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Droplet Size Distribution in Sprays

R. A. MUGELE AnD H. D. EVANS

SHELL DEVELOPMENT CO.,, EMERYVILILE, CALIF.

N ACCURATE knowledge of drop

size distribution as a function of
the conditions of the system is a pre-
requisite for fundamental analysis of the
transport of mass or heat or of the
separation of phases in a dispersed sys-
tem. For example, the “drop” size dis-
tribution in a fractionation column deter-
mines the rate of heat and mass transfer
and also the amount of entrainment.
The size range of droplets introduced
into, or created within, a cyclone sepa-
rator must be known in order to design
the unit for the desired separation
efficiency. In liquid-liquid systems the
size distribution helps to determine
settling rates (and thus holdup), mass
and heat transfer rates, entrainment,
and possibly coalescence rate. Again,
in many combustion studies, rate of

General features of size distribution are reviewed for dispersed systems. The
concepts of ‘‘mean diameter’” and ‘‘distribution parameter’’ are clarified
and generalized. Previously applied distribution equations (Rosin and
Rammiler, Nukiyama and Tanasawa, log-probability) are examined critically
in regard to theoretical soundness, and application to spray data.

A new equation, called the upper-limit equation, is fermulated and
proposed as a standard for describing droplet size distributions in sprays.
It is based on the differential equation of the ‘““‘normal’’ or Gaussian dis-
tribution, the distributed quantity being y = In ax/(x, — x) where aisa
dimensionless parameter, x is droplet diameter, and x,, is maximum stable
diameter.

The upper-limit equation is applied to a wide variety of experimental data
on sprays and more limited results on other dispersoids. It is concluded
that the new equation fits the available spray data accurately, calculates the
mean diameters accurately, applies also to emulsions and aerosols when the
mechanism of formation is not too different from that of sprays, and indicates
the type of distribution function that may be derivable from the basic mech-
anism of dispersion, when this mechanism is better understood. For a
mechanical spray, the relation of the parameters of the distribution equation
to physical properties and design variables is indicated.

evaporation or burning of individual
drops must be estimated; here also a
knowledge of the drop sizes is important.

Despite the importance of drop size distribution in evaluating
most separation processes, little is known about the actual size
range of droplets in these units. This is due to difficulties in-
herent in measuring drop sizes in these types of apparatus. How-
ever, many data are available for size distribution in more simple
atomizers such as spray nozzles of various types, It is believed
that analysis of these data will make it possible to estimate drop
size distribution in more complex apparatus with reasonable
aceuracy.

This paper presents a summary of the investigation of drop
size distribution in sprays in the following order: fundamental
definitions and concepts, analysis of previously developed dis-
tribution equations, development and application of a new dis-
tribution equation known as the “‘upper-limit”’ law, and com-
parison of the various distribution functions with experimental
data. ‘

For the case of a mechanical spray, a brief discussion is given
concerning relation of the parameters required for the upper-
limit law to the design conditions and physical properties of the
spray.

DEFINITION OF SPRAY

In the field discussed here, a spray is considered as a system of
liquid droplets in a fluid continuous phase. By specifying ‘‘drop-
lets” we eliminate macroscopic cases wherein large individual
drops, slugs, or columns predominate, and microscopic cases
wherein dispersion is of molecular order, or at least where drop-

lets are sufficiently small to prevent detection of phase bound-
aries. By specifying a “system’” we imply that the droplets
have a common origin, usually a body of liquid.

Examples of natural sprays are rains, fogs, waterfall mist,
ocean spray, and sneeze spray.
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Figure 1. Droplet Size Distribution (Schematic)

Among artificial sprays are fountain sprays, atomizer sprays,
entrained liquid in a fractionating column, and the disperse
phase in a solvent extraction column.

Sprays considered in this paper all have a resultant motion

Aroma360 - Exhibit 1049
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in a particular direction (above the random motions of droplets),
but this restriction need not affect the applicability of the results
to other types of systems—e.g., aerosols and fogs.

