for instance, the difference between intraslice and
interslice sampling ratios may create artifacts, which can be purely visual (such as
a staircase effect) or which can affect further processing such as registration.
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(b) (© (d)

Figure 6.18. Segmenting a MRI scan using a B-spline deformable surface model. (a) MRI
slices used as input to the B-spline deformable model. (b)—(d): successive iterations of the
model with regions of higher curvature highlighted. Dark curves are crest lines, extracted

with an algorithm described in [18].
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Figure 6.19. Network of control vertices for a biquadratic spline surface with spherical
topology. Each pair of opposite “meridians”share three vertices at each pole (north, south),
including the pole vertex itself.

6.6.1 Smoothing

We describe here a method for smoothing polygonal surfaces that was devel-
oped by Taubin [98]. A straightforward technique for smoothing a polygonal mesh
consists of replacing each vertex with an average of its neighbor vertices. Taubin
noted that this technique resulted in shrinkage for the objects bounded by the polyg-
onal mesh. His solution involves two steps. The set of vertices connected to a ver-
tex v by an edge is denoted v*. For each of the two steps, a vertex v is updated
according to the following equation:

v=v+{\u} Z wj(wj —v) (6.7)

wj ev*

where the weights w; sum to one, the scale factor X is positive and applied during
the first step, and the scale factor p is negative and applied during the second step.
Note that for a given step the displacements are first computed for each vertex and
then applied all together at the same time. (Otherwise the displacement applied to
a particular vertex would influence the displacements applied to its neighbors.)

The first step of this procedure thus corresponds to applying the traditional
neighbor averaging step (albeit using a scale factor). While it has been observed
that this first step yields shrinkage, the second step moves each vertex in the oppo-
site direction, thereby compensating for the shrinkage effect.
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Figure 6.20: Curvature of a tensor-product spline surface. Maximum surface principal cur-
vature represented using a colormap that varies from blue to red. (For a color version of this
Figure see Plate 3 in the color section of this book.)

Taubin has provided a detailed mathematical justification of this process in [98],
based on application of signal processing. The process of mapping each vertex v to
ij cvx wj(wj — v) (the equivalent of a Laplacian operator) can be expressed by
multiplying a column vector containing the surface vertices with a (sparse) matrix
K containing the weights w;. Eigenvalues of this matrix may be considered as
frequencies and eigenvectors as modes of the triangular mesh. Depending upon the
distribution of these frequencies, a given triangular mesh can be considered to be
smooth, or smoother than another mesh. A smoothing step is performed using the
matrix (I + pK)(I — AK). If k is an eigenvalue of K, (1 + pk)(1 — Ak) is an
eigenvalue of the matrix (I + uK)(I — AK). Hence f(k) = (1 + pk)(1 — Ak)
represents a transfer function. {\, u} can be set to create various types of filters,
such as a low-pass filter.

Taubin has proposed various suitable combinations for the {\, u} scaling fac-
tors. For instance {0.6307,—0.6732} is a valid combination. Another parame-
ter of the method is the number of iterations of the process, or smoothing steps.
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Figure 6.21: Extracting brain vessels from a MR scan using an adaptive topology de-
formable model represented as a triangular mesh. The model evolves inside an image
pyramid; several iterations are performed for a given level [96]: (a) level 3 of the image pyra-
mid; (b) level 1; (c) level 0. (Scan courtesy of UMDS Group, London. Images courtesy of
J.O. Lachaud and A. Montanvert.)
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(b)

Figure 6.22: lllustration of surface smoothing using the method of [98]: (a) before smooth-
ing; (b) after smoothing: 200 smoothing steps, {\ = .33, u = —.34}.

Figure 6.22 illustrates the operation of this method on a femur model comprising
180,854 triangles, extracted from a CT scan. The spacing between slices of the
CT data is about 6 times the size of a pixel within a slice. The “staircase” effect
resulting from this difference in sampling is illustrated in Fig. 6.22(a). The result
of smoothing is visualized in Fig. 6.22(b).

The smoothing affects the vertex coordinates and, thus, the accuracy of the
model. For some applications in which the geometric accuracy can’t be com-
promised, the difference between the surfaces before and after smoothing may be
tracked using the methods in Section 6.6.2.

Smoothing techniques are not limited to the ones presented here. For instance,
a new technique, probably more complex than Taubin’s, was recently introduced
in [99].

6.6.2 Simplification and levels of detail

Simplification deals with approximating a polygonal (spline) surface using
fewer polygons (spline patches). This is important for processing, visualizing,
and transmitting datasets that are too large for available computing and networking
equipment.

Polygonal surfaces that result from iso-surface extraction (see Section 6.3) are
generally over-tessellated and can greatly benefit from polygon reduction tech-
niques without compromising accuracy.

Also, simplification techniques can be used for generating multi resolution hi-
erarchies comprising several levels of detail. These hierarchies are very useful
for interactive visualization applications, allowing interactive selection of the most
appropriate level of detail of each structure to adapt to the parameters of the visu-
alization. Figure 6.23 illustrates six surface structures of the human torso at three
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different levels of detail. For this application, the simplification process should
preserve the visual appearance of surfaces as much as possible.

A technique for reducing the number of patches in a spline model was pro-
posed by Gopi and Manocha [100]. This method merges adjacent triangular Bézier
patches according to several patterns, to form larger triangular Bézier patches.

To guarantee the accuracy of the approximations, and the faithfulness of visu-
alizations, it is very useful to be able to bound the deviation between the original
model and the approximation. This operation is difficult because the maximum
distance between two polygonal meshes is not reached in general for a pair of ver-
tices. Methods for bounding the maximum surface deviation during simplification
are described in [101-105]. Surface simplification methods are reviewed in [84].
Here are some additional references: [106-122].

We next focus on the variable tolerance method, which is described fully
in [84] Y. This method, along with several of the methods referenced above, re-
lies on the atomic operation represented in Fig. 6.24 to reduce the resolution of the
surface: the edge contraction brings together the two endpoints of an edge, thereby
eliminating one vertex and two triangles.

The variable tolerance method further relies on two main processes. The first
process, called the subdivision process, measures the incremental deviation be-
tween two corresponding portions of a polygonal surface before and after a simpli-
fication operation (i.e., an edge contraction, but this would work with other opera-
tions such as vertex or triangle removals [124]). Given the two graphs representing
the two surface portions, the subdivision process builds subdivisions of both sur-
faces in piecewise planar polygons such that there is a one-to-one correspondence
between the elements and a direct comparison may be performed. Such subdivi-
sions are shown in Fig. 6.25, denoted by G and H. For each corresponding pair
of planar polygons the maximum distance between the two must occur for a pair
of corresponding vertices of the polygons. The error bounding process described
below uses this information to keep track of a bound on the deviation between the
simplified surface and the original surface.

In practice, the subdivision process only generates pairs of corresponding ver-
tices. As illustrated in Fig. 6.25, for each vertex of one graph that does not appear in
the other graph, a representative must be found in the other graph. This is done by
projecting the vertex on the closest triangle. Pairs of edges belonging to different
graphs must also be tested for potential bridges, which occur when the shortest seg-
ment that can be drawn between the two edges has its endpoints inside the edges:
this is the case for edges (v1,v3) and (vo, v4) in Fig. 6.25. The full detail of this
process is described in [84].

The second process, or error bounding process, is used for keeping track of the
deviation after an arbitrary number of simplification operations. The error bounding
process uses an error volume for reporting an error for each surface point (not

1 An earlier description appeared in [123].
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Figure 6.23. Simplification of 6 surfaces (lung, external, tumor, spinal cord, vertebrae,
bolus) extracted and visualized using a clinical radio-therapy visualization system: (a) high
resolution: 46,469 vertices; (b) low resolution: 4,688 vertices; (c) very low resolution: 1,811
vertices. Here, the difference between the surfaces can hardly be seen, which is the ideal
outcome of surface simplification. The simplification method of [84] was used. (Courtesy of
Mike Zeleznik, RAHD Oncology Products.) (For a color version of this Figure see Plate 4 in
the color section of this book.)
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Figure 6.24: An edge contraction consists of bringing together the two endpoints (vi, v2)
of an edge, until they become a single vertex vop.
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Figure 6.25. Graphs G and H built by the subdivision process. For each vertex of one
graph that does not appear in the other graph, a representative must be inserted in the
other graph (vertices w;). This is done by projecting the vertex on the closest triangle of the
other graph: e.g., vo of H is projected to wo on the closest triangle of G: (v1,vz,vs). In
addition, for each pair of edges, a test determines whether the shortest segment that can
be drawn between the two edges has its endpoints inside the edges. When this is the case,
as for edges (v1,vs) and (vo, va4), both segment endpoints w, and wy, are inserted in their
respective graph. (For a color version of this Figure see Plate 5 in the color section of this
book.)
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only vertex). The error volume is defined by sweeping a ball across the simplified
surface. The radius of the ball varies linearly over a surface triangle, interpolating
the ball radii at the triangle vertices. To specify the error volume only one floating
point value is necessary for each vertex of the simplified surface, representing the
radius of the ball, or error value, at that vertex. The error volume is built gradually
as the simplification progresses, containing the previous error volumes in a manner
similar to Russian dolls. The properties of the error volume are summarized in
Fig. 6.26(a), (b).

The objective of the error bounding process is to compute error values at the
vertices of the surface, representing a bound to the deviation between original and
simplified surface. Referring to Figs. 6.24 and 6.25, the simplest strategy is to deter-
mine an error value at the vertex vg, dg defining a valid error volume, and to leave
all other error values unchanged. (One floating point value must be computed.)
Other possible objectives are discussed in [84].

Each pair of corresponding vertices in the graphs G and H defined above, such
as wg and wy, in Fig. 6.25, allows us to define a constraint on the error values: the
error volume should be at least as wide at this location as dist(wg, wy,) plus the
width of the previous error volume (before the edge contraction occurred). Each
constraint is represented by an error € and a vector d whose origin is wy, (on the
surface before the edge contraction) and whose destination is wg (on the surface
after the edge contraction). The origin of d is a linear combination of vq and a
point v; of a triangle incident to vo (on the edge opposite vo ) with (a,1 — @)
weights. Then, to each constraint we associate the vector u = d/« and the “ball”

e—(1—a)

of radius r = L centered at the tip of u, as shown in Fig. 6.27(c).

We then consider the set of vectors u; and balls or radii r; corresponding to all
the constraints, as illustrated in Fig. 6.27(d). The error value §o may be computed
by determining the smallest ball By centered at the origin enclosing the set of balls.
(For a ball of negative radius, By is not required to enclose it, but to contain at least
one of its points, potentially a single point where both balls are tangent.)

By allowing the center to move, we can reduce dy, the radius of the enclosing
ball. Given an initial ball enclosing a set of balls, we wish to obtain a smaller en-
closing ball. We are not particularly interested in the smallest possible ball because
after moving vy, the constraints become stale. A simple solution is to construct the
bounding box of the set of balls, take its center, and determine the ball of smallest
radius with that center.

The method can be extended for preservation of data attached to surface ver-
tices, assuming a linear variation across triangles. This is illustrated by the example
of Fig. 6.30.

6.6.2.1 Examples

The example of Fig. 6.23 is a visualization of 6 surfaces of a human torso at
three levels of detail: high resolution, low resolution (10-fold reduction factor),
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(b)

Figure 6.26. Properties of the error volume. The error volume is defined by sweeping
a ball across the simplified surface. The radius of the ball varies linearly over a surface
triangle, interpolating the ball radii at the triangle vertices. (a) Error volume, in green (Al),
centered on the simplified surface (A2). The radii of the balls are such that the original
surface (A3 or A4) is not only contained in the error volume, in dashed red (A3: incorrect),
but also intersects all the spheres, in blue (A4: correct). (b) After several edge contractions,
the resulting error volume contains all the intermediate error volumes. (For a color version
of this Figure see Plate 6 in the color section of this book.)

and very low resolution (25-fold reduction factor). The difference between the
surfaces can hardly be seen in Fig. 6.23, which is a very desirable goal in surface
simplification. Statistics about the simplification of these surfaces are provided in
Table 6.2. The availability of several levels of detail allows for real-time interaction
with the surfaces on a computer display.

Table 6.2: Vertex counts and timings (CPU seconds measured on a DEC Alpha) for the
level-of-detail computations on the 6 structures of the human torso dataset.

Structure || HiRes | Lo Res | Time | Very Lo Res | Time
0 8,418 590 4.7 185 .35
1 9,350 934 5.6 353 .65
2 6,567 | 1,074 | 4.0 434 73
3 9,402 910 5.7 337 .63
4 1,322 343 0.85 167 23
5 6,424 513 3.6 228 .38
6 4,986 324 2.8 107 22
| Total || 46469 | 4688 | 275 | 1811 | 3.2 |

The human Femur model, shown in Fig 6.28, is defined as an iso-surface of
CAT scan data. It has 180,800 triangles and 90,400 vertices, with a bounding box
0f 90.1 x 75.7 x 225.6mm3 (life-size coordinates). We apply a succession of simpli-
fications, providing statistics in Table 6.3. We use flat shading to visualize models
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Figure 6.27. Error bounding process. (a) Each constraint determined during the subdivi-
sion process is represented by an error ¢ and a vector d whose origin lies on the surface
before the edge contraction and whose destination lies on the surface after the edge con-
traction. The origin of d is a linear combination of vo and a point v; of a triangle incident
to vo with (a,1 — a) weights. To each constraint we further associate the vector u = d/a
and the “ball” of radius r = ce-(l=za)a centered at the tip of u. (b) When considering the
set of vectors u; and balls of radcﬁ r; corresponding to all the constraints, the error value
do specifying the new error volume may be computed by determining the smallest ball By
centered at vo and enclosing the set of balls.

in Figs. 6.28(a),(c),(e),(9), and (i). Associated error volumes are represented by col-
oring each vertex according to its error value using the color map of Fig. 6.28(b),
and by using Gouraud shading for interpolating colors inside triangles. This exam-
ple illustrates how a new simplification process may start with the simplified model
and error volume produced by a previous simplification process and still preserve
error bounds with respect to the original surface model. The error volume provides
all necessary information to do so.

The Arteries model of Fig. 6.29 represents a network of carotid arteries ex-
tracted from a MRI scan, with 56,500 triangles and 28,500 vertices, and with a
bounding box diameter of 127.2 mm. The model was simplified to 2,500 triangles.

The next example, courtesy of RAHD Oncology Products, is extracted from
a radiation therapy planning system. A surface model representing a lung is sim-
plified from 12,782 triangles in Fig. 6.30(b) to 917 triangles in Fig. 6.30(a) us-
ing the variable tolerance method in 5.3 seconds on a DEC alpha. The radiation
dose, a scalar field, is mapped from R3 to surface vertices before simplification in
Figs. 6.30(a), (b); in Fig. 6.30(a) the dose data is ignored during simplification. In
Fig. 6.30(b) no simplification occurs; regions of low dose are colored blue, while
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Table 6.3: Simplification statistics for Femur and Arteries models. The CPU time was mea-
sured in seconds on an IBM RS6000 580 workstation.

Femur
Tolerance Number of | Percentage | CPU
% diam. | mm | Triangles | of Original | time
0 180.8K 100%
02% | 05 26.8K 15% 30.1
0.39% 1 9,592 5.3% 4.03
0.63% | 1.6 4,618 2.5% 1.56
0.78% 2 3,124 1.7% 0.9
Avrteries
Tolerance Number of | Percentage | CPU
% diam. | mm | Triangles | of Original | time
0 56.5 K 100%
0.8% 1 5,633 9.9% 9.2
1.6% 2 2,571 4.5% 1.2

high dose regions are colored red, with a threshold appropriately set between the
two. The result of (a) is not satisfactory, because knowledge of the (rectangular)
radiation beam geometry indicates that the iso-dose curve shown should be ap-
proximately rectangular. Using the variable tolerance method the dose data may be
preserved during simplification, resulting in the surface of Fig. 6.30(c) with 2,747
triangles, computed in 10.5 seconds.

6.7 Exemplary algorithmsoperating on polygonal surfaces

A polygonal surface is a powerful representation for various algorithms. In this
section, we provide examples of algorithms that operate on a polygonal surface
model. These examples relate to projecting for simulations and projective registra-
tion.

6.7.1 Apparent contours and perspective registration

Surface apparent contours, or silhouette curves are such that rays emanating
from a center of perspective (possibly very far from the surface for a parallel pro-
jection) and tangent to the surface meet the surface on an apparent contour.

More specifically, for each surface triangle, the viewing direction is defined as
the vector originating from the center of perspective to the triangle centroid. If the
triangle normal (defined by the cross product of ordered oriented triangle edges)
makes an obtuse angle with the viewing direction, the triangle is said to be visible
and invisible otherwise. Apparent contours are a subset of surface edges, such that
the triangle on one side of the edge is visible and the triangle on the other side of
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Figure 6.28: Successive simplification of a femur model, reusing error volumes computed
with the previous simplification: (a) femur model (181,000 triangles); (b) error volume color-
map; (c) simplification with 0.5 mm tolerance (26,800 triangles); (d) error volume of (c); (e),
(f) simplification with 1.0 mm tolerance (9,592 triangles); (g) (h) 1.6 mm tolerance (4,618 tri-
angles); (i), (j) 2 mm tolerance (3,124 triangles). (For a color version of this Figure see
Plate 7 in the color section of this book.)
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Figure 6.29: Simplification of a surface model of carotid arteries: (a) carotid arteries
(57,000 triangles); (b) Simplification (5,600 triangles) with a maximum tolerance of 2 mm
(0.8% of the bounding box diameter); (c) superimposition of (a) and (b). One surface is
colored in blue and the other in red. (For a color version of this Figure see Plate 8 in the
color section of this book.)

(b) (c)

Figure 6.30: Preserving during simplification data mapped on the surface: (a) radiation
dose data mapped before simplification and not preserved during simplification (917 trian-
gles); (b) no simplification (12,782 triangles); (c) simplification with dose data preservation
(2,747 triangles). (Images courtesy of Mike Zeleznik, RAHD Oncology Products.) (For a
color version of this Figure see Plate 9 in the color section of this book.)

the edge is invisible. The apparent contours are such that the edges are linked to
form (non-planar) closed polygonal curves in three dimensions.

To build the apparent contours, we first identify all edges belonging to any
apparent contour using the criterion defined above and add such edges to a list. We
orient edges such that the visible triangle is on the left side of the edge, thus defining
an edge origin and an edge destination. We then iterate on the following process:
(1) we take the first edge in the list; we create a new apparent contour starting with
that edge; (2) we complete the apparent contour containing that edge as follows:
starting from the destination of the current edge we determine a next edge; we visit
the triangles incident to the destination vertex in a counter-clockwise fashion and
determine the first edge that belongs to the list of apparent contour edges 2. We
reapply step (2) until the next edge is the same as the first edge that was processed

12Thjs step is necessary because there may be several such edges.
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Figure 6.31: Use of apparent contours for projective registration. Pre operative proximal
femur model before (a) and after (b) registration to three-dimensional lines emanating from
the intra operative x-ray images. Straight lines are x-ray paths. The dark three-dimensional
curves on the femur models are apparent contours (depending on the position).

in (1); (3) we remove all the edges forming that contour from the list of apparent
contour edges. We reapply steps (1) to (3) until the list of apparent contour edges
is empty. Apparent contours obtained using this algorithm can be seen in Fig. 6.31.

A method for projective (2D to 3D) registration using apparent contours was
described in [72]. The method of [72] was designed within the framework of Total
Hip Replacement surgery as part of a joint study with Integrated Surgical System
(1SS), of Davis, CA, to extend the RoBopoc® system. Used for Total Hip Re-
placement (THR) surgery, the surgical robot of the RoBopoc® system accurately
mills the cavity for the femoral implant. To register the surgical robot to its planned
trajectory, a clinical protocol uses two or three metallic markers surgically inserted
in the femur [125,126]. The registration method described in [72] was developed to
study the feasibility of replacing external marker-based registration with anatomy-
based and x-ray-based registration. The proposed method requires acquiring, and
calibrating with respect to the surgical robot, intra operative x-rays of the anatomi-
cal structure of interest.

Having extracted 2D bone contours from the x-ray images, bundles of straight
lines in three-dimensional space (x-ray paths) emanating from the position of the
x-ray source and passing through the 2D bone contours can be determined (using
image calibration information). When the pre operative femur model is perfectly
registered with respect to physical space (surgical robot and x-ray images), the x-
ray paths determined above are grazing the surface of the femur model. Since the
initial position is expected to be misregistered, x-ray paths are a priori not grazing
(but intersecting, or “missing,” the femur model altogether).
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The registration process described in detail in [72], and illustrated in Fig. 6.31,
finds a rigid transformation optimizing the position and orientation of the surface
model such that as many X-ray paths as possible become tangent to the surface.

Additional material on registration, and particularly 2D to 3D registration, can
be consulted in Chapter 8.

6.7.2 Surface projection for x-ray simulations

After a registration was performed, as discussed in Section 6.7.1, in this section
we address the issue of providing clinicians with visual information to validate the
registration accuracy 3.