REPRESENTATION OF DISTRIBUTION

Suppose our droplets are counted by groups An (fraction of to-
tal count), limited by diameters x — Az/2 and © + Az/2, while
the over-all range of = is between zoand x». Then a step diagram
(as in Figure 1) represents the proportional count as made. The
total area under the steps equals 1.00.  But if the number of drop-
lets is large and the Az interval is small, we may represent the
count by a smooth curve (also shown in Figure 1), the area under
the eurve being 1.00.

Again, we may represent group sizes by volume fractions Ay
rather than number fractions. For this case, the step diagram is
not shown in Figure 1, but the corresponding curve is shown
(dashed line). The curve is skewed to the right, because each
group is now weighted in proportion to z? Area under the vol-
ume distribution curve also equals 1.00.

FUNDAMENTAL SPRAY VARIABLES

The simplest type of statistical system may be defined by a dis-
tribution function, together with some sort of a mean and some
measure of deviation from this mean. For sprays we take as our
dependent variables a mean diameter, z, and a distribution fac-
tor, 8. Of course, this assumes that all droplets have the same
shape (usually spheres), which is generally valid for fully de-
veloped sprays.

If, for physical reasons, maximum and minimum drop diam-
eters are established, these will be designated by @, and o, re-
spectively.

MEAN DIAMETERS

In many mass transfer and flow processes it is desirable to
work only with average diameters instead of the complete drop
size distribution. Table I shows some of the mean diameters
and some flelds of application for each. In order to use these
means effectively, they must be readily calculated from the drop
size distribution equation. '

Tabie |. Mean Diameters
(Cf, Equation 4.4)

» + g Name of Mean

? g (Order) Diameter Field of Application

4} 1 1 Linear Comparisons, evaporation

0 2 2 Surface Burface area controlling—e.g., ab-
sorption

4 3 3 Volume Volume controlling—e.g., hydrol-
ogy

1 2 3 Surface diameter Adsorption

1 3 4 Volume diameter BEvaporation, molecular diffusion

2 3 5 Sauter Efficiency studies, mass transfer,
reaction

3 4 7 De Brouckere Combustion equilibrium

The actual application of these mean values forms too large a
subject to treat here, but an example or two may be given to
illustrate the method:

First, consider Langmuir evaporation of a droplet according to
the law

dm
Pl —ka (4.01)
Now for a number of droplets of different diameters,
d(Zm) _
= ke (4.02)
Dividing by the total number of droplets, we then have
dn (4.03)

dt

Thus it is seen that the law (Equations 4.01) holds for the av-
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erage droplet as well as the individual droplet, provided the linear
mean diameter is used.

Again, consider the efficiency of an atomizing operation, in
which a fraction Z of the energy lost in pressure drop Ap is used in
forming new surface. This may be expressed by

3
B (Eg Ap) = e (4.04)
for a single droplet, or
EApZz? = 6022 (4.05)
for the entire spray. Then
EAp.’)_Caz = Bo (406)

indicating that atomizing efficiency may be calculated from the
Sauter mean diameter.

The linear mean diameter can be calculated from the distribu-
tion data (as represented by Figure 1) according to the equation:

Fio = ZxAn/TAn = Zxan (4.1)

The linear mean diameter, &1, is a diameter which when multi-
plied by the total count will give the same result as adding the
products of separate group counts by the representative diameters
of the groups. For a smooth distribution curve we may write:

Tm Tm
%10 f (an dr = / z %ﬁ dz (4.2)
Zg z Ty T

The subscripts on this linear mean and other means (discussed
below) indicate the order of the mean or the method of averaging.
The first number of the subscript refers to the power of = appear-
ing in the right-hand integral and the second to the power appear-
ing in the left-hand integral. Alternatively, Equation 4.2
can be written as

T T
X0 = f x ?TZ dx/f gg da
Zo Zo

Here it is apparent that the subscript 1 refers to the power of =
in the numerator of the expression and the subscript 0 to the
power of z in the denominator.

(4.21)

If the function of interest is proportional to droplet surface, we
choose a mean X, 50 that

Tm Im
N / g@ de = f x? dn dz
Zo @ Zo dr

Extending this idea, let us consider two functions of droplet
diameter which are compared, and let their orders be p and g.
Then the relevant mean, %, is defined by

Im dp Im dn
Fgp? TP f TP i de = ¢ dz dz
o Z Zo xz

This may also be written in terms of volume distribution as

Em dv T dvy
Q-quqnp-/‘ xp‘sa—dz = f xq‘si dx
Zy * Zo T

A limiting case for p = ¢ is defined by

. lim Tm +c§12’ Tm —-c(_iil 1/2¢
T = .9 [\A‘O 28 o do o 24 Iz dx (4.6)

Application of the theory of limits to Equation 4.6 gives

ZTm dn Tm dp
In B¢ = 2? (In z) == dz f ¢ 5+ da (4.61)
«“ ﬂo da / o dz

This defines the family of ‘‘hypergeometric’” mean values.
The most familiar of these is the geometric mean, Ze, given by

(4.3)

(4.4)

(4.5)
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1 —p = e—(a/%)% (5.1)
Table I1l. Numerical Comparison of Mean Diameters ‘ . - ) .
An ‘ where 1 — v is the volume fraction of drop material occurring
z i T TiT v ‘in drops of diameter greater than z, £ is a size parameter, and
1 0.556 0.290 0.503 0.447 3 is a distribution parameter. From Equation 5.1 we can derive
§ 8 %; 8:‘;’%;2 3 ﬁg 8:‘%5? the “volume distribution” equation
&0 1.612 1.87 1.61e 1.68 dv szo-1
% 1.78 1.99 1.75 1.82 av _ —(x/E)5
a0 1,940 2.00 1.88 1,940 Iz P (5.2)
Za1 1.96 2.11 1.90 1.96
o 2.30e 2,30 2.17 2.21

2 Examples are set up te give I and II the same value of %32, I and IIT the
same value of %1, ete.

Table 1l11. Comparison of Mean Diameters via Rosin-
Rammler Equation
§ Z30/ Ra1/% X3a/% 230/% 32 X0y /g0
3 0.000 0.506 0.738 0.000 0.686
4 0.651 0.692 0.816 0.798 0.848
8 0.826 0.833 0.887 0.931 0.939
Tm dn
In %eo = (lnz) == dz (4.62)
Zo dz

The mean values defined by different p’s and ¢’s are not all in-
dependent. Thus

Bgp1™7 = Rge? ™/ XpcP ¢ (4.7)
In particular,

. Bep?™? = %ot/ Epp? (4.71)
Also
Eop = Fpg ’ (4.8)

Fractional and negative values of p and ¢ are not excluded by
the general definition, and may in fact apply to certain transfer
problems. However, the examples given in Table I are for in-
tegral pairs only, as these are the most generally useful cases.

Two different distributions of drop sizes may have the same
value of one of the mean diameters and yet entirely different
values of other mean diameters. In order to illustrate this
point, the examples of Table 11 are presented.

These fictitious distributions I, IT, I1I, and IV are assumed to
have only three diameter classes (z = 1, 2, and 3). Distributions
I and II have the same %, but all other mean diameters are
different. Again I and ITI have the same value of £, but some-
what different values of the other means. For this case a de-
crease in the proportion of smaller drops decreases &:,. Because
one large drop may obscure a number of small drops in counting,
the experimental value of #:;; may be considerably in error, par-
ticularly when both z and An may vary by factors of 100 or
more. Finally, I and IV have the same &3 but their other means
differ,

In each example, &5 == &z. This property is characteristic
of experimental distribution data and is consistent with the
log-probability law and its modifications. But distributions
which approximate the Rosin-Rammler law (discussed below)
will have this characteristic only at high values of the distribu-
tion factor, o.

ROSIN-RAMMLER EQUATION )

We now consider some of the functions which have been
proposed to represent the distribution curves typified by Figure 1.

One of the first of these was presented by Rosin and Rammler
(17) for application to powdered materials, It has been applied
by a number of investigators with varying success to droplet
systems.

This distribution function is generally given in the “cumulative
volume’ form:

Then the “numerical distribution” equation is obtained by
dividing dv/de by 2® and inserting a factor to make

® dn
ﬂ %dx:l'

5—4
dn 8w m (5.3)

dz ., 3

§=3.0

X5 = 85p
(68.7 from data)
20k
10
] 1 1 L
.0l .05 .10 1 50 l.0
log 7%
Figure 2. Rosin-Rammler Analysis of Lee
Data (13)

The gamma function appearing in this equation is the gen-
eralized factorial. Its defining equation is

o«
I'(e) = .A‘ Ue—te~VdU

Tables of this function are given by Lange (12) and other
handbooks.