Motivated by this, we simulate postoperative x-ray images by superimposing
(projecting) an implant positioned preoperatively on the x ray using the image cali-
bration and the transformation computed by the 2D/3D registration. We also super-
impose a preoperative femur model that was used for anatomy-based registration to
verify how it aligns with the bone contours in the x-ray images. With these images,
a judgment on the registration accuracy can be made.

For a given x-ray image, using calibration information, we first determine a
center of perspective and use it to compute apparent contours as explained in Sec-
tion 6.7.1. Then, the method works independently of whether we wish to correct
for a potential geometric distortion in x-ray images or not: for each pixel of the x-
ray image (original image pixels, or rectified image pixels) we determine an x-ray
path from the (u, v) (grid) coordinates corresponding to the pixel and the center of
perspective. For a pictorial representation of x-ray paths, see Fig. 6.31.

The main idea is to substitute a straightforward projection of the geometry with
the following process based on distance computations and on the conversion of
distances to pixel gray-scale values. This process allows much more flexibility in
the “projection” of surface models, allowing to reproduce the geometric distortion
in an x ray and to avoid aliasing effects when drawing the contour of the surface
projection.

We compute the distance from each x-ray path to the apparent contours of the
three-dimensional model of the implant (or other preoperative three-dimensional
shape): we must compute the shortest distance between a straight line and a curve
in three-dimensional shape. A hierarchical description of the curves may be used
for this purpose. This computation is described in [72].

Finally, we convert the computed distances to gray-scale values, for a useful
range of the distances. These gray-scale values form an (masked) image that is
inserted in the original x-ray image mask to change the x-ray image.

Various mappings may be used for converting distances to gray-scale values.
To produce line drawings, only very short distances should produce alterations in
gray-scale values. For instance, to produce the image of Fig. 6.32(c) the following

8 Although numerous registration approaches have been presented, the topic of registration vali-
dation has scarcely been addressed in the literature.
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mapping was used: if the distance was less than 0.05 mm, a gray-scale value of
0 was used, otherwise, if the distance was less than 0.1 mm, a gray-scale value of
30 was used, otherwise, if the distance was less than 0.2 mm, a gray-scale value
of 60 was used, and otherwise, no change to the existing gray-scale value was
done. (This mapping assumed that 8 bits, or 256 gray values, were used per pixel.)
The resulting image, shown in Fig. 6.32(c), shows only the projected silhouette
of the implant (or other preoperative three-dimensional model), which is sufficient
to precisely indicate the position of the implant, but does not obscure any of the
anatomy (see Fig. 6.32). For more details, the reader may also consult [127].
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Figure 6.32: Simulating post-operative x-ray images: (a) three-dimensional model of im-
plant; (b) intraoperative x-ray image, characterized by a limited field of view, geometric
distortion, and occlusion (a bone fixator appears in black); (c) projecting the preoperative
implant model and femur models after registration onto the intra-operative x-ray image. The
x-ray image was not corrected for distortion; instead, the same distortion parameters are
applied to the model when projecting.



390 Extracting Surface Models of the Anatomy from Medical Images

6.8 Conclusion and perspective

We have provided a sample of methods for extracting, optimizing and exploit-
ing surface representations in medical images. We have put an emphasis on polyg-
onal (particularly, triangular) meshes, which are quite simple and yet represent a
powerful representation for visualization and other processes.

Many notions and operations that appear at first restricted to curved surfaces
(such as spline surfaces) extend to polygonal meshes as well: smoothing (Sec-
tion 6.6.1), curvature computation (Section 6.3.4), reduction of complexity (Sec-
tion 6.6.2), etc.

Segmenting and extracting detailed surface models from large data sets is still
a challenging problem today. Concerning the surface extraction and representa-
tion part of the problem, polygonal simplification and hierarchical descriptions
have permitted significant progress, and many applications of them can still be ex-
ploited: for instance, levels of details have only been used for visualization so far.
Other interesting applications of levels of details are registration, efficient collision
detection, etc.

While direct volume rendering has made significant progress in recent years,
with the development of efficient software and hardware [2,128], surface repre-
sentations are very effective for various applications, only some of which do relate
to visualization. The combination of surface and volume rendering is also promis-

ing.
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8.1 Introduction

Registration is the determination of a geometrical transformation that aligns
points in one view of an object with corresponding points in another view of that
object or another object. We use the term “view” genericaly to include a three-
dimensional image, a two-dimensional image, or the physical arrangement of an
object in space. Three-dimensional images are acquired by tomographic modali-
ties, such as computed tomography (CT), magnetic resonance (MR) imaging,
single-photon emission computed tomography (SPECT), and positron emission
tomography (PET). In each of these modalities, a contiguous set of two-dimen-
sional slices provides a three-dimensional array of image intensity values. Typical
two-dimensional images may be x-ray projections captured on film or as a digital
radiograph or projectionsof visiblelight captured as a photograph or avideo frame.
In all cases, we are concerned primarily with digital images stored as discrete ar-
rays of intensity values. In medical applications, which are our focus, the object in
each view will be some anatomical region of the body. (See Volume | of this hand-
book for a discussion of medical imaging modalities.) The two views are typically
acquired from the same patient, in which case the problem is that of intrapatient
registration, but interpatient registration has application as well (see Chapter 17).

8.1.1 Operational goal of registration

From an operational view, the inputs of registration are the two views to be
registered; the output is a geometrical transformation, which is merely a mathe-
matical mapping from points in one view to points in the second. To the extent
that corresponding points are mapped together, the registration is successful. The
determination of the correspondenceis a problem specific to the domain of objects
being imaged, which is, in our case, the human anatomy. To make the registration
beneficial in medical diagnosis or treatment, the mapping that it produces must be
applied in some clinically meaningful way by a system that will typicaly include
registration as a subsystem. The larger system may combine the two registered
images by producing areoriented version of one view that can be “fused” with the
other. Thisfusing of two views into one may be accomplished by simply summing
intensity values in two images, by imposing outlines from one view over the gray
levels of the other, or by encoding one image in hue and the other in brightnessin
acolor image. Regardless of the method employed, image fusion should be distin-
guished from image registration, which is a necessary first step before fusion can
be successful.

The larger system may aternatively use the registration ssimply to provide a
pair of movable cursors on two electronically displayed views linked via the reg-
istering transformation so that the cursors are constrained to visit corresponding
points. This latter method generalizes easily to the case in which one view is the
physical patient and one of the movable “cursors’ is a physical pointer held by the
surgeon. The registration system may be part of a robotically controlled treatment
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system whose guidance is based on registration between an image and the physical
anatomy. Drills, for example, may be driven robotically through bone by follow-
ing a path determined in CT and registered to the physical bone. Gamma rays
produced by a linear accelerator or by radioactive isotopes may be aimed at tissue
that is visible in MR but hidden from view during treatment with the aiming be-
ing accomplished via automatic cal cul ations based on a registering transformation.
Registration also serves as afirst step in multimodal segmentation algorithms that
incorporate information from two or more images in determining tissue types (see
Chapter 2). Fusion, linked cursors, robotic controls, and multimodal segmentation
algorithms exploit knowledge of a geometrical relationship between two registered
viewsin order to assist in diagnosis or treatment. Registration is merely the deter-
mination of that relationship. The goal of registration is thus simply to produce as
output ageometrical transformation that aligns corresponding points and can serve
as input to a system further aong in the chain from image acquisition to patient
benefit.

8.1.2 Classification of registration methods

There are many image registration methods, and they may be classified in many
ways [1-3]. Maintz has suggested a nine-dimensional scheme that provides an ex-
cellent categorization [1]. We condense it slightly (see below) into the following
eight categories. image dimensionality, registration basis, geometrical transforma-
tion, degree of interaction, optimization procedure, modalities, subject, and ob-
ject [1].

“Image dimensionality” refersto the number of geometrical dimensions of the
image spaces involved, which in medical applications are typically three-dimen-
sional but sometimes two-dimensional. The “registration basis” is the aspect of the
two views used to effect the registration. For example, the registration might be
based on a given set of point pairs that are known to correspond or the basis might
be aset of corresponding surface pairs. Other loci might be used aswell, including
lines or planes (a special case of surfaces). In some cases, these correspondences
are derived from objects that have been attached to the anatomy expressly to fa
cilitate registration. Such objects include, for example, the stereotactic frame and
point-like markers, each of which have components designed to be clearly visible
in specific imaging modalities. Registration methods that are based on such attach-
ments are termed “prospective” or “extrinsic” methods and are in contrast with the
so-called “retrospective” or “intrinsic’ methods, which rely on anatomic features
only. Alternatively, there may be no known correspondences asinput. In that case,
intensity patternsin the two views will be matched, a basis that we call “Intensity.”

The category, “geometrical transformation”, isacombination of two of Maintz's
categories, the “nature of transformation” and the “domain of transformation”. It
refers to the mathematical form of the geometrical mapping used to align points
in one space with those in the other. We take up these transformationsin detail in
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the next section. “Degree of interaction” refers to the control exerted by a human
operator over the registration algorithm. The interaction may consist smply of the
initialization of certain parameters, or it may involve adjustments throughout the
registration process in response to visual assessment of the alignment or to other
measures of intermediate registration success. The ideal situation isthe fully auto-
matic algorithm, which requires no interaction. “ Optimization procedure” refersto
the standard approach in algorithmic registration in which the quality of the regis-
tration is estimated continually during the registration procedure in terms of some
function of the images and the mapping between them. The optimization procedure
is the method, possibly including some degree of interaction, by which that func-
tion is maximized or minimized. The ideal situation hereis a closed-form solution
which is guaranteed to produce the global extremum. The more common situation
isthat in which a global extremum is sought among many local ones by means of
iterative search.

“Modalities’ refers to the means by which the images to be registered are ac-
quired. Examples are listed at the beginning of this chapter. Registration methods
designed for like modalities are typically distinct from those appropriate for dif-
fering modalities. Registration between like modalities, such as MR-MR, is called
“intramodal” or “monomodal” registration; registration between differing modali-
ties, such as MR-PET, is called “intermodal” or “multimodal” registration. “Sub-
ject” refersto patient involvement and comprises three subcategories. intrapatient,
interpatient, and atlas, the latter category comprising registrations between patients
and atlases, which are themselves typically derived from patient images (e.g., [4]).
“Object” refersto the particul ar region of anatomy to beregistered (e.g., head, liver,
vertebra).

To build aregistration hierarchy based on these eight categorizations, one cate-
gorization must be placed at the top level, which, in the organization of this chapter,
isthe registration basis. The three categories of registration basis mentioned above
are examined in three major sectionsbelow: Section 8.3, Point-based methods, Sec-
tion 8.4, Surface-based methods, and Section 8.5, Intensity-based methods. Before
we begin these discussions of the basis for registration, however, we take up in
the next section the category of geometrical transformation. We examine in detail
the rigid transformations and other transformations that preserve the straightness
of lines. These transformations are most appropriate for intrapatient registration of
rigid anatomy. The remaining transformations, the “curved” transformations, are
used for interpatient registration, for the registration of anatomy to an atlas, and for
intrapatient registration of tissue that has been deformed between the acquisition of
the two views. These situations are examined in Chapters 3 and 17.

8.2 Geometrical transformations

Each view that is involved in a registration will be referred to a coordinate
system, which defines a space for that view. Our definition of registration is based
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on geometrical transformations, which are mappings of pointsfrom the space X of
oneview to the space Y of asecond view. The transformation 7 applied to a point
in X represented by the column vector x produces a transformed point x’,

x = T(x). (8.1)

If the point y in Y corresponds to x, then a successful registration will make
x' equal, or approximately equal, to y. Any nonzero displacement 7 (x) — y is
a registration error. The set of all possible 7 may be partitioned into rigid and
nonrigid transformations with the latter transformations further divided into many
subsets. This top-level division makes sense in general because of the ubiquity
of rigid, or approximately rigid, objects in the world. It makes sense for medical
applications in particular because of the rigid behavior of many parts of the body,
notably the bones and the contents of the head (not during surgery). Itisaso a
simple classwith only six parameters completely specifying arigid transformation
in three dimensions. (We note here that, while one and two-dimensional motion
is possible, such limited motion is sufficiently rare that we will ignore it in this
chapter.)

8.2.1 Rigidtransformations

Rigid transformations, or rigid mappings, are defined as geometrical trans-
formations that preserve al distances. These transformations also preserve the
straightness of lines (and the planarity of surfaces) and all nonzero angles between
straight lines. Registration problems that are limited to rigid transformations are
called rigid registration problems. Rigid transformations are simple to specify, and
there are several methods of doing so. In each method, there are two componentsto
the specification, atrandation and arotation. Thetrandationisathree-dimensional
vector t that may be specified by giving its three coordinates ¢, t,, ¢, relative to
aset of z,y, z Cartesian axes or by giving its length and two angles to specify its
direction in polar spherical coordinates. There are many ways of specifying the
rotational component, among them Euler angles, Cayley-Klein parameters, quater-
nions, axis and angle, and orthogonal matrices [5-9]. In our discussions we will
utilize orthogonal matrices. With this approach, if 7 isrigid, then

xX' =Rx+t, (8.2

where R isa3x 3 orthogona matrix, meaning that R'R = RR! = I (theidentity).
Thus R~! = R!. Thisclass of matrices includes both the proper rotations, which
describe physical transformations of rigid objects, and improper rotations, which
do not. These latter transformations both rotate and reflect rigid objects, so that, for
example, aright-handed glove becomes a left-handed one. Improper rotations can
be eliminated by requiring det(R) = +1.

Proper rotations can be parameterized in terms of three angles of rotation,
6.,6,,0., about the respective Cartesian axes, the so-called “Euler angles” The
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rotation angle about a given axis s, with rare exception, considered positive if the
rotation about the axis appears clockwise as viewed from the origin while looking
in the positive direction along the axis. The rotation of an object (as opposed to the
coordinate system to which it is referred) about the z, y, and z axes, in that order
leads to

cosf, —sinf, O cos By 0 sinfy 1 0 0
R = sin @, cos @, 0 0 1 0 0 cosf; —sinf,
0 0 1 —sinfy 0 cosfy 0 sinf, cos 0,

cosBy cos@, —cosbysinb,+sinb;sinfy cosf, sinby sinfh,+cos b, sinby cosh,

= cos @y sin 0, cos O cos 0, +sin Oy sin @y, sinf, —sin by cosf,+cos Oy sin by, sin 0,

—sinfy sin 0y cos Oy cos 0y cos Oy

with the three matrices in the first line representing the rotations R . (6..), R, (6y),
and R, (6,) about z, y, and z, respectively (in reverse order because they are ap-
plied from right to left). Other angular parameterizations are sometimes used, in-
cluding all permutations of the order of R, Ry, and R.. Genera rotations can
also be produced by three rotations about only two of the Cartesian axes provided
that successive rotations are about distinct axes. The most common of these is
R= Rz(ezQ)Rw(ex)Rz(ezl)

The axis-and-angle specification provides a parameterization of R comprising
a unit vector representing an axis of rotation @ and a single angle of rotation 6
about that axis. The rotational axis @ is the (lone) real eigenvector of R. The
rotational angle can be calculated from therelation cos § = (trace R — 1)/2. With
this parameterization,

w2V +C wWewyV — w8 wew,V +wyS
R=| wpwyV +w,S wy2V +C wyw,V —w.S |, (8.3)
wWew,V —wyS wyw,V + wz S w2V +C

where the w;, wy, w, are the components of @, V' = 1 — cosé, C' = cosf, and
S =sin6 [9].

The quaternion specification provides a parameterization that is closely related
to the axis and angle. The quaternion is a vector q consisting of four elements,
40, 4z 9y, 9-» and obeying special rules for multiplication [7, 8]. A quaternion of
unit length can be used to represent a rotation, where the elements are equal re-
spectively to cos(0/2), w, sin(0/2), wy sin(0/2), and w, sin(6/2) [7, 8]. The pa-
rameterization in Eqg. (8.3) can be converted to a quaternion parameterization with
the identities, 2sin(6/2) cos(#/2) = sin § and 2sin?(0/2) = 1 — cos ¥,

B+ —a— 4  29.9 — 2G0g- 2429- + 2404y
R=| 2quqy+2q0¢. @—aG+aq -0 200 —200 | . (B4

2420 — 240y 2qyq: + 2900 ) — 2 — a5 + 42
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8.2.2 Nonrigid transformations

Nonrigid transformations are important not only for applications to nonrigid
anatomy, but also for interpatient registration of rigid anatomy and intrapatient reg-
istration of rigid anatomy when there are nonrigid distortions in the image acqui-
sition procedure. In al cases, it is preferable to choose transformations that have
physical meaning, but in some cases, the choice is made on the basis of convenient
mathematical properties.

8.2.2.1 Scaling transformations

The simplest nonrigid transformations are rigid except for scaling,
x'=RSx +t (8.5)
and
x' =SRx+t, (8.6)

where S = diag(s, sy, s-) is a diagona matrix whose elements represent scale
factors aong the three coordinate axes. Because RS isnot in general equal to SR,
these equations represent two different classes of transformations. Such transfor-
mations may be needed to compensate for calibration errors in image acquisition
systems. They are appropriate, for example, when gradient strengths are in error in
MR. The diagonal elements of S then become the respective correction factors for
the z, y, and z gradients (see Section 8.2.3, below). If the scaling is isotropic, the
transformation is a similarity transformation,

x' =sRx+t, (8.7)

where s is a positive scalar, sometimes known as a “dilation” (for values less than
one aswell). This transformation preserves the straightness of lines and the angles
between them. Both Eq. (8.5) and Eq. (8.6) reduce to Eq. (8.7) when s, = s, =
s, = s. The coupling of scaling with the rigid transformation is effective when
registrations must account for erroneous or unknown scalesin theimage acquisition
process.

8.2.2.2 Affine transformations
The scaling transformations are specia cases of the more general affine trans-
formation,

x' =Ax+t, (8.8)

in which there is no restriction on the elements a;; of the matrix A. The affine
transformation preserves the straightness of lines, and hence, the planarity of sur-
faces, and it preservesparallelism, but it allows angles between linesto change. Itis
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an appropriate transformation class when the image may have been skewed during
acquisition as, for example, when the CT gantry angle isincorrectly recorded.

The affine transformations and their associated special cases are sometimes
represented by means of homogeneous coordinates. In this representation, both A
and t are folded into one 4x4 matrix M whose elements are defined as follows:
m;; = aij,i =1,2,3,7=1,2,3;, myy = t;,2 =1,2,3; my4; = 0,7 =1,2,3; and
myq = 1. To accomplish the transformation, augmented vectorsu and u’ are used
for whichw; = z; and 2} = v fori =1,2,3and ug = u) = 1.

Uy a11 a12 a1z t1 U1
!
u a a a t U
o = 2 | = Mu= 21 a2 a3 t2 2 ‘ (8.9)
Ug asz1 ag2 asz U3 us
1 0 0 0 1 1

While the use of homogeneous coordinates does not produce any extra power or
generality for rigid transformations, it does simplify notation, especially whenrigid
transformations must be combined with proj ective transformations, which we con-
sider next.

8.2.2.3 Projective transformations

So far, the nonrigid transformations that we have considered, al of which are
affine transformations, preserve paralelism. The more genera nonrigid transfor-
mations include the projective transformations, which preserve the straightness of
lines and planarity of surfaces, and the curved transformations, which do not. The
proj ective transformations, which have the form,

x'=(Ax+t)/(p-x+a), (8.10)

can be written simply in homogeneous coordinates,

Uy a11 a2 a1z t1 U1
!
U a a a t U
o = 2 | = Mu= 21 Q22 a3 to 2 7 (8.11)
Ug asz1 az2 asz t3 u3
!
Uy pP1 P2 p3 o« 1

where, as for the affine transformation, u; = z; fori = 1,2,3, u4 = 1, and
mi; = a4 = 1,2,3,5 = 1,2,3, but u)y is no longer necessarily equal to 1,
ma; = pj,J = 1,2,3, mas = o, and z, = u}/uy,t = 1,2,3. The linearity of
Eg. (8.11) can provide considerable simplification for the projective transforma-
tions and the perspective projections. This latter class of transformations relate
three-dimensional anatomy to two-dimensional planar images acquired by means
of acameraand are taken up in the next section.
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8.2.2.4 Perspective transformations

Images obtained by x-ray projection, endoscopy, |aparoscopy, microscopy, and
direct video acquisition are al two-dimensional views of three-dimensional objects
rendered by means of projecting light rays or x-raysfrom athree-dimensional scene
onto a two-dimensional plane. The geometrical transformation, which we call a
perspective projection, produced by each of these modalities is equivaent to that
of photography.