If we required the “cumulative numerical” distribution, this
could be obtained by integrating Equation 5.3. The result
would involve the “incomplete gamma function,” for which
special tables are required.

The expression for mean diameters (cf. Equation 4.5) becomes

Fpi=? = %2PT (q_%g) + ~1)/r (”T‘?’ + 1) (5.4)

In particular, the Sauter mean diameter is

(5.31)

#w = 3/r (1) (5.41)
Table I1I summarizes some calculations of mean diameters
via Equation 5.4.
Some interesting consequences of using the Rosin-Rammler
equation are here illustrated:

Equivalence of %z and Xy is predicted only at high values of 8.
Unreasonable values of mean diameters may result. For 3 =
3, we found &3 = 0. Foré = 2, we would find %3 negative.

For application to data we may put Equation 5.1 into the form:

1

1n1n1 —

= §lnz — In &) (5.5)
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This represents In In as a linear function of In z.  Figure

1—v
2 shows a set of data which gives a particularly good fit to a
straight line when plotted on this basis. From this plot we
readily find 8 as the slope of the line and & as the value of &
for which1 — v = ¢~L,

&r E = Bxle"bxs
534
Ty = 2604
6 |- (18.2 from data)
:‘N
Qlq
c
SEM
’_:n
L
(e
1 | )
1.2 1.6 2.0 2.4 2.8 3.2 3.6
Y4
X
Figure 3. Nukiyama-Tanasawa Analysis of

Houghton Data (8)

But even though a good linear fit is obtained, the value of %
caleulated from the parameters is 85 microns, while that cal-
culcated by summation of data is 68.7 microns. This dis-
crepancy is due partly to the deviation of two points from the
line at small diameters, but mainly to the assumption of infinite
range of z values. 'This again illustrates the unreliability of the
Rosin-Rammler equation for calculating mean diameters, al-
though it may be useful for comparisons over a small range of the

parameters.
NUKIYAMA-TANASAWA EQUATION

This completely empirical equation is generally given in the
numerical distribution form (15)
dn

I - Baebet (6.0)

where the size parameter, b, has the dimension of x -8,
When the constant B is properly evaluated, this becomes:

dz S TEm"° (6.1)
Then the volume distribution is

dU = ﬂ_ 5 —ba®

E PR U (Y R (6.2)

The eumulative volume fraction is then

6

bat &1 . © -1 .
v = vt e dU/f U e AU (6.3)
0 0

This may be expressed as a ratio of incomplete and complete
gamma functions:

ena (/1)

The equation for mean diameters becomes:

(6.31)

rorr = (T (L3 /e (B13) e

Comparison of some mean diameters for some representative
values of § is illustrated in Table IV.

This shows better agreement between %z and & than that
indicated by the Rosin-Rammler equation (cf. Table I11).
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For application to data, we put Equation 6.1 in the form

1 dn 5b% /5 .

. 1 d . .
which expresses In (x—z cTZ) as a linear function of z°%,

Figure 3 shows a satisfactory fit of the linear form to a set of
data. This is obtained by trying different values of § to see
which gives the best line (usually 1, 1/2, 1/3, ...). The case
illustrated has been equally well fitted by Lewis et al. (14), using
3 = 1/3 instead of 1/4, The uncertainty of § leads to some
uncertainty in #;, which is calculated as 20.3 microns for § = 1/3,
26.9 microns for 6 = 1/4, and 18.2 microns from data.

In some cases, application of this equation has led to values of
%y larger than any experimentally observed drop diameter.
Lewis et al. (14) have tried to explain this by assuming that some
large droplets existed but were not counted. But there are so
many cases of this kind that if we are to maintain the validity of
the Nukiyama-Tanasawa equation, we must discredit the count-
ing techniques used in obtaining the data,

LOG-PROBABILITY EQUATION

When we deal with single-valued—i.e., nondistributed—
variables in a physical problem where the fundamental mecha-
nism is not clearly understood, we imay apply dimensional
analysis to limit the grouping in which the variables can appear.
Analogously, when we deal with multivalued—i.e., distributed—
variables, we may apply statistical analysis to limit the distribu-
tions which the variables may take.