These perspective projections are a subset of the projective transformations of
Egs. (8.10) and (8.11). The projective transformations, unlike the perspective pro-
jections, do not, in general, transform x to a plane. Furthermore, the affine portion
of the transformation is typically assumed to be the identity for perspective projec-
tions. Specializing now to perspective projections, welet f = 1/|p| in Eq. (8.10),
and let p be aunit vector in the direction of the projection axis, p. These substitu-
tions lead to

x' = fx/(x-p+af). (8.12)

If « isnonzero, then Eq. (8.12) does nat, in fact, transform x to a plane and, hence,
is not a perspective projection. Perspective projection can be produced, however,
by zeroing the component of x’ in the direction of p:

xX —x' - -p)p. (8.13)

Equation (8.12) and substitution (8.13) give the general form of the transforma-
tion produced when a photograph of a three-dimensional scene is acquired with a
“pinhole camera,” which is a camerain which asmall hole substitutes for the lens
system. Fig. 8.1 shows a schematic camera. A ray from a point x in the scene
is projected through the pinhole onto a film screen, which is perpendicular to the
axis of projection p and located at a distance f from the pinhole. Fortunately, all
the systems mentioned above can be approximated by the pinhole camera system
by identifying the unique point relative to the lens system through which light rays
travel undeflected, or the point from which the x rays emanate. That point, aso
known as the “center of perspectivity” [10], plays the role of the pinhole. Because
thefilmimageisinverted, it isconvenient to treat instead an equival ent upright “im-
age” located in front of the camera, which isalso perpendicular to p and located the
same distance f from the pinhole, as shown in the figure. The transformed point,
x’, of Eq. (8.12), followed by substitution (8.13) liesin that plane.

Figure 8.2 shows the relationship between the parametersin Eq. (8.12) and the
imaging system both (a) for lens systems and (b) for x-ray systems. The geometric
difference isthat x - p + «f is greater than f for lens systems and less than f
for x-ray systems. The parameter f is called the focal length, or, aternatively,
the “ camera constant” or “principal distance.” The name “focal length” is derived
from lens systems. It is meant to imply that the lens is adjusted so that all light
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Figure 8.1: A schematic of a pinhole camera. A single point x in the scene is shown
being imaged. The projection axis p points to the right. The image is produced within the
camera on a film screen that is perpendicular to p and located a distance f from the pinhole.
Analysis is simplified by treating the transformation as if an equivalent, but upright, image
were produced instead on a plane placed outside the camera at the same orientation and
same distance from the pinhole. The point x is transformed to x’ on this plane.

emanating from agiven point in front of the cameraand passing through itslenswill
be focused to a single point on a screen located at that distance from the effective
pinhole. The focusing is only approximate and varies in quality with the distance
of the anatomy from the lens. The value of « in Eq. (8.12) is determined by the
placement of the origin. Typically, the origin is placed at the pinhole, for which
a = 0, or at the intersection of p and the image plane, for which a = 1.

8.2.2.5 Curved transformations

Curved transformations are those that do not preserve the straightness of lines.
In curved transformations, the simplest functional form for 7 is a polynomial in
the components of x [11,12],

IJK o
x = Z cipr'y’ 28 (8.14)
ijk

where c; ;. isthe three-element vector of coefficientsfor thes, j, k termin the poly-
nomial expression for the three components z’, ¢/, 2’ of x’. Maodifications may be
employed that includeall termsfor whichi+j+k < M. Thesetransformationsare
rarely used with values of I, J, and K greater than 2 or M greater than 5 because
of spurious oscillations associated with high-order polynomials.
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Figure 8.2 Perspective projection for the pinhole camera system and for x-ray projection.
The point x is projected to x’. The origin of the coordinate system is located at O. The
projection axis p points to the right. Typical values for « are 0 or 1.
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These oscillations can be reduced or eliminated by employing piecewise poly-
nomials. The resulting transformations are defined by first partitioning the space
into a set of three-dimensional rectangles by means of three sets of cut planes, each
perpendicular to one of the Cartesian axes. Then, within each rectangle i, j, k of
dimensions, u;, vj, wy, T = PZ(;;) (a:)Pi(;’k) (y)Pi(jZk) (), where each P() is a univari-
ate polynomial of degree m defined only over that rectangle. (Polynomia forms
that are more complex than products of univariate polynomialsin x, y, and z are
available as well [13].) By judicious choice of the polynomials coefficients, it is
possibleto ensurethat the polynomialsjoin smoothly acrossthe rectangleinterfaces
in the sense that 7 ism — 1 times continuoudly differentiable. Such transforma:
tions are called splines, and the corners x;;;, of the rectangles are called “knots”
The properties of splines have been carefully studied in approximation theory [14].
The most common choicefor m is 3, producing the “cubic spline,” for which 7~ and
its first and second derivatives are continuous. Splines of degree m are often ex-
pressed in terms of aconvenient basis set of polynomials of the same degree, called
B-splines (see Chapter 6 for their definition). Noting that the coordinates of every
x must be equal to u; x (I + «),v; x (m+ ), wy, % (n+ ), for some unique set
I,m,n,a, 3,y wherel,m,n areintegersand 0 < «, 8,y < 1, theexpansion of the
cubic spline in terms of the B-splines can be expressed as follows:

Xl(lv m,n,«, Ba ’7) = Z Bifl(a)Bj—m(ﬂ)kan(’Y)cijka (815)
ijk
where each By (t) is asegment of the cubic B-spline with By(t) = 0 unless —1 <
g < 2. Simple algorithms are available for determining the form of the B, (t) (see
for example [13]), but for the special case in which the knot spacing along a given
direction is uniform, u; = u,v; = v,w; = w, they have an especially smple
form [13, 15, 16],

B 1(t)=( —t3+3t2 -3t +1)/6, Bo(t) = (3t> — 6t +4)/6, (8.16)
By(t) = (=33 +3t2 + 3t +1)/6, Ba(t)= t%6. '

A transformation that has been heavily used for two-dimensional problems is
the thin-plate spline, which was originally called the “surface spline” This form
was first proposed by Harder in 1972 [17] for designing aircraft wings. (Their
mathematical properties are explored by Duchon [18], who coined the term “thin-
plate spline,” and Meinguet [19].) The thin-plate splineswere first employed to de-
scribe deformations within the two-dimensional plane by Goshtasby in 1988 [20].1
Goshtasby’s formulation, which is now widely employed in the image processing
literature, is asfollows:

N
x =Ax+t+ Z cir?lnr? (8.17)

)

!For suggestions as to their use in comparing two-dimensional shapes see [21].
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where r; = |x — x;| and x; is a control point. Unlike the rectangular grid of
knots required for the cubic-splines, the control points can be placed arbitrarily,
a feature that is of considerable advantage in the registration of medical images.
For three-dimensional transformations, the thin-plate spline has a simpler form in
which r? Inr? in Eq. (8.17) is replaced by r;. For both the two-dimensional and
the three-dimensional forms, the affine portion of Eq. (8.17) is a necessary part of
the transformation. Without this component there may be no set of c¢; that satisfies
the equation at all N points. With the affine part included, it is aways possible, by
means of the imposition of a set of side conditions on the ¢; (see Section 8.3.4), to
ensure that a solution exists for any arrangement of points.

The thin-plate splines are examples of the more general category of radial ba-
sis functions, which, for two-dimensional and three-dimensional spaces, have the
same form as Eq. (8.17), but with 2 Inr? replaced by a general function f(r;).
Other examples of f(r;) that have been employed to interpolate among points
in two or three dimensions (not necessarily for registration) include the “volume
spling” 73, the “multiquadric” (7 + b)'/2 (b > 0), itsinverse, and the Gaussian,
exp(—r2/a) [22]. Because none of these example functions has compact support, a
changein any control point has an affect on the transformation at all points. Radial
functions with compact support have been employed to limit this effect to pointsin
a neighborhood surrounding a given control point [23, 24].

Other curved transformations have been employed, including solutions to the
equations of continuum mechanics describing elastic and fluid properties attributed
to the anatomy being registered [25-31]. These eguations, which are derived from
conservation of mass, momentum, and energy and from experimentally measured
material properties, involve the displacement vector, x’ — x, and the first and second
gpatia derivatives of its components. The nonrigid transformationsthat result from
the numerical solution of these partial differential equations are appropriate for
intrapatient registration when the anatomy is nonrigid, especially when surgical
resection has changed its shape. In these cases, the major problem in registration is
the determination of the material properties and forces that act on the tissue. With
that information available, the solution of the differential equations may be carried
out numerically by means of finite-difference or finite-element methods. These
transformations have been also used for interpatient registration and for the closely
related problem of mapping an atlas to a patient, and they are taken up in detail in
Chapter 17.

8.2.3 Rectification

Nonrigid transformations may be necessary in order to rectify images that are
distorted in the acquisition process. Images are distorted when the transformation
from physical object to image fails to have the ideal form assumed for the acqui-
sition process. We define rectification as the process of transforming an acquired
image into a “rectified” image, for which the resulting overall transformation from
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physical object to rectified image hastheideal form. It ispossibleto perform regis-
tration in the face of such distortions, but if the distortion can be determined, amore
efficient approach is to perform rectification to remove the distortion as a separate
preprocessing step before registration. Efficiency isachieved by thisdivision of the
problem into two steps because additional information from scanner calibrations,
phantom images, or other corrective measures can be used to reduce the size of the
space of transformations to be searched during registration.

While for three-dimensional images the ideal transformation is normally rigid,
as given by Eq. (8.2), in some cases, as for example when registration is to be
effected between serial images acquired on the same system within a short time,
Eq. (8.7) may be acceptable. Then, the scaling s can be expected to remain con-
stant between acquisitions and can thus be set equal to one for the purposes of
registration. The simplest three-dimensional rectification problem is compensation
for anisotropic scaling. In this case, rectification can be accomplished by means of
the transformation x’ = sx, which is a specia case of Eq. (8.7). A dlightly more
complex example is provided by gantry tilt in CT imaging. The resultant skew
produced in a volume CT image can be removed by transformations of the form
x' = Ax, which isaspecia case of Eq. (8.8) (i.e., no trandlation).

For projection by a camera system, the ideal transformation is Eg. (8.12), or
the simpler form given below by Eq. (8.30), but, in many cases, the projection
image captured by acamerasystem is distorted in the image plane. Such distortions
occur not only for light focused by lens systems but for x-ray images produced in
conjunction with image intensifiers. That distortion may be rectified by means
of atwo-dimensiona transformation within the image plane before registration is
attempted. The required transformation istypically amember of the class of curved
transformations. The rectification step in that case may employ any of the curved
transformations given by Egs. (8.14), (8.15), or (8.17). The transformation may be
determined by acquiring an image of a phantom consisting of a regularly spaced
grid of fiducia points arranged in a plane perpendicular to the projection axis. That
image is then compared with the expected image based on amodel of the phantom
and the ideal transformation for the camera. The difference between the pattern of
imaged points and the pattern of model pointsis used in a point-based registration
to determine the transformation that will restore the regular pattern to the image
(see Section 8.3.4). An important specia case is the rotationally symmetric “pin
cushion” distortion exhibited near the image periphery by wide-angle lenses, such
as those employed for endoscopy, and by image intensifiersin digital radiographic
systems (see Chapter 3, Section 3.2.2 of Volume 1 of this handbook). In this case,
the two-dimensional transformation reduces to a one-dimensional transformation
in the radia distance from a centra point, and the distortion correction reduces
to a simple univariate interpolation [32]. Once the transformation is determined,
it can be employed to rectify any subsequent anatomical image acquired with the
same acquisition setup. Thus, by means of the separate rectification step, the task
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of distortion correction is separated from the task of registering specific anatomical
image pairs.

MR imaging is subject to geometric distortions whose rectification requires
curved transformations. These distortions arise from nonuniform gradient fields
due to imperfectionsin the scanner and from spatial variation in the static magnetic
field that may be due either to imperfections in the scanner or to induced mag-
netization of the anatomy. Rectifying transformations can be devel oped for scan-
ner imperfections by acquiring images of phantoms that include regularly spaced,
three-dimensional grids of point-like objectsin analogy to the two-dimensional rec-
tification of cameraimages in projection imaging. For distortions arising from the
susceptibility of the anatomy to magnetization, special protocols must be employed
involving MR pul se sequences specifically designed for rectification [33,34]. These
transformations have a specia form in which all displacements are parallel to the
so-called “readout” gradient. Because the magnitude of the displacements and their
sense (forward or backward) variesfrom point to point, the resultant transformation
isingeneral curved. Removal of these distortions by arectification step can replace
a complicated nonrigid registration problem with arigid one.

For three-dimensional images, rectification may appear to be equivalent to reg-
istration between the image view and the physical view. In fact, the rectification
problem is considerably ssmpler. The goal of registration from an image to phys-
ical space is to map points in the image view to the corresponding points in the
physical view, while the goal of rectification is merely to bring al pointsin anim-
age to within an ideal transformation of their corresponding physical points. The
simplification is that the latter transformation may remain unknown. Thus, the
goal of rectification is to find a transformation, which, when composed with some
ideal transformation, will map corresponding points together. The determination
of the unknown transformation is necessary to complete the registration process.
A simple example is provided by errors in the magnitude of MR gradients. With
such errors, the imaging process transforms physical points according to Eg. (8.6).
The appropriate class of transformations for registering such distorted images to
undistorted images is then Eq. (8.5) (see aso page 473). If, however, the correct-
ing scale factors, s, sy, s, Can be determined by means of calibration (see Algo-
rithm 8.3 below), then rectification can be accomplished by applying Eg. (8.5) with
S = diag(sz, sy, s;) and with any arbitrary rotation R and translation t. Typically
R = I and t = 0 are chosen for simplicity, in which case, the rectifying trans-
formation is x’ = Sx. The transformation between the resultant rectified image
and the physical object now has the idea form for the acquisition process, namely
Eq. (8.2), as does the registering transformation between any two such rectified
images.
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8.3 Point-based methods

If some set of corresponding point pairs can be identified a priori for a given
pair of views, then registration can be effected by selecting a transformation that
aligns the points. Because such points are taken as being reliable for the purposes
of registration, they are called fiducial points, or fiducials. To be reliable, they
must lie in clearly discernible features, which we will cal fiducial features. The
determination of a precise point within afeature is called fiducial localization. The
transformation that alignsthe corresponding fiducia pointswill then interpolatethe
mapping from these points to other pointsin the views.

The fiducial localization process may be based on interactive visual identifica-
tion of anatomical landmarks, such asthe junction of two linear structures, e.g., the
central sulcus with the midline of the brain or the intersection of alinear structure
with a surface, e.g., the junction of septain an air sinus, etc. [35]. Alternatively,
the feature may be a marker attached to the anatomy and designed to be accurately
localizable by means of automatic algorithms. In either case, the chosen point
will inevitably be erroneously displaced somewhat from its correct location. This
displacement in the determination of the fiducial point associated with a fiducial
feature is commonly called the fiducial localization error (FLE). Such errors will
occur in both image spaces. They cannot ordinarily be observed directly, but they
can be observed indirectly through the registration errors that they cause.

Marker-based registration has the considerabl e advantage over landmark-based
registration that the fiducial feature is independent of anatomy. Automatic al-
gorithms for locating fiducial markers can take advantage of knowledge of the
marker’s size and shapein order to produce aconsistent fiducial point withinit [36].
Typically, thefiducial point chosen by alocalization agorithm will lie near its cen-
ter. Hence, the point is often referred to as the fiducia “centroid”. However, regis-
tration accuracy depends only on the degree to which the chosen points correspond
in the two views. Random errors in the localized position will be caused by noise
in theimage and by the varying positioning of the marker relative to the voxel grid,
but, for reasonable localization algorithms, the mean of the fiducial points chosen
should be the same in the two views relative to a coordinate system fixed in the
marker. Because of this consistency, the effective mean displacement, (FLE), in
each view is zero. (We use (z) to indicate the expected value of z.) The variance
(FLE?) may be appreciable, however. (Note that we use a bold font to indicate the
vector displacement FLE and a normal font to indicate the magnitude FLE.)

The goal of fiducia design and of the design of the accompanying fiducial
localization algorithm is to produce a small variance. In general, as the marker
volume becomes larger, and as the signal per volume produced in the scanner by
its contents becomes larger, FLE will become smaller. Figure 8.3 shows sample
images of fiducial markers. Because of the discrete nature of the digital images, it
isimportant to use a marker that is larger than an image voxel. Figure 8.3 shows a
hollow marker that is of cylindrical shape. Itsinside dimensions are height, 5 mm
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Figure 8.3: Sample CT and MR images of a fiducial marker. The marker is a cylinder of
height 5 mm and diameter 7 mm. (a) Transverse CT of a human head with an attached
marker at the lower left. (Part of a second marker is just visible at the upper left. The
structures surrounding the markers are protective housings that are visible in CT but not
MR.) Voxel dimensions, 0.65 by 0.65 by 3.0 mm. (b) Magnification of the marker in (a).
(c) Magnification of the marker in (a) after reformatting into the coronal orientation. (d)
Transverse MR of head with markers at upper and lower left. Voxel dimensions, 1.1 by 1.1
by 4.0 mm. (e) Magnification of the upper marker in (d). (f) Magnification of the upper
marker in (d) after reformatting into the coronal orientation.
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and diameter, 7 mm. The marker isfilled with aliquid that isimageablein CT and
MR [37]. Both CT and an MR (Spin-Echo, T1-weighted) transaxial images are
shown in Fig. 8.3. The CT voxe dimensions are 0.65 by 0.65 by 3.0 mm; the MR
voxel dimensions are 1.1 by 1.1 by 4.0 mm. The marker islarger than a CT voxel,
but only dlightly so in the slice direction. Thus, the rendition is good within a CT
slice, as seen in (b), but poor in the dlice direction, as seen in (¢). The MR voxels
are larger than the CT voxels. Thus, the renditions are relatively poor, both within
an MR dlice, asseenin (e) and in the slice direction, as seenin (f).

The rendition of the marker in an image is related to the potential accuracy
with which it can be localized. Smaller markers, as measured in voxels, will be
more poorly localized than larger ones. The shape of a marker that is smaller than
avoxel cannot be represented at all. More importantly, with regard to registration
accuracy, such a marker can be situated entirely within a voxel with the result that
the brightness “pattern” is independent of the marker’s position within the voxel.
Markers that span two or more voxels will ordinarily (absent reconstruction arti-
facts) produce a signal for each occupied voxel that is a monotonically increasing
function of the volume of intersection of the voxel and the signal-producing con-
tents of the marker. This effect is illustrated in Fig. 8.4. To first order, ignoring
noise and reconstruction artifacts, the function will be linear,

I=aV+1y, (8.18)

where I isthevoxel intensity and V' isthe volume of intersection. I istheintensity
for an empty voxel, sometimes called a* background” voxel. While Iy = 0 for most
modalities, it is sometimes nonzero (CT, for example) and must be accounted for.
If I; is measured for one voxel i of a set of voxels that includes all those occupied
by a given marker, an approximate centroid can be calculated by a weighted sum,
x=Y (Li—Io)xi/ Y (Ii — I, (8.19)

(2

where x; isthe centroid of voxel i. (Note that the value of « is not needed for this
calculation.)

Equation (8.19) provides a good approximation, but it is flawed by the implicit
assumption that the centroid of the marker-filled portion of each voxel is coincident
with the centroid x; of the voxel itself. The error can be appreciated in Fig. 8.4
by comparing the marker-filled portions of voxels a and b, at the right and left,
respectively. Voxel a isamost completely filled, while only the right third of voxel
b isfilled. The centroid of the marker-filled portion of a lies approximately at
the voxel centroid, x,, while the centroid of the marker-filled portion of b lies
somewhere between the white dotted border of the marker and the right edge of the
voxel, which is considerably to the right of centroid x;. Thus, in Eq. (8.19), the
contribution of voxel b contributes an erroneous left shift to the marker centroid.
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Figure 8.4: An illustration in two dimensions of intensity-weighted localization applied to a
circular fiducial marker. The white, gray, and black squares represent voxels. The shad-
ings of the voxels indicate their intensities, lighter shading indicating higher intensity. The
marker is isolated from the anatomy such that none of the voxels contains both marker and
anatomical structure. The black voxels around the periphery are empty and thus have the
background intensity Ip. The dotted white outline is the edge of the marker. The small “plus”
sign is the physical centroid of the marker. The small circle is the estimate of the centroid
chosen by intensity-weighted localization. The small arrow is the fiducial localization error
FLE. Standard intensity-weighted localization implicitly assumes that the centroid of the
marker-filled portion of each voxel is coincident with the centroid of the voxel itself. This
assumption is almost correct for voxel a but not for b.
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Thiserror can be appreciable and can be corrected for one-dimensional images, but
only heuristic agorithms are available for two and three dimensions [36].

As indicated in Fig. 8.4, the localization error can be expected to be consid-
erably smaller than the dimension of a voxel if the visible portion of the marker
occupies many voxels. Large marker size (relative to voxel size) provides three
benefits. Firgt, the fraction of the voxels within the marker that are only partially
filled tendsto be smaller for larger markers, so their errors make arelatively smaller
contribution to Eq. (8.19). Second, the number of partially filled voxels (as opposed
to the fraction) tends to increase with marker size, resulting in a greater likelihood
of cancellation among the erroneous shifts. Third, a larger marker results in an
averaging of image noise over alarger number of voxels, both partially and com-
pletely filled. If the noise is additive and uncorrelated among the voxels, its effect
on Eq. (8.19) can be expected to be smaller. Thus, larger markers tend to exhibit
smaller FLEs. Brighter markers also have smaller FLESs because of the smaller
contribution of image noise relative to marker intensity in Eq. (8.18).

Asmentioned at the beginning of Section 8.2, any nonzero displacement 7 (x)—
y between atransformed point 7 (x) and its corresponding point y isaregistration
error. To the extent that FLE is small and that the form of the transformation cor-
rectly describes the motion of the object, the alignment of the fiducial pointsin the
two views will lead to small registration errorsfor all points. If the transformation
is selected from some constrained set (as, for example, the rigid transformations),
then, because of FLE, it will ordinarily not be possible to achieve a perfect aign-
ment of fiducials. The resultant misalignment may, in some cases, be used as feed-
back to assess whether or not the registration is successful (but see the warnings on
page 471). A common measure of overall fiducial misalignment, is the root-mean-
sgquare (RMS) error. Thiserror, whichwe will call the fiducial registration error, or
FRE, isdefined asfollows. First, we define an individual fiducial registration error,

FRE; = T (xi) — yi, (8.20)

where x; and y; are the corresponding fiducial pointsin views X and Y, respec-
tively, belonging to feature 4, as depicted in Fig. 8.5b. We define FRE in terms of
the magnitudes of the FRE;.

N
FRE® = (1/N) ) wiFRE; (8.21)

where N is the number of fiducial features used in the registration and w? is a
non-negative weighting factor, which may be used to decrease the influence of
less reliable fiducials. For example, if (FLE?) is the expected squared fiducial
localization error for fiducial 4, then we may chooseto set w? = 1/(FLEZ), where
FLE; isthefiducia localization error for fiducial .
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(@) Schematic of point-based registration il-
lustrating fiducial localization error (FLE).
Black circles represent positions y at which
points are determined by the localization
process in one of two spaces involved in the
registration process. The light circles repre-
sent the actual positions.

(b) Schematic of point-based registration
illustrating two measures of registration er-
ror. Black circles represent positions y in
one space. The unfilled circles represent
positions z in the other space after they
have been mapped by the registering trans-
formation 7. The larger, numbered circles
are the points used to effect the registra-
tion. Fiducial registration error (FRE) is
the alignment error between these. Target
registration error (TRE) is the registration
error at apoint (smaller circles) not used in
the registration.

Figure 8.5 Errors in Point-Based Rigid Registration
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Figure 8.5b also depicts target registration error, or TRE, which is, simply,
registration error calculated at some point of interest,

TRE(x) = T(x) -y . (8.22)

Theterm “target” is meant to suggest that the point is the subject of some diagnosis
or treatment. (As with FLE we use a bold font for both FRE and TRE to indicate
the displacement and a normal font to indicate magnitude.)

8.3.1 Poaintsin rigid transformations

If the transformation to be determined is constrained to berigid, then Eq. (8.21)
can be written as

N
FRE? = (1/N) } w}|Rx; +t —yil*. (8.23)

If the FLE; are random errors with zero means and isotropic distributions for all
fiducials, then an optimum registration can be achieved by minimizing FRE? with
w; = 1/(FLE?). The minimization of Eq. (8.23) is known as the “Orthogonal Pro-
crustes’ problem in the statisticsliterature.? Closed-form solutionsfor this problem
have been available from that discipline since the first one was published by Green
in 1952 [39]. The problem is aso important in the theory of shape [40-42]. The
solution is unique unless the fiducial configuration islinear (in which case FRE? is
independent of rotations about the fiducial line). Thus, we assume henceforth that
the configuration is nonlinear, and, hence, that N > 3. Algorithm 8.1 provides a
simple, reliable method of solution.

Algorithm 8.1: Point-based, rigid registration

Find R and t to minimize "N w?|Rx; +t — yi|?

1. Compute the weighted centroid of the fiducia configuration in each space:

N N
— 2. Z 2
X = Z’LUZX'L/ w;
7 %
N N
= 2 2
vy o= > wiyi/ Y wi.
) %

2The term “Procrustes’ was originally pejorative. It was first used by Hurley and Cattell [38]
in 1962 to express disapproval of a perceived tendency of some to distort one set of observations to
support the claim that they fit another set. Hurley and Cattell were drawing an anal ogy to the habits of
the character of the same name from Greek mythology, who stretched, squeezed, or otherwise altered
visitors to fit his guest bed. The term is now used in the statistical theory of shape with no negative
connotation attached. The “orthogonal” version involves only rigid motion.
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2. Compute the displacement from the centroid to each fiducial point in each
space:

Wi

ii = X;—

Vi = Yi—

<l

3. Compute the weighted fiducial covariance matrix:
N
i

4. Perform singular value decomposition of H:
H=UAV!,
where UtU = VIV =1, A = diag(A1, Az, As), and A; > Ay > Ag > 0.
5. R = Vdiag(1,1,det(VU))U.

6. t =y — RX.

The diagonal matrix interposed between V and U? in step 5 is there to insure that
R is aproper rotation. It is necessary only when the fiducial points are approxi-
mately planar or when the expected size of FLE is on the order of the separation of
the fiducials.

(Historical Note: The use of singular value decomposition for this problem
was introduced in 1966 by Schonemann along with the first proof of solution for
general fiducial configurations [43]. That method was later rediscovered indepen-
dently by others [44—46]. These methods all permitted improper rotations. The
use of det(VU) to restrict the solution to proper rotations was presented with-
out proof later in 1966 by Farrell [44]. It was rediscovered and proved in 1991
by Umeyama [47]. The original method by Green, which is based on the ma-
trix square root, was later independently derived as well [48,49]. Green’s method
was first proved to be a general solution in 1978 by Sibson [50]. A third solution
method based on the unit quaternion was discovered in 1986 simultaneously by
Faugeras [51] and Froimowitz [52] and then independently by Horn [8]. A recent
comparison of these methods plus a method using dual quaternions, whose €ele-
ments are dual numbers [53], shows no substantia differences among them [54].)

The application of Algorithm 8.1 minimizes FRE?, but, asindicated in Fig. 8.5,
finite fiducia localization error FLE can be expected to make both FRE and TRE
nonzero. The relationships among the expected values of FLE2, FRE?, and TRE?
are known to an excellent approximation for the most common case, in which the
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FLE; are random, their probability distributions are isotropic, independent, and
identical for al N fiducias, and a uniform weighting is used in the registration
(w? = 1). The simplest relationship is that between the expected values of FLE?
and FREZ,

(FRE?) ~ (1 — 2/N)(FLE?), (8.24)

where the approximation ignores termsinvolving FLE# and higher [55]. Thisequa-
tion and Egs. (8.25) through (8.29), which follow below, apply both to the situa-
tion in which (FLE?) arises from the distribution of fiducial localization error in
one only space, with the fiducial localization error in the other space being neg-
ligible, and to the situation in which there is error in both spaces, in which case
(FLE?) equals (FLE2) + (FLE?), where the subscripts a and b refer to the two
spaces [56].

It should be noted that the relationship given by Eq. (8.24) is completely inde-
pendent of the fiducial configuration. Furthermore, the same holds for the probabil -
ity distribution of FRE? [55]. Thus, for a given number of fiducials and given dis-
tribution for FL E, FRE? will be distributed in the same way regardless of whether
the fiducial s are clustered within afew millimeters of each other or are miles apart,
nor do, planar, regular polyhedral, or approximately linear arrangements exhibit
any differenceswith regard to FRE. An advantage of thisindependence of configu-
ration isthat an estimate of (FLE?) can be obtained for a given fiducial design and
image acquisition protocol by performing a set of registrations involving pairs of
images of possibly differing configurations and numbers of fiducials. An estimate
for the expected value of FLE? can be obtained from the weighted average,

M
(FLE?) ~ (1/M) > Ny /(N — 2) x FRE?(m) (8.25)

where M isthe number of registrations performed and IV,,, is the number of fidu-
ciasinvolved in registration m, and FRE? (m) is the FRE for registration m.
Unlike (FRE?), the value of (TRE?) does depend on the fiducial configuration,
and it depends on the target position as well. It is most easily stated in terms of
quantities measured relative to the principal axes of the fiducial configuration:

(TRE?) ~ < Z ) (FLE?), (8.26)

where dy, is the distance of the target from principal axis k, and fy, is the RMS
distance of the fiducials from the same axis [57]. This approximation, like that of
Eq. (8.24), ignorestermsinvolving FLE* and higher. An equivalent approximation
was first suggested by Hawkes [58, 59].

FRE is sometimes used as an indication of accuracy in a point-based registra-
tion system. Unfortunately, it may in fact be avery poor indicator of accuracy. First
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of all, aswe have seen from Egs. (8.26) and (8.24), (TRE?) isafunction of the fidu-
cial configuration, while (FRE?) isnot. Thus, for example, an approximately linear
fiducia configuration will result in a very small value for one of the f;, in the de-
nominator of Eq. (8.26). If the target marker is at an appreciable distance from the
line of fiducials, then the corresponding d;, in the numerator will not be small. The
result will be alarge (TRE?), even if (FLE?), issmall. For this same configuration,
(FRE?), on the other hand, will be small. By contrast, if the target is located near
the centroid of a non-linear fiducial configuration, then all the d; will be small,
none of the f;, will be small, and (TRE?) can be smaller than (FRE?). Second,
if the fiducial configuration and target position are kept constant from registration
to registration, variation in FRE is no indicator of variation in TRE for a properly
working system. No correlation between these two quantities for a given system
has been observed. Thus, for a given registration with a properly working point-
based registration system, avalue of FRE that is lower or higher than expected for
that system does not indicate that the value of TRE for that registration is lower or
higher than expected. Third, the registration error FRE; for a specific marker i isa
perverse indicator of TRE in the vicinity of that marker. The problem can be seen
from the following relationship, which, like Egs. (8.24) and (8.26), is accurate to
third order in FLE [57]:

(TRE?(x;)) ~ (FLE?) — (FRE?) . (8.27)

A consequence of thisequationisthat, for agiven fiducial configuration, TRE tends
to be worse in the vicinity of those fiducials whose alignments tend to be better!
(See[57] for an explanation of this anti-intuitive behavior.)

If interpreted correctly, FRE can, however, provide useful feedback. It can be
seen from Egs. (8.24) and (8.26) that systems with a smaller (FRE?) will have a
smaller (TRE?). These expected values are in fact proportional and do show that
a system that tends to exhibit alower FRE will also tend to produce alower TRE.
A very large FRE on a given registration with a point-based system that usually
exhibits a small FRE may indicate that at |east one part of the registration system,
which includes image acquisition, fiducial localization, and fiducia registration,
may not be working properly. A forma statistical decision about the likelihood
that a given system with a known (FRE?) is performing correctly can be based
on the probability that the observed value of FRE will occur at random. For that
calculation, it is necessary to use the probability distribution of FRE, which is chi-
square with 3N-6 degrees of freedom [55, 57].
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8.3.2 Pointsin scaling transformations

If the transformation to be determined is a similarity transformation, i.e., is of
the form of Eq. (8.7), then Eqg. (8.21) becomes

N
FRE? = (1/N) Zwﬂsti +t— Yi|2 . (8.28)

A simple extension of Algorithm 8.1 determines the scaling factor s, rotation R,
and trandation t that minimize FRE2. The extensionisgiven by Algorithm 8.2[60].

Algorithm 8.2: Point-based registration: Similarity Transfor mations

Find R, t, and s to minimize > w?|sRx; + t — y;|?
1. Set s = 1 and determine R using steps 1 through 5 of Algorithm 8.1.

N 92p~ =~
2 wiR%iyi

N o = -
S wikiX;

2. Cdculate s: s =

3. t=¥y— sRXx.

A weakness of thissolution isthat the scaling factor s does not have areciprocal
relationship with the factor in the reverse problem. Thus, if the point sets, {x;} and
{y:} are exchanged, the new scale factor will not necessarily equal 1/s. The analog
to Eq. (8.24) for similarity transformationsis

(FRE?) ~ (1 — 7/(3N))(FLE?), (8.29)

and the probability distribution of FRE is chi-square with 3N — 7 degrees of free-
dom [56].

There are no known closed-form solutions for the anisotropic scaling problems,
in which the scaling matrix .S, the rotation matrix R, and the tranglation vector t
are to be determined for transformations of the form of Egs. (8.5) or (8.6). Instead,
an iterative search is required. For scaling of the form of Eq. (8.5) the problem is
especialy simple. This problem, which is encountered when the z, y, and z scales
of an imaging device are incorrect to differing degrees, as, for example, with in-
accurate MR gradients (see page 462 in Section 8.2.3), reduces to a search of the
three-dimensional space of diagona elements of .S, as described by Algorithm 8.3.
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Algorithm 8.3: Point-based registration: Nonisotropic scaling

Find R, t, and S to minimize "~ w?|RSx; + t — y;|* :

1. Perform steps 1 and 2 of Algorithm 8.1 to determine the centroids, x and y,
in each space and the displacement of each fiducial point x; and y; from the
centroid in its respective space.

2. Setiterative count n = 0.
3. Choose an initial scaling matrix S(©).
4. Repeat the following steps:

@ Setx! = sz,

(b) Perform steps 3 through 5 of Algorithm 8.1 to find R.
(c) Addoneton.

(d) Determineanew valueof S,

5. Stop when FRE < threshold or n > maximum iteration count.

6. t =y — RSX.

While the problem is reduced to a three-dimensional search for the optimal .S, no
method is specified for conducting that search. In particular, no methods are given
for steps 3 or 4d of Algorithm 8.3. A review of methods for multidimensional
optimization can be found in [61].

For scaling of the form of Eq. (8.6), the problem is complicated by the fact that
S is applied to the rotated %;. As a result, the substitution in iz(”) = SM%,; in
step 4ais no longer correct. Instead, a six-dimensional parameter space must be
searched. The space consists of the diagonal elements of S and three independent
parameters to specify R, e.g., three Euler angles (see Section 8.2.1). Once these
parameters are determined, the trandationist = y — SRX.

8.3.3 Pointsin perspective projections

When tomographic images are used in conjunction with images acquired by
means of x-ray projection, endoscopy, laparoscopy, microscopy, direct video, or
photography, or when any of these latter modalities are used to guide surgery or
other therapy to atarget location, a2-D-to-3-D registration problem must be solved.
When several corresponding point pairs can be identified in two-dimensional and
three-dimensional views of a single rigid object, the problem can be solved by
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means of point-based, rigid registration. This problem is common in robot and
computer vision applications and has been thoroughly studied in that domain, where
it isknown as the " object-pose estimation problem” [6, 10, 62, 63].

The form of the transformation associated with these projections from three di-
mensionsto two isthe perspective transformation. That transformation is described
in Section 8.2.2.4 in terms of the pinhole cameraand is given by Eq. (8.12) and sub-
stitution (8.13). Without loss of generality, the problem can be treated by orienting
the coordinate system so that p is aligned with the z axis and by placing the origin
at the pinhole. With these choices, wehavex - p = z and a = 0. Eq. (8.12) then

simplifiesto
' T
(z/)f(y), (8.30)
, Z
z z

which transforms all pointsto the z’ = f plane. Solving Eq. (8.30) for z, y, and
z leadsto x = Ax/, where )\ is an arbitrary scalar. Thus, a given two-dimensional
image point, (z',')t lyinginthe z’ = f image planeis projected to alinein three-
dimensional space that passes through the three-dimensional origin (the pinhole)
and through the three-dimensional image point, (z',v', f)*.

Thus, it is hot possible to determine a unique three-dimensional position for a
single point from its perspective projection alone. Some additiona information is
required to determine where on the projected line the point lies. At least one other
constraint must be provided to resolve the ambiguity. A common constraint in com-
puter vision that is uncommon in medical applicationsisaz+by+cz+d = 0, which
means that the point is known to lie on a given plane (e.g., the floor, awall, etc.).
Another constraint restricts the line to intersect a “ silhouette curve,” which is the
apparent outline of athree-dimensional surface when viewed in perspective from a
given point. The use of thislatter constraint for registration of tomographic images
of the anatomy to radiographic images is described in Chapter 6. In the most com-
mon point-based object-pose estimation problem, the projections (z/, y!, f)! of N
three-dimensional pointsx;,i = 1,... , N areused to determine all N x; simulta-
neously. The additional information needed to solve the problem is provided by (a)
stipulating that the V x; al lie on the same rigid object and (b) giving their three-
dimensional positionsfor some orientation of that object. Thus, (a) it isknown that,
for some R and t, Rx; + t = y;, and (b) the pointsy;,i = 1,... , N aregiven. In
medical applications, these points are typically localized from atomogram of rigid
anatomy. The pose estimation is accomplished by searching for the R and t that
solvethe 2N equations represented by the = and 4y components of Eqg. (8.30) for the
N points. The equations are typically solved in the | east-square sense, and because
of the nonlinear constraints on the form of R, they must be solved iteratively. A
common approach is carried out in terms of an R that is parameterized by rota-
tion angles, such asthe Euler angles (see Section 8.2.1): start with an approximate
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solution x;,7 = 1,..., N, calculate the perspective projections of the x;, deter-
mine the sum of squared errors between the calculated projections and the actual
projections, linearize the resulting expression (assumes small error), solve for the
first-order corrections to the angles and t, and iterate [10]. If the camera constant
f isunknown, then a similar approach is required with f included as an additional
unknown. This latter problem is known as the “interior orientation” problem in
photogrammetry [10].

8.3.4 Pointsin curved transformations

When points are used for registration with curved transformations, it is usually
possible to dign al fiducia points exactly, but the mapping of the non-fiducial
points can vary strongly with the form of transformation used. Knowledge of
the genesis of the morphological changes from one view to the other should be
used to determine the class of curved transformations to be employed whenever
possible, as, for example, with rectification (see Section 8.2.3) or with interpa
tient registration (see Chapters 3 and 17). Otherwise, 7 is typically chosen from
some set of continuous, differentiable functions, such asthe polynomials, the poly-
nomia splines, or the thin-plate splines. For example, an interpolating polyno-
mial (see Section 8.2.2) of the form of Eg. (8.14) can reduce FRE to zero at
(I+1)(J+1)(K + 1) points. The thin-plate spline of Eq. (8.17) reduces FRE to
zero at N points. The cubic spline of Eq. (8.15), which istypically implemented in
terms of B-splines, can reduce FRE to zero at agiven set of points, but only for very
uniform point distributions or for very closely spaced knots. These restrictionshave
limited the use of B-splines as interpolants in medical applications of point-based
registration primarily to rectification problems based on phantoms with uniformly
spaced fiducials (but see Section 8.5.3.5 for an application to intensity-based reg-
istration). In these situations, the knot spacing is typically forced to be uniform by
the machining of the phantom. For this case, the cubic B-spline expansion can be
given in terms of the simple segments of splines given by Egs. (8.16).

With the polynomial, cubic-spline, and thin-plate spline transformations [and
with the affine transformation of Eq. (8.8)], the point-based registration problem
reduces to the determination of a set of coefficients. There is in fact a separate
problem for each of the three components of x’. For each class of transformation,
the problem can be solved individually for each component by finding the solution
to a set of simultaneous linear algebraic equations for coefficientsthat can, in each
case, be organized into a one-dimensional vector a. The meaning of the elements
of a varies with each class of transformation. The vector for the z coordinates, for
example, is uniquely determined by using the x, y, z coordinates of the N fiducial
localizations x; on the right side of Egs. (8.14), (8.15), or (8.17) and substituting
the corresponding z coordinates of the IV fiducial localizationsx’; into the left side.
The form of the resultant equation isin every case,

Ma=hb. (8.31)
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Thus, the point-based registration problem with any of these transformationsis
reduced to the solution of three sets of linear algebraic equations—one set each for
x, y, and z. Whilethere are more coefficientsinvolved, thissituationis simpler than
that of the rigid-body transformation problem (see Algorithm 8.1) because it lacks
the nonlinear side-conditions that insure that R is orthogonal. For the polynomial
transformation of Eq. (8.14), with pointsx,,, n = 1,... , N where N equals (I +
1)(J + 1)(K + 1), the matrix M is Nx N, and its elements are the polynomials
x%y%zﬁ M is nonsingular but tends to be ill-conditioned [64]. (Techniques for
increasing numerical accuracy with polynomial interpolation can befound in[61].)
For the cubic-spline it is necessary to impose some additional conditions along
with Eq. (8.15) in order to produce as many equations as unknowns. A common
condition is to restrict the second derivatives to be zero at the borders, producing
the so-called “natural splines” M isagain nonsingular. For the thin-plate splines,
both two-dimensional and three dimensional, side conditions are necessary for each
component in order to insure that Eq. (8.31) has a solution. With the x component
of x' again serving as the example, the conditions are for the two-dimensional
case [17]

N N N
Z C; = inci = Z YiC; = 0 (832)

with asimilar condition for z in the three-dimensiona case. When these conditions
are incorporated into Eq. (8.31) along with Eq. (8.17), M is (N + 3)x (N + 3) for
two dimensions, or (N + 4)x (N + 4) for three dimensions, and nonsingular.

Transformations derived from the equations of continuum mechanics can be
used with point-based registration aswell. In this case the disparity between corre-
sponding points may be used to determine the forces that drive the displacements.
The correct form of the force as a function of these disparitiesis not clear, nor is
the means to interpolate that force to other points. Recently the three-dimensional
thin-plate spline has been employed for this purpose for the registration of breast
images[30].

It should be pointed out that the use of curved transformationsto align all fidu-
cial points exactly, i.e., to interpolate them, is sometimes not a sensible approach.
The problem isthat the localization of the pointswill inevitably include somelocal-
ization error. Aligning these erroneous points exactly will result in the propagation
of the error throughout the space. To accommodate localization error, the polyno-
mial and cubic-spline interpolants should be employed with more fiducia points
than coefficientsto allow for aleast-squaresfit in analogy with the rigid-body case.
In that case, EQ. (8.31) has more unknowns than equations. The least-squares ap-
proximation may then be found with standard techniques [61, 64].
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8.4 Surface-based methods

The 3-D boundary surface of an anatomic object or structure is an intuitive
and easily characterized geometrical feature that can be used for medical image
registration. Surface-based image registration methods involve determining corre-
sponding surfaces in different images (and/or physical space) and computing the
transformation that best aligns these surfaces.

The skin boundary surface (air-skin interface) and the outer cranial surface are
obvious choices that have frequently been used for both image-to-image (e.g., CT-
MR, serial MR) and image-to-physical registration of head images (see Fig. 8.6).
The surface representation can be simply a point set (i.e., a collection of points on
the surface), a faceted surface (e.g., triangle set), an implicit surface, or a paramet-
ric surface (e.g., B-spline surface). Extraction of a surface such asthe skin or bone
is relatively easy and fairly automatic for head CT and MR images. Extraction of
many soft tissue boundary surfaces is generally more difficult and less automatic.
Image segmentation algorithms can generate 2-D contours in contiguous image
dlicesthat are linked together to form a 3-D surface, or they can generate 3-D sur-
facesdirectly from theimage volume. Surface extraction from imagesiscoveredin
detail in Chapter 6. The related problem of two-dimensional contour extraction is
treated in Chapter 3. In physical space, skin surface points can be easily determined
using laser range finders; stereo video systems; and articulated mechanical, mag-
netic, active and passive optical, and ultrasonic 3-D localizers. Bone surface points
can be found using tracked A-mode [65] and B-mode [66] ultrasound probes. The
computer vision sensors, 3-D localizers, and tracked A-mode ultrasound probes
produce surface point sets. Tracked B-mode probes produce a set of 2-D images
(or a single compounded 3-D image) from which bone surface points need to be
segmented.

Surfaces can provide basic features for both rigid-body and nonrigid regis-
tration. A central and difficult question that must be addressed by any nonrigid
surface-based registration algorithm is how deformation of the contents of an ob-
ject isrelated to deformation of the surface of the object. Most of the surface-based
registration algorithmsthat have been reported are concerned with rigid-body trans-
formation, occasionally with isotropic or nonisotropic scaling. Thus, inthissection,
we are concerned primarily with rigid-body registration. The registration of 2-D
projection images and 3-D tomographic imagesis considered in Chapter 6.

8.4.1 Disparity functions

Thereisalargebody of literaturein computer vision concerned with the surface-
based registration problem. Some of this work has addressed limited classes of
shapes, e.g., polyhedral models [69] and piecewise-superquadric models [70, 71].
Other authorsrely on the existence of specific simple features or make assumptions
about the global shape (see [72] for an extensive review). For example, the work
in [51] assumes the existence of reasonably large planar regions within afree-form
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@ (b)

Figure 8.6: lllustration of surface-based registration of the head using the facial skin sur-
face. The dots represent skin surface points acquired with a four-camera photogrammetry
system. The surface rendering represents a triangle set model of the skin surface extracted
from an MR image volume. The left panel (a) shows the initial position of the data sets.
The right panel (b) shows the data sets after registration. The registration was performed
using an independent implementation [67] of the iterative closest point algorithm [68]. The
surfaces overlap only partially, which is a common situation in surface-based registration.
The problem of partial overlap was dealt with by setting the weights of outliers to zero after
the first search converged before running a second search.
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shape. Some approaches represent the surface with generalized cylinders [73] or
extended Gaussian images [74]. The latter method allows matching of convex and
restricted sets of nonconvex shapes based on surface normal histograms.

The approach for solving the surface-based registration problem that is fre-
guently used in more recent computer vision literature (where it is often called
the “free-form” surface matching problem), and that is normally used in the med-
ical image processing community, is to search for the transformation that mini-
mizes some disparity function or metric between the two surfaces X and Y. The
disparity function is generally a distance. In mathematics, the distance between
two feature sets A and B is normally defined as the minimum distance between
apoint in A and a point in B, namely, d(A, B) = min, mind(a,b), where
a € A, b € B, and d(a,b) is the Euclidean distance between a and b. Thus
d(A, B) is small if one pair of pointsin these two sets are close. Another com-
mon measure is the Hausdorff distance. The Hausdorff distance from A to B is
d(A, B) = max, min, d(a, b), and the Hausdorff distance between two sets A and
Bisdy(A,B) = max(d(A, B),d(B,A)). Thusdg (A, B) issmdl if and only
if every point of A iscloseto apoint in B and vice versa. Neither of these dis-
tance measuresis very useful as adisparity function. The Hausdorff distanceis not
meaningful in practice because the corresponding surfaces generaly overlap only
partialy, and because it is sensitive to statistical outliers. The disparity function
normally used for surface-based image registration is an average, and optionally
weighted, distance between points on one surface and corresponding points on the
other surface. Let {x;} for j = 1,..., N, be aset of N, points on the surface
X. The general approach is to search for the transformation that minimizes the
disparity function

Ng Ng
d(T(X),Y) = J Y widA(T(x)),Y) = JZU}?T(X]') —y;l*, (839
j=1

y; =C(T(x5),Y) (8.34)

isapoint on the surface Y “corresponding” to the point x ;, C isa* correspondence”
function (e.g., closest point operator), and {w; } isaset of weights associated with
{x;}. We note that Eq. 8.33 is similar to Eq. 8.21 of point-based registration. The
principal difference between point-based registration and surface-based registra-
tion is in the availability of point correspondence information. It is the lack of
exact point correspondence information that causes surface-based registration al-
gorithms to be based on iterative search. Eq. 8.34 merely provides approximate
point correspondence information for a particular 7~ during an iterative search.
The point set {x;} and the surface Y have been called, respectively, the “ hat”
and “head” [75], the “dynamic” and “static” feature sets[76], and the “data’ point
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set and “model” surface shape [68]. Typicaly one surface contains more infor-
mation than the other. The surface from the image that covers the larger volume
of the patient and/or has the highest resolution is generally picked as the model
shape.® For example, when using the skin surface to perform CT-to-physical space
registration, the triangle set representation of the CT skin surface typically contains
~ 10%-10° vertices, whereas the number of physical space skin surface points typ-
ically is~ 102-103. Inthis case, the CT triangle set is chosen as the mode! surface
shape and the physical space point set is chosen as the data point set. We note that
Eqg. 8.33 isgenerally not symmetricin X and Y.

In point-based registration (Eq. 8.21), if thefiducial localization error FLE; for
each point is independently random and normally distributed around the true po-
sition, then the maximum likelihood estimate of the transformation parameters is
obtained by weighting the ith point by 1/(FLE?) in Eq. 8.21. In surface-based reg-
istration (Eg. 8.33), statistical independence of errorsis unlikely. For example, if
anisointensity surfaceis extracted from animage, and theisointensity valueused is
too high or too low, the extracted surface relative to the actual surface will be either
sightly dilated or slightly eroded. The skin isamovable and deformable structure,
and local deformations tend to be highly correlated. Physical space surface points
acquired with a sensor can have biased error due to miscalibration. Nonetheless,
weights can be useful to reduce the influence of less reliable surface points. For
example, the gradient magnitude of an edge in an image can provide information
about surface segmentation error at that point. Often atriangle set representation of
a surface is extracted and simplified to reduce storage requirements and execution
time. Some surface simplification algorithms provide an estimate of error arising
from the simplification process. Many sensors and tracking devices have less ac-
curacy at the edges of the working volume. Weights could potentially be used to
account for the sensitivity of the registration to the perturbation of individual sur-
face points (e.g., see the geometrical constraint analysisin [77]). For example, a
few points in areas of high curvature might be more important to the registration
than many points in relatively planar regions. Weights can be used to account for
nonuniform sampling density [67]. Finally, weights can also be used to dea with
outliers that can arise from nonoverlapping sections of surfaces, as seen at the top
of Fig. 8.6(b), poor segmentation, and erroneous sensor data [67, 78]. For example,
outliers can be defined as points whose distance from the closest corresponding sur-
face point is more than two or three standard deviations above the mean distance.
The weights of outliers can be reduced or set to zero, either after each iteration, or
after one search converges before running another search.

Many variations of Eq. 8.33 are possible. For example, mean distance can be

3The terms “data” and “model” arise from an industrial application: registration of digitized data
from unfixtured rigid objects obtained using high-accuracy noncontact devices with an idealized ge-
ometrical (e.g., computer-aided design) model prior to shape inspection (Besl & McKay wrote [68]
whileworking at General Motors Research Laboratories).
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used rather than root-mean-square distance (i.e., L1 norm versus L2 norm) [79].
Outliers can be handled using a thresholded distance, or by using a sigmoidal dis-
tance function (which is essentially a gradually tapered thresholded distance). If
surface points are collected in physical space using a probe with a spherical ball at
the tip, the recorded surface points x; are displaced from the actual surface Y by
the radius r of the ball-point tip. Thisis true for any orientation of the localization
probe relative to the surface normal at the point of contact.* In this case, a more
appropriate disparity function is[78]

Ny
d(T(X),Y) sz?(’f(x]') —yill=r)%. (8.35)
j=1

8.4.2 Head and hat algorithm

Thefirst investigators to apply surface-based registration to amedical problem
were Pelizzari, Chen, and colleagues [75]. They used their “head and hat” algo-
rithm to register CT, MR, and PET images of the head. The “hat” is a skin surface
point set {x;}. The “head” is a polygon set model of the skin surface Y created
by segmenting contours in contiguous transverse image slices. They definey ; as
the intersection with the “head” Y of aline joining the transformed “hat” point
T (x;) and the centroid of the “head” Y. The intersection is efficiently calculated
by reducing the 3-D line-polyhedron intersection problem to a 2-D line-polygon
intersection problem. The transformation 7 that minimizes Eq. 8.33 is found us-
ing a standard gradient descent technique. The major limitations of this technique
are due to the particular distance used, i.e., the distance from the surface point to
the surface intersection along a line passing through the surface centroid. This
definition of distance requires that the surface be approximately spherical. It also
requiresthat agood initial transformation be supplied asinput to the transformation
parameter search. Finally, it is probably related to the observation by the authors
and others that the search frequently terminates in local minima and thus requires
substantial user interaction.

8.4.3 Distance definitions

A more general definition of distance between a point and a surface is the dis-
tance between the point and the closest point on the surface. That is, the correspon-
dence function C in Eq. 8.34 isthe closest point operator, and y ; isthe point on the
surface Y closest to the transformed point 7 (x;). The closest point and distance

“A localization probe is often calibrated by placing the ball-point tip in a hemispherical divot
and pivoting the probe about the center of the divot. The position of the probe tip relative to the
coordinate system of the probe is determined by finding the most invariant point (in a least squares
sense) in these pivot motions. This invariant point is the center of the ball-point tip. That is, the
ball-point tip pivots about the center of the ball rather than a point on the surface of the ball.
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calculation depends on the surface representation. For example, a common repre-
sentation is atriangle set. Let ¢ be the triangle defined by the three verticesrq, ro,
and r3. The distance between the point x; and thetrianglet is

d(x;;t) = min_ [jury +ors +wrs — x|, (8.36)

whereu € [0, 1],v € [0,1],andw € [0, 1]. Therequired closed-form computations
are straightforward. Let T' = {¢;} fori = 1,... , N; be aset of N, triangles. The
distance between the point x; and the triangle set " is given by

d(Xj, T) = Ze{{IyllI,th} d(Xj, ti) . (837)
The closest point y; on the the triangle set T satisfies the equality d(x;,y;) =
d(x;,T). Another relatively common representation is a parametric surface S =
{r(u,v)}, where, for example, the components of r are splinefunctions. The point-
to-parametric-entity distance d(x;, S) is easily computed with a 2-D minimization
in » and v using derivatives of r (e.g., Newton’s method). A good initia value
(up,vo) IS necessary. Initial values can be obtained by approximating the paramet-
ric surface with a triangle set, tagging each triangle vertex with the corresponding
(u,v) value of the parametric surface, and then, for each x;, finding the closest
triangle vertex and using as the initial value the value stored with that vertex.

The most computationally expensive step in the registration process is find-
ing the closest points. Given a data shape point set with NV, points and a model
shape with N, geometrical primitives (point, line segments, and triangles), the
computational complexity of finding the closest points using an exhaustive search
isO(N,Ny). Oneway to speed up the search processisto use a special data struc-
ture. One such data structure is a multidimensional binary search tree (k-D tree,
where k is the dimensionality of the search space) [80,81]. For 3-D image registra-
tion, k = 3. The k-D treeisabinary tree in which each node represents a subset
of datarecords (encoding in our case, geometrical primitives) and a partitioning of
that subset. Each nonterminal node has two children that represent the two subsets
defined by the partitioning. The terminal nodes represent mutually exclusive small
subsets of the records called buckets. A 3-D tree divides space into a collection of
rectangular parallel epipeds that correspond to the terminal nodes. This data struc-
ture provides an efficient method for examining only those points closest to agiven
point. A k-D tree can be constructed in O(N, log N,) time. Each closest point
search can be performed in O(log N,) time. Thus the computational complexity
of finding N, closest points at each step of an iterative transformation parameter
search using ak-D treeis O(N, log Ny).

8.4.4 Distance transform approach

The calculation of point-to-surface distance is computationally intensive, even
when using special data structures and other optimizations. A computationally ef-
ficient alternative is to use a distance transform (DT). A DT of a binary image I
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is an assignment to each voxel v of the distance between v and the closest feature
voxel in I. A DT of abinary image where the feature voxels are surface voxelsis
a gray-level image in which each voxel v has avalue that is the distance from the
center of v to the center of the nearest surface voxel. ThusaDT provides amethod
for precomputing and storing point-to-surface distance. Normally squared distance
is stored. Then, at each step of an iterative transformation parameter search, the
value of the disparity function in Eq. 8.33 is computed simply by summing the val-
ues of the voxelsin the squared distance image that contain the transformed points
{T(x;)}. Onelimitation of this approach isthat aDT is spatially quantized, i.e., a
DT image contains exact point-to-surface distance only at regularly spaced lattice
points (centers of voxels). A dlight improvement over using the distance at the near-
est lattice point can be achieved by using atrilinear interpolation of the distances
at the nearest eight lattice points. Nonetheless, the surface is fundamentally repre-
sented by the point set consisting of the centers of al feature (surface) voxels, and
thus subvoxel surface positioninformationislost. Spatial quantization might bethe
reason that registrations produced by surface-based methods using DTs have been
reported to be considerably less accurate than registrations produced by surface-
based methods not using DTs (e.g., see[82]). Integer approximations of Euclidean
distance (e.g., the chamfer 3-4-5 algorithm [83]) are frequently used to reduce the
DT computation time, but several reasonably efficient algorithms for computing an
exact Euclidean DT now exist (e.g., [84]). Surface-based registration using aDT
was first applied to medical images by [85].

8.4.5 Iterativeclosest point algorithm

All surface-based registration algorithms must search for the transformation 7
that minimizes the disparity function in Eqg. 8.33 or a variation thereof. Thisis
a genera nonlinear minimization problem that is typically solved using one of the
common gradient descent techniques (e.g., see[61]). The search will typically con-
verge to, or very close to, the correct minimum of the disparity function minimum
if theinitial transformation iswithin about 20-30 degrees and 20—-30 mm of the cor-
rect solution. To help minimize the possibility of the search getting stuck in alocal
minimum, many investigators perform the search in a hierarchical coarse-to-fine
manner.

Besl & McKay [68] presented an algorithm which reducesthe general nonlinear
minimization problem to an iterative point-based registration problem. Their itera-
tive closest point (1CP) algorithm is ageneral -purpose, representati on-independent,
shape-based registration algorithm that can be used with a variety of geometrical
primitives including point sets, line segment sets, triangle sets (faceted surfaces),
and implicit and parametric curves and surfaces. One shape is assigned to be the
“data” shape and the other shape to be the “model” shape. For surface-based reg-
istration, the shapes are surfaces. The data shape is decomposed into a point set (if
it is not already in point set form). Then the data shape is registered to the model
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shape by iteratively finding model points closest to the data points, registering the
two point sets(e.g., using Algorithm 8.1), and applying the resulting transformation
to the data points. Details of this approach are provided in Algorithm 8.4.5 This
algorithm convergesto alocal minimum of the disparity function in Eq. 8.33. The
proof of convergence depends on the correspondence function C being the closest
point operator.

8.4.6 Weighted geometrical feature algorithm

Most registration methodsthat align 3-D image volumes by matching geometri-
cal features such as points or surfaces use asingle type of feature. It is possible and
potentially advantageous to perform registration using multiple geometrical fea-
tures simultaneously. One approach that was suggested by Collignon et a. [86] isto
define anew disparity function that is aweighted sum of the point-based (Eg. 8.21)
and surface-based (Eq. 8.33) disparity functions. Let {X;} fori =1,... ,Ns; bea
set of N, data shapes to be registered with another set of model shapes {Y;}. For
example, : = 1 might be apoint set and + = 2 a surface. Then we can define a new
disparity function

N

Z Zw AT (xi5) = wigll? (8.39)

where
vij = Ci(T (x45),Y5) . (8.39)

The term under the square root symbol is analogous to Egs. 8.21 and 8.33. The
weights {w;; } can incorporate both intra-shape weighting and inter-shape weight-
ing. A similar approach was suggested by Maurer et al. [67], but with the outer
summation inside the square root symbol, that is,

N, Nx;

dT)= | ) wil|T(xi) -yl (8.40)

=1 j=1

The transformation 7 that minimizes either of these hybrid disparity functions can
be found using any of the common gradient descent techniques. A conseguence
of putting the outer summation inside the square root symbol is that Eq. 8.40 can
be minimized using an extension of the ICP agorithm called the weighted geo-
metrical feature (WGF) algorithm [67]. Details of this approach are provided in
Algorithm 8.4.

SAlgorithm 8.4 details the more general weighted geometrical feature (WGF) algorithm. The ICP
algorithm is a specia case of the WGF a gorithm where the number of shapes N, = 1.
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The WGF algorithmis potentially useful for image-to-physical registration. For
example, the position of a bone-implanted marker can be determined much more
accurately than that of a skin-affixed marker or an anatomic landmark. A disadvan-
tage of using bone-implanted markers is that an invasive pre-operative procedure
is required to implant each marker. By combining surface information, the WGF
algorithm allows registration to be performed using only one or two such mark-
ers (point-based registration requires a minimum of three noncollinear points). For
example, very accurate (TRE ~ 1-2 mm) point-and-surface-based CT-to-physical
registration of the head was achieved with one bone-implanted marker and 25 sur-
face points[78].

Algorithm 8.4: Weighted geometrical feature (WGF) rigid-body registration

Find the rigid-body transformation 7~ that minimizes the disparity function
in Eq. 8.40:

1. Initidization: k = 1,x) = x5, x|} = TO(x}),
where 7(0) issomeinitial transformation. The variable k and the superscript
in parentheses are iteration indices. The algorithm can be repeated using
multipleinitial transformations to solve the local minimum problem.

2. Iteratively apply the following steps, incrementing & after each loop, until
convergence within atolerance e is achieved:

(a) For each shape X;, compute the closest points yg.“) = Ci(xg.“), Y;) for
j=1,...,Nx,.

(b) Compute the transformation 7-*) between the initial point set, {x.;’},

and the current set, {yg.“)}, using the weights {w;;}. This step is ef-
fected by means of Algorithm 8.1 with the points for all shapes col-
lected in each of the two point setsto produce two corresponding point
sets.

(c) Apply thetransformation to produce registered points
xiy T = T (x).

(d) Terminate the iterative loop when d(7®)) — d(T*+Y) < ¢, where
d(T) isgiven by Eq. 8.40.
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8.5 Intensity-based methods

According to the classifications introduced earlier in this chapter, image inten-
sity isan alternative “registration basis’ to pointsor surface features. It hasrecently
become the most widely used registration basis for several important applications.
In this context, the term intensity is invariably used to refer to the scalar valuesin
image pixels or voxels. The physical meaning of the pixel or voxel value depends
on the modalities being registered and is very often not a direct measure of optical
power (the strict definition of intensity).

Intensity-based registration involves calculating a transformation between two
images using the pixel or voxel values aone. In its purest form, the registration
transformation is determined by iteratively optimizing some “similarity measure’
calculated from all pixel or voxel values. Because of the predominance of three-
dimensional images in medical imaging, we refer to these measures as voxel simi-
larity measures. In practice, many intensity-based registration algorithms use only
a subset of voxels and require some sort of preprocessing. For example, the algo-
rithm may run faster if only a subset of voxels are used. This subset can be chosen
on aregular grid, or be randomly chosen. It is norma in these circumstances to
blur the images before sampling to avoid aliasing in the subsampled images, and
the amount of blurring used may be application dependent. Alternatively, an algo-
rithm may work reliably only if the similarity measureis calculated from the voxels
in adefined region of interest in theimage, rather than all voxels. In thiscase, some
sort of pre-segmentation of the imagesisrequired, and thisislikely to depend both
on the modalities being registered and the part of the body being studied. In some
other intensity-based algorithms, the similarity measures work on derived image
parameters such as image gradients, rather than the original voxel values.

For retrospective registration, a magjor attraction of intensity-based algorithms
is that the amount of preprocessing or user-interaction required is much less than
for point-based or surface-based methods. As a consequence, these methods are
relatively easy to automate. The need for preprocessing does, however, mean that
many intensity-based algorithms are restricted to a quite limited range of images.
One of the aims of recent research in this area has been to devise general algo-
rithmsthat will work on awide variety of image types, without application-specific
preprocessing.

Intensity-based registration algorithms can be used for a wide variety of appli-
cations:. registering images with the same dimensionality, or different dimensional-
ity; both rigid transformations and registration incorporating deformation; and both
intermodality and intramodality images. Most algorithms are applicable to only a
subset of these applications, but some are quite generally applicable.

In this section, we review the main similarity measures used for intensity-based
image registration and describe the applications in which they are used. All these
algorithms are iterative, so each similarity measure needs to be optimized. Issues
specifically related to optimization are discussed in Section 8.5.2.
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In this section we introduce some new notation. The imagesto beregistered are
A and B. The sets of voxelsin these images are { A(¢)} and { B(i)}, respectively.
We will treat image A as areference image, and B as an image that is iteratively
transformed to B’ = T (B) by successive estimates of the registration transforma-
tion 7. The transformation estimates will change the overlap between the images
being registered. VVoxel-similarity measures are invariably calculated for the set of
voxelsinthe overlapping region of A and B’,i.e., within ANB’, whichisafunction
of 7 and so changes as the algorithm iterates. For some voxel-similarity measures,
information from the intensity histogram is used, so we need to refer directly to
intensity values in the image, rather than index voxels. Medical images may have
10 bits (1024 values), 12 bits (4096 values), or even 16 bits (65536 values) worth
of intensity information per voxel. Many agorithms that use intensity information
group voxel valuesinto a smaller number of partitions, for example 64, 128, or 256
partitions. We refer to the sets of intensity partitionsin images A and B’ as {a}
and {b}, respectively, and the number of intensity partitions used as N, and Nj.
Because the range of voxel intensitiesin animageisdependenton 7, {b} may also
be afunction of 7.

8.5.1 Similarity measures
8.5.1.1 Image subtraction

If the assumption is made that the images A and B being registered are identi-
cal, except for the misalignment, then an intuitively obvious similarity measure to
useis the sum of sguares of intensity differences (SSD). In this case, SSD will be
zero when the images are correctly aligned and will increase with misregistration-
registration error. In the slightly morerealistic scenarioin which the A and B differ
only by Gaussian noise, then it can be shown that SSD isthe optimum measure [87].

Certain image registration problems are reasonably close to thisideal case. For
example, in seria registration of MR images, it is expected that the images being
aligned will be identical except for small changes, which might result from disease
progression or response to treatment. Similarly, in functional MR experiments,
only a small number of the voxels are expected to change during the study, so all
the images that need to be registered to correct for patient motion during the study
are very similar to each other. If only a small fraction of the voxels being aligned
are likely to have changed between image acquisitions, SSD islikely to work well.
This approach has been used by Hajnal et a. [88] and is used in the SPM software
by Friston et al. [89]. This approach can fail if the data diverges too much from the
ideal case. For example, if a small number of voxels change intensity by a large
amount, they can have a large effect on the change in squared intensity difference.
For thisreason, it is sometimes desirable to pre-segment parts of the image prior to
registration. This preprocessing is commonly done for the scalp when carrying out
serial MR brain registration, where the scalp can deform.

It is worth remembering that the assumption of Gaussian noise is frequently
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broken in medical images. In MR magnitude images, the noise is Rician [90],
which is approximately Gaussian for high intensity parts of theimage but isalong
way from Gaussian in low intensity regions. Also, artifacts caused by reconstruc-
tion or subject motion introduce noise that is non-Gaussian.

Algorithm 8.5: Sum of Squares of Differences

For images A and B with voxels 4, find the transformation 7 to minimize:

1 N

o . 17-\12 - !
SSD_NZ|A(z)—B(z)| Vie ANDB' .

i

8.5.1.2 Correlation Coefficient

If the intensities in images A and B are linearly related, then the correlation
coefficient CC can be shown to be the ideal similarity measure [87]. Once again,
few registration applications will precisely conform to this requirement, but many
intramodality applications come sufficiently close for thisto be a useful measure.

Algorithm 8.6: Correation Coefficient

For images A and B with voxels i, find the transformation 7~ to maximize:

>2i(A(1) — A)(B'(i) - B) : /
CC= L — — Vie ANB

S0 - Ars,Be - By A
where A and B’ are the mean values of voxels in image A and the trans-
formed image B, respectively.
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8.5.1.3 Ratio-Image Uniformity

An aternative intramodality registration measure was proposed by Woods in
1992 [91]. This algorithm was initially devised for registration of multiple PET
images of the same subject and has subsequently been widely used for serial MR
registration of the brain [92]. The name Ratio-Image Uniformity (RIU) has become
used quite recently for this algorithm, and it is a'so known as Variation of Intensity
Ratios (VIR). The RIU name does, however, explain well what the algorithm does.

For each estimate of the registration transformation, aratio image R is calcu-
lated by dividing each voxel in A by each voxel in B’. The uniformity of R isthen
determined by calculating the normalized standard deviation of R. The algorithm
iteratively determinesthe transformation 7~ that minimizes the normalized standard
deviation, i.e., maximizes uniformity.

In some cases, in order to get good results, it may be necessary to preprocess
the images to remove some anatomy. In the origina PET-PET application, for
example, it was necessary to segment the brain from the images, removing all ex-
tradural material so that both A and B include only brain voxels. This step is not
necessary, however, for serial MR registration (see Section 8.5.3.2). Furthermore,
an alternative registration will be obtained in aimost all cases by reversing theroles
of images A and B (i.e., the result will not be the inverse of the forward transfor-
mation). Woods proposed that possible bias of the registration solution produced
by this asymmetry can be reduced by averaging the forward transformation with
the inverse of the reverse transformation [91].

Algorithm 8.7: Ratio-Image Uniformity

For two images A and B’, find 7 to minimize RIU, where RIU is calculated
over theregion AN B’ asfollows:

1. Smooth and interpolate the images to have cubic voxels (optional), and de-
termine the number of voxels N in B’ that liewithin A N B’.

Calculatetheratioimage R(i) = B'(z)/A(i).
Caculatethemean of R: g = & >, R(3).

Calculate the standard deviation of R: o = + >, (R(i) — pr)*.

ag > w DN

RIU = the normalized standard deviation: o g/urg.
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8.5.1.4 Partitioned Intensity Uniformity

Shortly after proposing the RIU method for intramodality registration, Woods
proposed a modified version of the algorithm for MR-PET registration [93]. This
second algorithm, which we call Partitioned Intensity Uniformity (PIU), makes an
idealized assumption that “all pixelswith aparticular MR pixel value represent the
same tissue type so that values of corresponding PET pixels should also be sim-
ilar to each other.” The algorithm therefore minimizes the normalized standard
deviation of PET voxel values for each MR intensity value (or partitioned inten-
sity value). The PIU algorithm can usefully be thought of in terms of intensity
histograms. For each intensity partition a in the MR image, there will be n 4(a)
voxels distributed throughout the MR image volume that have an intensity within
this partition. For a given estimate 7 of the registration transformation, there will
ben 4(a) PET voxels that are co-located with these MR voxels. The intensities of
these PET voxels could be plotted as a histogram. The PIU algorithm aimsto find
the transformation 7~ that minimizes the spread of that histogram for all partitions.
The agorithm can fail unless the histogram for each partition is unimodal.

For MR-PET registration of head imagesit is normal to remove extra-dural tis-
sue before running the algorithm. This preprocessing step helps to avoid bimodal
or trimodal histograms. Successful registrations are possible even with arelatively
crude segmentation process [82]. As with the RIU method, the registration ob-
tained when A and B are interchanged will rarely be consistent with the original
registration. The choice of PIU measure will depend on the application.

Algorithm 8.8: Partitioned I ntensity Uniformity

For two images A and B’, find 7 to minimize:

where B’ has been interpolated to have voxels of the same size and shape as
A, thesum is carried out over the N voxelsin AN B’, na(a) isthe number
of voxelsin image A with intensity a, and pp/(a) and opr(a) are the mean
and standard deviation of the voxels in image B’ that co-occur with voxels
whose intensitieslie in partition a in image A.

For MR-PET registration, 256 intensity partitions are typical.
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8.5.1.5 Joint histograms and joint probability distributions

Statistical classifiers have been widely used in MR image analysis for segmen-
tation of multi-spectral data for many years. In these approaches, ajoint histogram
is constructed from two images that are correctly aligned (e.g.: the first and sec-
ond echo images from a spin-echo acquisition). A joint histogram isn-dimensiona
where n isthe number of images used to generate it. The axes of the histogram are
the intensities (or intensity partitions) in each image, and the value at each point in
the histogram is the number of voxels with a particular combination of intensities
in the different spectral components.

If the joint histogram is normalized, it becomes an estimate of the joint proba-
bility distribution function (PDF) of intensitiesin the n images.

Algorithm 8.9: Calculating ajoint PDF

For two images A and B’ related by a transformation 7, calculate the two-
dimensional PDF for intensity partitions{a} and {b}:

1. Allocatean N, by N, array HIST([j, k].
2. Initialize the histogram: HIST[j, k] = 0 for all j, k.

3. Foreachvoxel i € ANB’, calculateintensity values A(¢) and B'(4), calculate
the intensity partition numbers a and b corresponding to A(¢) and B’(z), and
increment HIST[a, b].

4. Calculate }; , HIST[j, k].
5. Normalize the histogram to calculate the PDF:
. HIST[j, k]
PDF[j, k] = =——F——.
IH = ST E

Note that elementsin the array PDF are floating point, not integer.

For many image modality combinations, the PDF changes with 7. Example
histograms as a function of 7 are shown in Figure 8.7. This observation lead sev-
eral research groups to investigate similarity measures calculated from the PDF,
which could be optimized to register the images. The attraction of this approach is
that the observed change in PDF with 7 is qualitatively similar for many modality
combinations; the signal in the PDF is “clustered” at registration but diffuses with
misregistration.
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The most successful similarity measures calculated from the PDF are based on
information theory.

8.5.1.6 Joint entropy

The Shannon entropy H is widely used as a measure of information in many
branches of engineering. It was originally developed as part of information theory
in the 1940s and describes the average information supplied by a set of symbols
{s} whose probabilities are given by {p(s)}.

H=-) p(s)logp(s).

If al symbols s have equal probability, then entropy will be at maximum. If
one symbol has a probability of 1 and al others have a probability of zero, then
entropy will have a minimum value.

At first sight, image registration has little to do with measuring the amount of
information being transmitted down a communication channel. The use of entropy
and other information-theoretic measures for image registration came about, how-
ever, after inspection of joint histograms and PDFs. When the images are correctly
aligned, the joint histograms have tight clusters, surrounded by large dark regions.
These clusters disperse as the images become less well registered. The tight clus-
tersin the histograms at registration represent a small number of symbols s having
high probabilities p(s). Surrounding dark regionsin the joint histogram represent
large numbers of symbols with probability zero. Asthe clusters disperse, the high
intensity regions of the joint histogram become less intense (their probabilities de-
crease), and previously dark regions in the histograms become brighter (there are
fewer histogram entrieswith zero or very low probabilities). Misregistration, there-
fore, resultsin an increase in histogram entropy.

As a conseguence of this observation, it was proposed that the entropy of the
PDF calculated from images A and B’ should be iteratively minimized to register
these images.

Minimizing joint histogram entropy to register images can be thought of as an
extension of PIU minimization, Algorithm 8.8. PIU minimization tends to mini-
mize the spread of the histogram of voxelsin image B’ for each intensity partition
inimage A. Provided this histogram is unimodal, then minimizing the spread will
also minimize the entropy. Thejoint entropy measure hastwo advantages over PIU.
Firstly, it minimizes the spread of clusters in two dimensions rather than just one.
Secondly, minimizing entropy does not require that the histograms are unimodal in
the way that minimizing variance does. For this reason, joint entropy would seem
more generally applicable to multimodality registration than PIU, and also obviates
the need to segment some parts of the image in order to avoid bi-modal histograms.
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(b)

(©)

Figure 8.7: Example joint histograms, or joint probability distribution functions, from Hill et
al. [94]. These are produced from images A and B’ using Algorithm 8.9. Intensities from
image A are plotted along the horizontal axis, and those from image B’ on the vertical axis.
In row (a), A and B are identical MR images of the head. In row (b), A is a CT image of the
head and B an MR scan of the head, and in row (c), A is an MR image of the head, and B
a PET image of the head. For all modality combinations, the histograms are calculated for
three different transformations 7 the identity (left), a lateral translation of 2mm (center) and
a lateral translation of 5 mm (right).
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Algorithm 8.10: Minimization of Joint Entropy

For the PDF[j, k] calculated from images A and B using algorithm 8.9, find
the transformation 7 to minimize:

H = - PDF[j, k] log PDF[j, k] .
ok

Note: For most registration applications, aslight modification to this measure
is heeded, as described in Sections 8.5.1.7 and 8.5.1.8.

8.5.1.7 Mutual information

Entropy minimization as described in Section 8.5.1.6 is not a robust voxel-
similarity measure for all types of image registration. The problem is that the PDF
from which the joint entropy is calculated is defined only for the region of overlap
between the two images, i.e., within AN B’. The range and distribution of intensity
values in the portion of either image that overlaps with the other is a function of
T. The change in overlap with 7 can lead to histogram changes that mask the
clustering effects described above.

The solution to this difficulty, proposed independently by researchers at Leu-
ven, Belgium [95] and MIT in the US [96], is to use the information-theoretic
measure mutual information (MI) instead of entropy H. MI normalizes the joint
entropy with respect to the partial entropies of the contributing signals. In terms
of image registration, this measure takes account of the change in the intensity
histogram of images A and B’ with 7.

Algorithm 8.11: Maximizing Mutual I nformation

Find the transformation 7" to maximize MI (A, B') asfollows:
1. Caculate the PDF[j, k] from images A and B’ using Algorithm 8.9.
2. Calculatethe joint entropy H (A, B’) using the formulain Algorithm 8.10.

3. Calculate the marginal entropies H(A) and H(B'):

H(A) =) (z PDF[j, k] log > _ PDF{j, l]) ,
k l

J
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HB)=>" (Z PDF[i, k] log » _ PDFj, k;]) .
k i J

4. Cdculate the mutua information MI(A, B'):

MI(A,B') = H(A) + H(B') — H(A,B') .

8.5.1.8 Normalization of mutual information

Mutual information overcomes many of the shortcomings of joint entropy but
can still fail for sometypes of clinical image, particularly those which contain large
amounts of air (noise) around the outside of the subject. Improved performance of
mutual information can be obtained by various normalization schemes. These a-
gorithms are not taken from the information theory literature but have been arrived
at through experiments on medical images. Despite its heuristic origins, the vari-
ant given below (from [97]) works extremely well in practice. Current validation
studies have shown that it works at least as well as mutual information and in some
cases performs better.

Algorithm 8.12: Maximizing Nor malized Mutual I nfor mation

Perform Algorithm 8.11 but replace M1( A, B') with:

H(A)+ H(B')

NMI(A, B') = WD

8.5.2 Captureranges and optimization
8.5.2.1 Optimization

In order to register two images using Algorithms 8.5 to 8.12, it is necessary to
find the optimal value of the similarity measure over a parameter space with di-
mensionality defined by the number of degrees of freedom of 7. Each registration
algorithm that makes use of a voxel-similarity measure tends to use a different op-
timization algorithm. There are two classes of optimization algorithms that can be
used: those that use derivative information and those that do not. Where derivatives
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can be calculated efficiently, they should be used to speed up optimization. A de-
tailed discussion of optimization techniques is outside the scope of this chapter. A
review of optimization techniquesis given in Numerical Recipesin C [61]. Some
techniques are also discussed in Chapter 1.

8.5.2.2 Capture ranges

In many optimization problemsit is desirable to determine the globally optimal
solution. For image registration, however, the desired optimum is frequently alo-
cal rather than global extremum of the voxel-similarity measure. This has several
important consequences for medical image registration. The reason that the global
optimum is not desirable can be understood by careful consideration of the behav-
ior of the similarity measures for large transformations. For the sum of squares of
difference (SSD) measure, we have previously assumed that for two images that
are very similar the smallest value of SSD will arise when the images are correctly
aligned and that SSD will increase with misregistration. However, if we consider
two head images surrounded by low intensity noise, then we may be able to ob-
tain a lower value of SSD if we misalign the images so completely that only the
noise in the two images overlaps. This transformation produces a registration that
is clearly incorrect, since no features of interest in the images overlap, but it is
nevertheless a more nearly optimal registration according to the similarity mea-
sure. Similarly, with regard to the information-theoretic measures, we have been
assuming that the clustering of features in the joint histogram decreases with in-
creasing misregistration. Once again, if we transform the images sufficiently so
that only background noise overlaps, we observe avery tight cluster in that area of
the histogram corresponding to background intensities in both images. This trans-
formation will produce alower joint entropy, and a higher mutual information, than
the correct alignment.

Thefact that the desired optimum islocal rather than global does not invalidate
the use of voxel-similarity measuresfor medical image registration. It does, though,
have implications for robust implementations.

The correct local optimum value of the similarity measure will be the optimum
value within a portion of parameter space termed the capture range. Provided the
starting estimate of 7 is within the capture range, the registration algorithm can
be expected to converge to the correct solution. The capture range will depend on
the field of view and intensity information in the images, so cannot be known a
priori. Intuitively, it might seem that the starting estimate should be closer to the
correct solution, than to the solution in which only background voxels overlap, and
it has been shown that for MR-CT and MR-PET registration, similarity measures
will converge to the correct solution within about 20-30 mm and 20-30 degrees
of this solution [98, 99]. These ranges should be treated as a “rule of thumb.” It
is essential when registering images using these algorithms to inspect the solution
visually. A solution that lies outside the capture range isimmediately recognizable
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as incorrect, and a better solution can be found by re-starting the algorithm with a
user-provided starting estimate that is nearer to the correct solution.

A further implication of the existence of a capture range is that the direct ap-
plication of stochastic optimization algorithms such as simulated annealing and
genetic algorithms are inappropriate for medical image registration using voxel-
similarity measures.

8.5.2.3 Optimizing similarity measures for sub-voxel registration

The calculation of similarity measuresfor agiven valueof 7 in general requires
interpolation of the images. For an iterative registration algorithm, fast interpola-
tion (most commonly linear) isrequired. Because the interpolation is not perfect, it
aterstheintensity histogram. Linear interpolation, for example, causes a spatially
varying, low-pass filtering of the images [100], whose interaction with edges will
tend to smooth the histogram, and in spatially smooth areas will reduce noise and
hence contribute to a sharpening of the histogram. The consequence of this effect
can be an interpolation-dependent change in the value of the similarity measure,
which can cause fluctuations of the similarity measure with the period of the voxel
separation. When using an entropy-based measure, blurring of the image resultsin
increased entropy. The blurring is zero at positions coinciding with voxel locations
and is maximum at displacements of half a voxel from these positions. In multi-
modality registration, the required registration accuracy is often no better than the
dimensionsof asinglevoxel, so these interpolation errors are unimportant. |n some
multimodality applications, however, and also in intramodality applications such
as serial MR registration, an accuracy considerably better than the dimension of a
voxel isrequired. In these cases, the artifacts caused by interpolation can introduce
local extrema in parameter space, leading to reduced registration accuracy. The
interpolation artifacts are greatest for high spatial frequency featuresin the images.
One solution to the problem is, therefore, to blur the images prior to carrying our
registration, thereby reducing the artifacts [101]. The effect is also reduced if the
starting estimate of 7" includes a rotational component, or if the voxel dimensions
in the images being registered are different.

8.5.3 Applications of intensity-based methods

8.5.3.1 Types of transformation

In the discussion of Algorithms 8.5 to 8.12, we have not stated the form of
geometrical transformation 7" that we wish to find. Many of these measures have
been applied to awide variety of registration problems, including:

* rigid registration of 3-D images of the same subject taken at different times
using the same modality

* rigid registration of 3-D images of the same subject taken at different times
using different modalities
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* rigid registration of 2-D projection images and 3-D images of the same sub-
ject taken at different times

* nonrigid registration of images of the same subject taken at different times

* nonrigid inter-subject registration of the 3-D images of the head.

Mutual information and normalized mutual information have been demonstrated
to provide good quality image registration for al these types of applications. The
validation of the registration quality is a particularly difficult problem when calcu-
lating nonrigid transformations and is a rather poorly defined problem when align-
ing images from different subjects. See Chapter 10 for a discussion of validation
methods. In the sections below, we describe the application of voxel-similarity
measures to a selection of medical image registration tasks.

8.5.3.2 Serial MR

It isincreasingly common for apatient to have multiple magnetic resonanceim-
ages acquired at different times, in order to monitor disease progression or response
to treatment. Traditional radiological viewing of these imagesinvolves printing the
images onto film and viewing them side-by-side on light boxes. This approach can
make it difficult to identify small changes in the images between scans. A more
sensitive technique is to subtract the images, generating difference images, and to
view the differenceimagesto identify regions of theimagesthat have changed. The
generation of difference images requires that the images acquired at the different
times have identical contrast characteristics and that any drift in the scanner scaling
parametersis corrected using suitable quality-assurance procedures, such as phan-
tom scanning [102, 103]. Serial MR registration also requires accurate alignment,
because registration errors of less than a voxel can lead to artifacts that can mask
the changes of interest in the patient. The required registration accuracy will be a
function of the spatial frequency content of the images and of the contrast-to-noise
ratio. The required accuracy is often stated as of the order of tens or hundreds of
microns.

Serial MR registration is almost invariably applied to the brain and makes use
of arigid transformation. Indeed, for visual inspection of difference images, it is
undesirable to use nonrigid registration transformations because they may produce
atransformation that removes the changes of interest.

With serial MR registration the images are likely to be very similar, and so the
measures SSD and CC arewidely used. RIU, MI, and NMI are also frequently used.
The advantage of the information-theoretic measures in this case is that they are
less sensitive to small numbers of voxelsthat change by large amounts, than are the
SSD and CC measures. When using SSD or CC, data preparation by segmentation
of extra-dura tissue, or small lesions that have changed substantially in intensity,
is often essential. The information-theoretic approaches should be less sensitive
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to these small numbers of outlying voxels, but where the changes are large, data
pre-processing may still be required.

For many applications, the choice of an optimization algorithm that will itera-
tively find the optimum transformation to subvoxel accuracy is asimportant as the
choice of similarity measure.

In serial MR registration, the choice of interpolation algorithm is also impor-
tant. The use of tri-linear interpolation is equivaent to convolving the data with a
triangular kernel of variable width, resulting in a spatially varying blurring of the
data. When subtracting image A from the blurred image B’, edge artifacts resullt.
Higher order interpolation methods, such as those that incorporate truncated sinc
kernels [88] or skew transformations[104], are more effective.

8.5.33 MRandCT

Registration of MR and CT images is most often applied to images of the head,
and is used for surgery and radiotherapy planning. The registration transformation
determined is usually arigid one. On some occasions, however, it may be bene-
ficial to search for an affine transformation because it can generate more accurate
registration in cases when there are scaling or skew errors in the data. When the
images being registered are subsequently going to be used for guiding treatment
(image-guided surgery or radiation therapy), then it is not advisable to use an affine
transformation unless one modality is known to have satisfactory geometrical prop-
erties and is treated as the reference image A. Otherwise, the images may be well
registered but measurements made in the registered images may be inaccurate. Itis
preferablein these casesto calibratetheimaging devicesas part of aroutine quality-
assurance procedure and to rectify the images prior to registration to remove any
residual geometric distortion (see Section 8.2.3). The most problematic aspects of
imaging geometry are geometric distortion in MR and errorsin CT bed speed and
gantry tilt angle. For 3-D gradient echo MR images, object dependent distortion is
predominantly in the readout direction and can be minimized by selecting a high
bandwidth-per-pixel (readout-gradient strength) in that direction (at aslight cost in
signal to noise ratio). The residua scaling errorsin MR due to gradient strength
errors, and the CT errors, can be corrected using phantom experiments. For some
CT systems, it is advisable to carry out phantom measurements with the CT couch
loaded with weight similar to that of a patient.

Since MR and CT images have very different intensity distributions, image
subtraction is never used for viewing the aligned images. As aresult, the very high
accuracy requirements of serial MR registration do not apply here. The accuracy
requirement for MR-CT registration is usually governed by the accuracy of the
treatment system that will subsequently be used. Since neurosurgery and radio-
surgery systemsare accurate to asmall number of millimeters, registration accuracy
of about 1 mm is normally sufficient.

A study by West et a. established that, if the images are free from motion
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artifacts and have been rectified to remove scaling errors and distortion, registration
accuracy of better than 1 mm is possible when information-theoretic measures are
used [82]. It isimportant to note that the images used in that validation study had
similar fields of view in both modalities, covering most of the head, and had very
similar dlice orientations. It is possible to register MR and CT images that have
very different dice orientations and fields of views. For example, it is possible to
register coronal CT images with axial MR images or to register CT images with a
field of view of about 20 mm around the temporal bone to MR images of the entire
head. In both these cases, therigid transformation sol ution may include transl ations
of several tens of millimeters and rotations of many tens of degrees. In such cases,
it is advisable to provide the algorithm with an initial estimate of 7" to increase the
likelihood that it is starting within its capture range (see Section 8.5.2). Also, since
the overlap between images at the correct registration transformation includes only
a small portion of one or both modalities, the registration accuracy in these cases
may be lower than in the validation study by West et a. [82].

8.5.34 MRorCT and PET

Registration of MR or CT images with PET images of the head was one of the
first applications of medical image registration [105]. Because of the relatively low
resolution of PET images, it is frequently desirable to make use of anatomical de-
tail from MR or CT images to assist in their interpretation. The resolution of PET
imagesis of the order of 6-10 mm, and a registration accuracy of 24 mm is con-
sidered desirable. Although the low resolution of PET images reduces the required
registration accuracy compared to MR-CT registration, there are several difficul-
ties in this registration application. Firstly, some PET tracers are very specific to
certain parts of the brain. Although several agorithms, including Partitioned In-
tensity Uniformity (Algorithm 8.8) and mutual information (Algorithm 8.11), have
been shown to work well when registering MR imagesto PET fluoro-deoxyglucose
images [82], the accuracy of registration of the more specific tracers will be tracer-
dependent and may be much lower. Secondly, for patients with large lesions, the
PET images can have very large intensity abnormalities. A lesion that makes a
small difference to image intensitiesin an MR scan may make avery large differ-
ence to intensities in the PET image. Many of the images used in the validation
study by West et al. [82] had large lesions of this sort, and the median registration
accuracy of both PIU and M| was better than 4 mm, suggesting that these measures
are reasonably robust to these intensity abnormalities.

8.5.3.5 Nonrigid 3-D registration

This chapter focuses on rigid registration algorithms because these are the most
mature image registration methodol ogies. Thereis, however, considerable research
going on in extending the use of intensity-based registration algorithms to nonrigid
transformations. While we do not attempt in this section to a give a comprehensive
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review of thisfield, we do explain how voxel-similarity measures can be extended
beyond rigid or affine transformations.

It is possible to apply voxel-similarity measures to nonrigid registration by
placing a regular grid of N nodes across images A and B being registered. The
position of these nodes in B is then iteratively altered while optimizing a voxel-
similarity measure. One approach is to calculate a rigid or affine transformation
for a sub-image around each node, and then to smooth the resulting set of discrete
transformations [106]. Alternatively, each node can be treated as a spline knot, and
the nodes iteratively adjusted, with the the entire image being transformed using
the spline transformation at each iteration. The approximating B-spline, which is
described by Egs. (8.15) and (8.16), has the advantage that change in position at a
node has only alocal effect on the deformation (extending about two node separa-
tions), and this approach is used in an implementation by Rueckert et al. [107].

The first approach involves multiple registrations of subimages. The accuracy
of registration at each sub-image will be dependent on the number of voxelsin the
sub-images and the intensity information contained. Each subimage registration
involves 6 or 12 degrees of freedom (for rigid and affine transformations respec-
tively), and this is carried out N times. Because each subimage contains only a
small number of voxels, the information-theoretic approaches may suffer from a
poor estimate of the PDF, and hence noisy values of the voxel-similarity measures.
The SSD and CC measures will be less sensitive to this problem. The second ap-
proach involves three translational degrees of freedom per node, producing 3N
degrees of freedom in total, with the similarity measure being calculated for the
entire images, rather than just for subimages. This approach has the advantage that
large numbers of voxelsare used in each iteration, making the information-theoretic
measures practicable.

These algorithms have been applied to both intrapatient registration in which
there istissue deformation and to interpatient registration. Example mean and vari-
ance images from a cohort of PET FDG patients are shown in Fig. 8.8. In this
figure, an affine transformation and a spline interpolation are compared for use in
interpatient registration. The similarity measure is, in both cases, normalized mu-
tual information. The mean image is sharper, and the variance image has lower
values when the transformation with larger numbers of degrees of freedom is used.
Appropriate techniques for validation of these algorithms remain a matter of de-
bate. By changing the spacing of the nodes, the algorithms are able to find atrans-
formation with more degrees of freedom. If the number of nodes is too low, then
the transformation may be too smooth to align the images. If the number of nodes
is too high, then the transformations may inappropriately “correct” for features of
interest, such aslesions.
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(b)

Figure 8.8: Mean and variance images generated from a cohort of five PET images of
different subjects. Row (a) shows an example axial slice from the mean (left) and variance
(right) images after registration using an affine transformation with 12 degrees of freedom.
Row (b) shows the corresponding slices after registration using a transformation with 2160
degrees of freedom. The transformation in (b) is determined by iteratively adjusting the
positions of B-spline control points on a 20 mm grid. Normalized mutual information was the
voxel similarity measure used by both algorithms. The variance images are displayed with
the same intensity scale in both cases.
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8.5.3.6 2-D-t0-3-D registration

Many medical imaging modalities generate images by perspective projection.
(See Sections 8.2.2 and 8.2.2.4 above.) The most common of these is conventional
radiography or fluoroscopy. However, with video endoscopy and microscopy be-
coming more widely used, video images are increasingly common. Aligning pro-
jectionimageswith 3-D tomographic modalitiesisatype of 2-D-to-3-D registration
and requires an estimate of both the 3-D orientation of the objects being registered
and the projection transformation. For rigid structures, the 3-D orientation infor-
mation is arigid transformation, so 7 is the composition of arigid transformation
and the projection transformation.

In many medical imaging applications, the projection transformation can be
measured as part of a calibration procedure, so the registration problem hasjust six
degrees of freedom.

The approach used for registration of either video images or radiographs to to-
mographicimagesisto optimize asimilarity measurewhileiteratively transforming
the tomographic image. For each iteration, a simulated projection image is gener-
ated from the tomographic image, and the similarity measure is calculated from
these. Inthis case, image A isthe projection image, and B the tomographic image.
For each estimation of the transformation 7, image B’ is a simulated projection
generated from the tomographic image B. For example, when registering a radio-
graph A to aCT scan B, adigitally reconstructed radiograph B’ is produced using
T and amodel of the x-ray image formation processto simulate an x-ray projection
by integrating the CT voxel intensities. This approach has been used by severa au-
thors [108, 109]. When registering a video image A to atomographic image B, B’
can be a perspective surface rendering of the image structuresin B that are visible
in A[110,111].

8.6 Conclusion

This chapter represents the current state of the field of medical image registra-
tion. Registration is defined as the determination of a geometrical transformation
that aligns points in one view of an object with corresponding points in another
view of that object or another object. Using this definition, the chapter treats reg-
istration as it is applied to images of anatomy that have been acquired by medi-
cal imaging modalities, especialy the tomographic modalities, such as CT, MR,
and PET. Because the body moves in three dimensions, the emphasis is on three-
dimensional registration problems. Commonly used classes of geometrical trans-
formations are presented with an emphasis on rigid and scaled transformations.
Methods of registration are divided into point-based, surface-based, and intensity-
based; well-established algorithms are described for al three categories, and both
theoretical and practical discussions of their applications are provided.

The emphasisin this chapter ison rigid registration because, as of thiswriting,
most of the work and most of the progressin registration has been madein thisarea.
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Rigid registration isimportant because of its simplicity and because of its many ap-
plicationsto therelatively rigid head and to orthopedics, especialy inimage-guided
surgery. Thanks to the researchers listed in the bibliography of this chapter, much
is now known about this area, and many effective algorithms have been devel oped,
some of the best of which are described above. These rigid registration problems
include both prospective registration, in which fiducial markers are employed, and
retrospective registration, in which they are not. Recent research has demonstrated
that the most effective registration algorithmsfor many types of retrospective appli-
cation are those based on intensities. Point-based and surface-based methods can
also be used for these applications, but they require a greater degree of user interac-
tion and have typically exhibited lower accuracy than the intensity-based methods.
Techniques based on points and surfaces do, however, play an important rolein the
registration of images to physical space because the internal information necessary
for intensity-based registration is typically unavailable in physical space. Research
in point-based and surface-based approachesto thislatter problem are central to the
advancement of image-guided surgery and radiosurgery.

While the head and bones are rigid, most of the rest of the body is nonrigid,
and, therefore, nonrigid transformations must be employed to register images of
most of the anatomy. Furthermore, interpatient registration requires nonrigid trans-
formation for all parts of the anatomy. These transformations are far more complex
and varied than rigid ones. The appropriate form of nonrigid transformation is for
intrapatient registration strongly affected by the mechanics of the tissue involved
and for interpatient registration is determined by the natural variation in anatomic
development. While there are still many important problems to be solved in the
areaof rigid registration, it seems likely that much of the future work in the field of
medical image registration will focus on nonrigid registration.
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acoustic
impedance, 520
windows, 617
active appearance model, see active
shape model
active contour, seedeformable model,
1160, 1162, 1180
active shape model, 161-167
active appearance model, 165-166
point distribution model, 161, 162
adventitia, 764
affine transformation, 532
affinity, 898
airway analysis, 1017-1027
algebraic reconstruction technique, 47
aliasing, 533
alternative hypothesis, 585
Alzheimer’s disease, 1088
analysis
multicompartmental, 1144
multiple compartments, 1147
two compartments, 1144
analytic signal, 522
anatomical maps
variability, 1088
anatomical modeling, 1079, 1086
mesh models, 1086
anatomy
cardiac, 611
pulmonary, 1006-1007
angiography, 711-808
biplane, 750
3D geometry, 751
computed tomography, 899-900
coronary, 715-757

1203

guantitative, 718
CT, 812
digital subtraction, 811, 883, 886
imaging, 715-750
magnetic resonance, 848-899
magnetic resonance , 812
x-ray, 811, 812, 878, 880, 884
aperture, 526
apodization, 528
area under the ROC curve (AUC), 575
arterial
remodeling, 713
arteries and veins
separation, 880
arteriography
coronary
quantitative, 718
artery
brachial, 812, 834-848
carotid, 812, 824-834
coronary, 900-901
femoral, 812, 886
iliac, 878, 886, 892
artificial neural network, 329, 331-
333,575
atherosclerosis, 713
coronary, 713
lesion, 713, 765
atlas-based segmentation, 88
atlases
deformable, 1077
model-based, 1084
probabilistic, 1086
atrium, 611
attenuation, 3
coefficient, 4



1204 Index

correction factors, 3
map, 3
auto-correlation, 310

B
basis
expansion, 8
functions, 549
Bayes, 287, 291, 292, 305, 306
Bayesian
estimation, 690
image reconstruction, 12
methods, 547
Bayesian methods, 1071
beam hardening, 5
Beer’s law, 5, 57
bilinear interpolation, 25
biomechanical model, 693
biomechanics, 1155
black blood MRA, 860
blackboard control architecture, 1013
blank scan, 6
blob coloring, 100
Bloch equations, 540, 543
block-iterative, 35
blood flow
distributions, 1038
transit times, 1038
border
detection, 93, 255
endocardial, 255, 656
epicardial, 255, 656
tracing, 88
brain
asymmetry
abnormal, 1108
changes, 1107
maps, 1107
atlases, 1064
average templates, 1101
deformable, 1068
deformable probabilistic, 1101
disease-specific, 1067

early templates, 1068
probabilistic, 1065
Talairach atlas, 1068
data
disease-specific, 1067
image analysis, 1114
imaging, 1061
structure
mapping differences, 1065
templates
adaptable, 1064
variation
encoding, 1101
shape differences, 1105
tensor maps, 1103, 1104
breast, 549
cancer, 276, 326, 334, 918-921
bright blood MRA, 861
bronchoscopic
imaging, 1010, 1042, 1047-1050
bronchoscopy
virtual, 1042-1050

C

calcification

coronary, 900
calibration

catheter-based, 732
cancer, 1132-1150
capillary permeability, 1147
cardiac

deformation, 676

image analysis, 255-260, 676—

710

motion, 676

output, 615
cardiomyopathy, 635
catheter, 715-784

orientation

absolute, 779
relative, 777
path, 776
sheathed, 777



trajectory, 776
centerlines, 1025, 1046
cepstrum, 312-314, 318
cerebral cortex
average templates, 1098
averaging models, 1097
covariant matching, 1096
elastic matching, 1090
modeling, 1090
spherical maps, 1093
variability, 1097
chemical shift, 551
imaging, 553
chest
radiograph, 1009, 1011
wall, 1038
cine MRI, 867
circular Gaussian statistics, 522
classification, 101-119, 410, 958
k-means, 105
k-nearest neighbor, 109
artificial neural network, 111
artificial neural networks, 960
Bayesian, 108, 963
contextual, 116
decision tree, 110
fuzzy c-means, 108
fuzzy c-means, adaptive, 109
fuzzy logic, 412
linear discriminant analysis, 959
maximum likelihood, 108
minimum distance, 104
MOGA, 965
neural network, 411
parallelepiped, 104
parzen window, 109
rule-based, 964
statistical methods, 411
thresholding features, 410
using a knowledge base, 420
classifier-independent feature analy-
sis, 287-291, 295-296

Index 1205

close-hole operator, 229, 233
top-hat, 257
closing, 187, 214
annular, 197
area, 189, 215
by reconstruction, 229, 233
flat, 214
structural, 188, 214
top-hat, 221
translation invariant, 190, 214
closing-by-reconstruction top-hat op-
erator, 237
cluster analysis, 955
clustering algorithms, 103-109
co-occurence
matrix, 1036
co-occurrence, 278, 282, 284, 285, 309-
310, 317, 318
coherent scattering, 521
collimation, 5
color Doppler, 620
complete data, 19
compression, 744
Compton scatter, 5
computed tomographic angiography,
813
computed tomography, 517, 813, 1009
electron beam, 900
helical, 899
spiral, 899
ultrafast, 900
computer aided diagnosis, 927-986
evaluation of methods, 970
conditional operators
dilation, 195, 223, 227, 232
reconstruction, 229, 232
conflict resolution, 887
congenital heart disease, 635
conjugate gradient, 45
connected component labeling, 100
connectivity
fuzzy, 896
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content-based retrieval, 438
continuous-to-discrete transformations,
542
contour detection, 768
contrast, 945, 951, 1031
agents, 547, 859
microbubble, 660
medium
extravascular, 1145
gadolinium, 1145
inravascular, 1145
non-ionic, 1145
contrast-enhanced bright blood MRA,
868
convergence rate, 16
convex-NR-1 algorithm, 32
convex-PS algorithm, 34
convolution, 527, 552
coordinate ascent, 36, 39
Newton-Raphson, 37
core, 167, 879, 880
coronary
calcification, 900
calcium
score, 900
disease, 713
diffuse, 755
heart disease, 811
imaging
computed tomography, 900
correlation, 1031
correspondence
images, 1162, 1176
points, 1155, 1176, 1185
cortical anatomy
mapping variability, 1065
criterion function, 105
cross validation, 52, 583
CT, 1009
CTA, 813
curve evolution, seedeformable model

D
data-weighted least-squares, 48
database, 973
deadtime, 6
decision boundary, 101
deconvolution, 1027, 1040
deformable model, 129-174
active contour, 408
active shape model, seeactive shape
model
bending force, 134
curve evolution, 146
damping force, 136
deformable Fourier model, 155—-
157
deformable superquadric, 159-161
distance potential force, 139
dynamic distance force, 141-143
dynamic force formulation, 136—
138
elasticity force, 134
energy minimizing formulation,
134-136
external force, 131, 133, 136, 138-
143
Gaussian potential force, 136-138
geometric deformable model, 132,
133, 146-154
gradient vector flow, 139-141
interactive force, 143
internal force, 131, 134, 136, 138
level set method, 146-150
modal analysis, 157-159
multiscale Gaussian potential force,
138
nonpotential force, 138
parametric deformable model, 132—
146
potential force, 134, 136, 138
pressure force, 138-139
snake, 768
speed function, 146, 147, 149-



152
spring force, 143, 144
volcano force, 143
deformable superquadric, seedeformable
model
deformable templates, 54
deformation, 530
degree of freedom, 1175
densitometry, 728
density, 945
dephasing, 547
descent
iterative, 1157, 1166
detector efficiency, 5
diaphragm, 1038
mechanics, 1038
DICOM, 716-749, 783
digitization, 926
dilation, 179, 180, 182, 209
bounded space, 888
conditional, 195, 223, 227, 232
flat, 210
translation invariant, 180, 183, 210
discrete size transform, 201, 225
discriminant analysis, 291, 296, 301,
305
discriminant function, 101
displacement, 531
dissipation matrix, 540
distance
function, 237
transform, 238
distortion
geometric, 460-462, 741
pincushion, 741
distributed specularity, 523
Doppler, 619
dual energy, 53
dynamic brain maps, 1114
dynamic programming, 91, 768, 885
three-dimensional, 887

Index 1207

E
echocardiography, 609-674, 690, 698
intracardiac, 618
transesophageal, 618
edge, 346, 1032
detection
knowledge-based, 407
endpoints, 346
enhancement, 746
regular, 346
singular, 346
strength, 955
eigenanalysis, 544
eigenshape, 654
ejection fraction, 616, 784
elastic
deformation, 432
modulus, 535
elasticity, 1155, 1163
imaging, 530, 533
relative, 1188
EM algorithm, 18
EM-based surrogate function, 19
emission tomography, 49
endocarditis, 611
endoluminal rendering, 1048
endothelial function, 834
energy, 1031
enhancement
edge, 746
entropy, 1031
envelope, 522, 527, 529
epilepsy, 556
epipolar
constraint, 753
line, 757
plane, 753
erosion, 179, 180, 182, 209
flat, 210
translation invariant, 180, 182, 210
error
alpha, 585
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beta, 586
consumer’s, 586
localization, 463, 467-473
mean relative, 571
MR gradient, 454, 462
producer’s, 585
rate, 589
apparent, 581
re-substitution, 581
reclassification, 581
registration, 452, 467-473
Type I, 585
Type 11, 586
estimation, 8
expectation-maximization, 18, 78
bias field correction, 78, 86, 87
estimation of mixture parameters,
83
expert system
fuzzy, 424

F
false
negative, 571
positive, 571
positive fraction, 572
fast denominator, 44
feature
extraction, 409, 933
selection, 286, 292, 955
effect of finite datasets, 958
genetic algorithm, 956
one dimensional analysis, 956
stepwise, 956
space, 101, 103, 108
symbolic description, 420
vector, 101
filtered-backprojection, 3
finite element, 1155, 1164
algorithm, 534
implementation, 1165
mesh generation, 1171
method, 689, 695

model, 1170, 1176
modeling, 1153-1201
flat image operators, 218
flight-paths, 1044-1047
flow mediated dilatation, 836
flow reserve, 737
FMD, 836
fMRI, 538
foreshortening, 736, 756
form factor, 525
forward problem, 518
Fourier, 654
encoding, 855
sampling, 541
transform, 523, 527
local, 552
fractal, 278, 282, 284, 325, 327, 329,
331, 332
analysis, 1032-1034
dimension, 327-331, 1033
feature, 327, 329, 331-335
free-response ROC curve (FROC), 578,
590
frequency encoding, 542
Fresnel approximation, 527
full-width at half-maximum (FWHM),
1025-1027
function
activation, 112
objective, 105
ventricular, 627
diastolic, 632
systolic, 627, 628
fusion
angiography and IVUS, 776
fuzzy
connectedness, 407
connectivity, 896
sets, 417
defuzzification, 425
linguistic variable, 420
symbolic descriptions, 420



G

gating

ECG, 771, 899
Gauss-Markov theorem, 47
Gaussian Random Fields, 1110
Gaussian speckle, 521
generalized EM, 35
geodesic

distance, 244

transform, 244

SKlZ, 242

geometric deformable model, see de-
formable model

Gibbs artifacts, 554
Glagov effect, 758
gradient, 1032

ascent, 27

field transform, 718-726

vector flow, see deformable model
graph searching, 89, 769
grassfire, 100
grouped coordinate ascent, 45
gyromagnetic ratio, 537

H

hanging togetherness, 898
harmonic imaging, 661
Hausdorff distance, 581
heart, 676

coronary occlusion, 695

failure, 635

ischemic heart disease, 677
Hermitian operator, 544
Hessian matrix, 13
histogram, 78, 278, 280, 281, 285,

309, 315, 316

hit-or-miss operator, 192
Hough transform, 94, 1011

generalized, 97

I
image
artifacts, 593

Index 1209

correspondence, 1162
intensifier, 741
range, 1155, 1169
segmentation, 578
performance of, 580
imaging
analysis challenges, 1064
dynamic, 1136
dynamic contrast MRI, 1139
functional
CT, 1142
MRI, 1142
medical, 1155
modalities, 1009-1011
nuclear medicine, 1137
perfusion, 1137
MRI, 1148
PET, 1138
physiological, 1136
tumor, 1132
impulse response, 520
IMT, 821
incoherent scattering, 521
inertia, 1031
inference
max-min, 425
intensity nonuniformity, 74
interpretation, 399-445
atlas, 429-433
high-level, 421
rule-based, 422-426
rule-based system, 417
semantic network, 426-429
systems, 423
intima, 764
intima—media thickness, 821
intra-patient variability, 317-319
intravascular ultrasound, 711-808
catheter, 760
twist, 771
pullback, 770
quantitative, 760



1210 Index

three-layer appearance, 765
inverse difference moment, 1031
inverse problem, 15, 518
iso-surface

curvature, 357

intensities, 349

iso-value, 349

polygonizing a cell, 349
iterative algorithm, 14

J
jack knife, 582
Jensen’s inequality, 20

K
k-distribution, 524
k-space, 545, 553, 857
keyframing, 1046
kidney, 535
knowledge

meta-level, 420
representation, 413

atlas, 416, 420

rule-based, 414

semantic network, 415, 426

L
Larmor frequency, 537
least-squares, 48
leave one out, 582, 831
level set method, seedeformable model
likelihood, 10
limited angle tomography, 53
line integral, 6
linear array, 526
linear discriminant analysis, 411
linear imaging system, 519
linear vector space, 543
live wire, 94
local mean, 290, 298-299
local out-of-class mixture mean, 290—
291, 298, 306
logistic regression, 329, 331

lumen, 764
lung, 1006
lobes, 1017

M
magnetic
resonance
angiography, 848-877
imaging, 812
magnetic field, 540
gradient, 541
magnetic resonance, 517, 536, 676,
690, 698
imaging, 1009
phase contrast, 679, 683
tagging, 679, 789
Mahalanobis distance, 105, 107, 299,
300, 321
majorization principle, 15
mammography, 915-926
asymmetry, 947
compression, 923
hardware, 924
image requirements, 921
technical performance, 923
MAP estimation, 12
margin strength, 945
Markov random field, 12, 439
material description of motion, 531
material properties
bone, 1176
integration, 1193
local, 1155
skin, 1161
soft tissue, 1176
mathematical morphology, 177
Matlab
generating speckle noise, 556
maximum intensity projection, 781,
880-886
maximum likelihood
classification, 108
estimation, 10



estimator, 533
likelihood function, 82
parameters estimation, 82
maximum probability, 1031
media, 764
medial axis, 204, 1025, 1047
medialness, 879, 880
median filter, 185
Metz, Charles, 590
microcalcifications, 594
minimum cost, 769
Minkowski
addition, 183
subtraction, 183
modal analysis, see deformable model
model
biomechanical, 688
continuum mechanics
mathematical regularization, 704
myocardium, 688, 693
deformable, 681
mathematical, 518
mechanical, 688
multicompartmental, 1144
multiple compartments, 1147
two compartments, 1144
physical, 688
monotonicity, 14
morphological
filters, 199, 223
alternating, 199, 225
alternating sequential, 200, 225
gradient, 194, 221
external, 194, 221
internal, 195, 221
image analysis, 177-272
methods, 175-272
operators, 182-200, 206-225
reconstruction, 227-237
segmentation, 237-260
for grayscale images, 246
for nonoverlapping particles, 241

Index 1211

for overlapping particles, 245
skeleton, 205
software, 261
morphometry
deformation-based, 1101
tensor-based, 1106
tissue distribution, 1109
voxel-based, 1109
motion
analysis, 659, 1155
deformation, 1155
descriptors, 1155
estimation
non-rigid, 679
hand, 1155, 1160, 1174
modeling, 532
neck, 1156, 1173
nonrigid, 1156
parameters, 1155
skin, 1156, 1172
types, 1156
MR, 1009
gradient
errors, 454, 462, 473
MRA, 848
multiple sclerosis, 556
myocardial wall thickening, 616
myocardium, 614

N
N3 algorithm, 76
narrow beam, 5
nearest-neighbor, 287, 298, 299, 306
Newton-Raphson, 26, 41
noise, 520, 534, 539
non-Gaussian speckle, 523
normal distribution, 586
null hypothesis, 585, 588
null space, 533, 544
Nyquist limit, 620

O
object models, 520



1212 Index

opening, 187, 214

annular, 195

area, 189, 215

by reconstruction, 229, 233

flat, 214

structural, 188, 214

top-hat, 221

translation invariant, 190, 214
opening-by-reconstruction top-hat op-

erator, 235

optical flow

regularization, 687

variable brightness, 680
optimization transfer, 15
ordered subsets, 34, 43
over-segmentation, 579
overlapping veins

suppression, 884

P
p value, 588
paired samples, 589
papillary muscles, 614
parabola surrogate, 17, 39
paraboloidal

surrogate, 41

coordinate ascent, 44
function, 40

parameterization

automated, 1082
parametric deformable model, seede-

formable model

parametric meshes, 1079
partial volume effect, 74
pattern

recognition, 1028

spectrum, 203, 226
PC MRA, 867
penalized-likelihood, 11
penalty function, 11
perfusion, 1006

imaging, 1148
peripheral vascular disease, 811

permutation, 1111
PET, 3, 1009
phantom, 535
phase coherence, 314-319
phase encoding, 542
physically-based, 1155, 1159
pixel basis, 9
plaque, 713-776
point distribution model, 161
point spread function, 527
Poisson, 57, 58
positron emission tomography, 3
potential function, 12, 53
power spectrum, 1032, 1034
processing
bottom-up, 401
high-level, 400
image-driven, 401
low-level, 400
model-driven, 401
top-down, 401
Procrustes, 469, 654
PTCA, 713, 757
pulmonary, 1005-1060
airway centerlines, 1025
airway measurement, 1023-1027
airway tree, 1017-1027
airway tree geometry, 1025-1027
airway tree measurement, 1023—
1027
anatomy, 1006-1007
applications, 1007-1008, 1028—
1050
blood flow, 1038-1040
chest radiograph, 1034
disease, 1006
fissures, 1017
function, 1038-1042
imaging, 1006-1011
mechanics, 1038
microvascular blood flow, 1040
MRI segmentation, 1013-1017



nodules, 1035

perfusion, 1038-1040

radiograph segmentation, 1011-
1013

segmentation, 1011-1027

shape descriptors, 1034-1035

system, 1006

tissue analysis, 1028-1038

tissue density, 1028-1032

tissue density frequency analysis,
1031-1032

tissue fractal analysis, 1032-1034

tissue texture, 1029-1031, 1035-
1038

vascular tree, 1017, 1027

ventilation, 1042

X-ray CT segmentation, 1013

pulse

echo, 520

models, 526

sequence, 538, 540

Q
quadratic penalty, 13

quadtree, 99
quality control, 838
quasi-Newton, 46

R
radiograph, 1011
radiography, 1009
radionuclide imaging, 1009
random coincidences, 6, 49
Rayleigh probability density, 522
receiver operating characteristic, 323,
330, 332

curve, 573
receiver-coil sensitivity, 541
reconstruction

3D, 750, 755
region, 275, 276, 278, 282, 283, 286

growing, 98

splitting and merging, 99

Index 1213

registration, 447-505
definition, 449
intensities, 487-504
2-D-to-3-D registration, 504
atlas registration, 502
capture range, 497-498
correlation coefficient, 489
CT and PET, 501
information theory, 492-493
interpolation, 498, 500
joint entropy, 493-495
MR and CT, 500-501
MR and PET, 501
mutual information, 495-496,
501
nonrigid, 501-502
normalized mutual information,
496
optimization, 496-498
Partitioned Intensity Uniformity,
491, 501
Ratio-Image Uniformity, 490
serial MR registration, 499-500
similarity measures, 488-496
subtraction, 488—489
subvoxel registration, 498
interpatient, 449
intrapatient, 449
methods, 462-504
classification, 450
nonrigid, 430, 432
points, 463-477
curved transformations, 476-477
fiducial, 463, 464, 466
fiducial localization error, 463—
468, 481
fiducial registration error, 467—
474,476
FLE, 463-468, 481
FRE, 467-474, 476
nonrigid, 473-477
perspective, 474-476



1214 Index

rigid, 469-472
scaling, 473-474

target registration error, 468, 469,

471-472
TRE, 468, 469, 471-472, 486
two-dimensional, 474-477
rigid, 429, 430
surfaces, 477-486
disparity functions, 478-482
distance definitions, 482—-483

distance transform approach, 483—

484
example, 479
head and hat algorithm, 482
iterative closest point algorithm,
484-485
to an atlas, 1067
weighted geometrical features al-
gorithm, 485-486
regularization, 11
parameter, 52
regurgitation, 611
aortic, 642
relative feature importance, 290-291,
296, 298-301, 304, 306
relaxation
labeling, 116
parameters, 538
respiratory system, 1006
restenosis, 713
reweighted least squares, 49
RF inhomogeneity, 74
RF signal, 309, 312, 313, 315, 317-
319, 325
rib cage, 1011, 1038
Rician probability density, 523
rotation
proper, 452, 470
specification, 452-453
round robin, 582
run length, 1036
matrix, 1031

S
sample mean, 586
sampling, 548
scatter, 6, 49
matrices, 290, 296—297, 299-302,
304, 305
plot, 101
scatterers, 312-316
scattering, 308, 309, 311-316, 318,
319
schizophrenia, 1090
score
coronary calcium, 900
scoring, 974
screening, 276-277, 279, 334, 335
segmentation, 71-127, 237-260, 1011-
1027

active contour, seedeformable model

airway tree, 1020-1023

algorithms, 404

anatomic knowledge, 1011-1013

breast, 929

chest radiographs, 1011-1013

correct, 579

deformable model, seedeformable
model

edge-based, 404

interactive, 691

knowledge-based, 405, 1011-1013,
1022-1023

lesion, 932

model-based, 1013-1017

MRI, 1013-1017

myocardium, 681

pattern recognition, 1011

pulmonary, 1011-1027

region-based, 404

region-growing, 1022

semi-automatic, 1025-1026

snake, see deformable model

thresholding, 1013

X-ray CT, 1013, 1017



self-similarity, 1034
sensitivity, 572
analysis, 331
function, 519, 530, 539
separability, 291-296, 304-307
separable
function, 24, 31, 42
paraboloidal surrogates, 43
sequential update, 40
shading artifact, 74

shape, 275, 277, 278, 281, 282, 290,

325, 329, 335, 940
shape analysis, 1109, 1112
shape descriptors, 1034-1035
signal modeling, 515-565
simultaneous update, 40

single photon emission computed tomo-

graphy, 3

singular value decomposition, 554

sinogram, 7

size, 954

skeleton, 204
by influence zones, 240

SKlzZ, 240

slice selection, 542

snake, see deformable model

spatial
encoding, 855
resolution, 11, 52, 855

specificity, 572

speckle, 516, 556

SPECT, 3, 1009

spectroscopy, 550

spiculation, 933

spin density, 538

spin-echo imaging, 540

spline, 348, 459-460, 476-477
basis function, 369
control vertex, 348
cubic, 369, 476-477
tensor product, 369
thin-plate, 459-460, 477

Index 1215

standard deviation, 586

standard error of the estimate, 586

state vector, 37
statistical
models, 418
validation, 663
statistical flattening, 1111
statistics
first-order, 1036
steepest ascent, 14
stenosis
aortic, 638
valve, 638
stenting, 713
stochastic relaxation, 118
strain, 693, 1155, 1163
cardiac, 678, 696
distribution, 1157
image, 535
imaging, 530
levels, 1172, 1173
stress, 1163
repetitive, 1155, 1158
stroke, 556, 811, 821, 825
stroke volume, 615
structuring element, 183
cross, 195
disk, 240
reflected, 183
square, 221
symmetric, 195
structuring function, 210
flat, 210
reflected, 210
support, 519, 543
surface, 343-398
apparent contour, 383
center of curvature, 358
curvature, 357
principal curvatures, 358
principal directions, 358
curved surfaces, 348



1216 Index

deformable, 368
edge contraction, 377
error value, 380
error volume, 377
focal surface, 358
from contours, 360
growing, 94
iso-surface, 348
normal section, 357
point set, 345
principal curvatures, 358
principal directions, 358
projection, 387
representation, 345
rib lines, 358
simplification, 376
smoothing, 373
spline, 348
topology, 346
triangular mesh, 346
umbilic point, 358
vertex, 345

surrogate function, 15

susceptibility, 538, 547

synthetic imaging, 546

T
tagging, 789
texture, 275, 278, 282, 284-287, 309-
311, 318, 409, 945, 1029—
1032, 1035-1038
thinning, 1046
three-dimensional echocardiography,
620
threshold decomposition, 207
thresholding, 78
iterative computation of, 79
optimal, 79
non-parametric, 79
parametric, 80
shape-based, 78
time-frequency analysis, 516
time-intensity curve, 1040

tissue
abnormal, 1155, 1173
burn scar, 1155, 1157, 1161
characterization, 437, 515-565
human, 1155
properties, 1176
skin movement, 1168
soft, 1155
tensile characteristics, 1168
TOF MRA, 861
tomographic, 3
tracking, 1155
grid, 1180
hand, 1176
intensity-based, 686
shape-based, 685, 692
transformation
geometrical, 451-462
B-spline, 459, 476-477, 502
camera, 456-457, 475-476
curved, 455, 457-460
nonrigid, 454-462
perspective, 456-457, 474-476,
504
projective, 455
rectification, 460-462
rigid, 452-453
thin-plate spline, 459-460
image
atlas to brain, 1068
transit time
mean, 1040
transitive closure, 101
transmission
scan, 3
tomography, 4
transverse magnetization, 540
tree
growing, 880, 881
intracerebral, 883
root, 882
vasculature, 881



vessel, 881
triangle, 346
compactness, 366
fan, 346
visible, 383
triangular mesh, 346
boundary, 346
edge, 346
manifold, 346
smooth, 374
true
negative, 571
positive, 571
positive fraction, 572
tumor
analysis, 1132-1150
classification, 1033
imaging, 1131-1151
treatment planning, 1132-1150

U
ultrasonic beam formation, 526
ultrasound, 516, 813, 1009
A-mode, 815-817
artifacts, 762, 818
B-mode, 527, 814, 816, 817, 820,
821, 823, 824, 830, 835-837
backscatter, 761
brachial, 834-848
carotid, 821-834
imaging, 814-821
interfaces, 765, 820
intravascular, 757-784
guantitative, 760
M-mode, 618
physics, 814
under-segmentation, 579
unsharp masking, 749

V
validation, 698
angiography, 729
fusion, 781

Index 1217

implanted markers, 703
synthetic images, 703
techniques, 567-607
valve
aortic, 614
mitral, 611, 645
pulmonic, 614
regurgitation, 642
tricuspid, 611
valves, 611
valvular heart disease, 635
variable projection method, 554
vascular
analysis, 811-905
disease, 848
imaging, 811-905
reactivity, 834
vein
femoral, 889
iliac, 889
ventilation, 1006
ventricle, 611
left, 611
right, 611
ventricular
chamber volume, 615, 785
shape, 633
ventriculography
left, 784
guantitative, 791
vertex, 346
regular, 346
singular, 346
virtual
bronchoscopy, 1042-1050
endoscopy, 1042
viscous fluid deformation, 433
volume
cell, 349
polygonizing, 349
decomposition
hexahedral, 349
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tetrahedral, 350
regular, 349
voxel, 349
coding, 1084
VRML, 780

w
wall motion, 630, 788
warping, 533
acceleration, 1075
algorithms, 1069
continuum-mechanical, 1072
fluid, 1074
intensity-driven, 1069
Navier-Stokes equations, 1073
neural nets, 1076
polynomial mappings, 1072
wash-in curve, 1042
wash-out curve, 1042
watershed transform, 241
for grayscale images, 246
for nonoverlapping particles, 241
for overlapping particles, 245
wavelets, 549

X
X-ray
angiography, 812
X-ray computed tomography, 3, 812
x-ray CT, 1009-1011
xenon-enhanced CT, 1042

z
zero-filling interpolation, 872
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