Suppose, then, we have a distribution of drop diameters such as
that represented in Figure 1. As a first assumption, let us take
zo = 0 and z» = = as end points of the curve, saying that if
there actually are “smallest’” and ‘largest’” droplets in the spray,
dv/dxr may be taken as infinitesimal or zero beyond actual 2 and
Zm. Furthermore, let us assume that the “classes’” established by
the fundamental mechanism are graded exponentially rather than
linearly—e.g., say the proper grading series for representative di-
ameters is not 0.5, 1.5, 2.5, 3.5, . . . microns, but 0.01, 0.1, 1.0, 10,
... microns. Then a suitable revision of Figure 1 will represent
the distribution by

o= (y) (7.1)

where
y = Ina/% (7.2)

When sets of spray data are plotted up on this basis, we find
that they ordinarily give a somewhat symmetrical distribution
about some value of y which is close to a single maximum in the
curve. However, some sets of measurements do not include suf-
ficlently small diameters to make the maximum apparent,

Table IV. Comparison of Mean Diameters via Nukiyvama-
Tanasawa Equation

H Rapbi/8 &nbl/o X3eb1/0 Za0/Faz E2VE Y
/s 2068 2184 4080 0.507 0.535
/2 69.3 72.0 110.0 0.630 0.655
1 3.913 4.000 5.000 0.783 0.800

Now, if our knowledge of the spray-forming mechanism is so
sketchy as to provide nothing better than a random distribution
of y values about some mean value, we can still make a good guess
at the nature of ¢(y). This will be simply the ‘“normal distribu-
tion” function
i_ g%’

VT

(cf. Coolidge, 2, or any standard treatise on statistical method).
Here § is related to the standard deviation of ¥, and hence to the
standard deviation of .
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Figure 4. Log-Probabllity Analysis of Houghton
Data (8)

From these considerations we arrive at the volume distribution
equation
do 8
= L =5y .
3 W e~d% (7.3)
¥ being defined by Equation 7.2, in which % now corresponds to
the volume median diameter. ) .
Cumulative volume fraction is determined by integrating
Equation 7.3:

1 8

= W e U2 dU (74)

v

This may be evaluated if desired by use of the “probability in-
tegral” O©fcf. Coolidge (2) or Lange (12) for suitable tables].
However, this evaluation is unnecessary if we use log-probability
" paper which has one coordinate scaled by 6(y) and the other by log
2. This is illustrated in Figure 4. Also shown in the figure is a
line for the cumulative numerical fraction. The equation for this
can be obtained from the numerical distribution equation:

dn _ 5 ~(on+g;)’
Iy = \/;re (7.5)
by integrating:
3
Sy + 5
n=t 20 g-va gy (7.6)
\/7r —® .

The method of calculating the distribution factor, §, from the
line is discussed below (in connection with the upper-limit equa-
tion).

The general expression for mean diameters for this distribution
is

Bpg = Ke 4¥ (7.7)

In particular, the Sauter mean diameter is

1
By = Ze 48t (7.71)

For the example of Figure 4, the Sauter mean diameter has
been calculated as 18.6 microns. This is somewhat closer to the
value of 18.2 given directly by the data than is the best value of
20.3 given by the Nukiyama equation, Similar results for other
data indicate that the log-probability equation is so far the best
one for calculating mean diameters,

Also we note that Equation 7.7 predicts equality of means of
the same order—e.g., £ = &m, £ = Z%u. This equality is
approximated by most of the distribution data and is also illus-
trated by the fictitious data of Table I,

Table V summarizes certain mean diameters calculated for
particular values of 8,
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Additional remarks concerning the log-probability equation
may be found in Bevans (Z). Meteorological applications and
references are provided by Howell (9).

MODIFIED PROBABILITY EQUATIONS

It has been found that the log-probability equation predicts
the general distribution trend correctly for most data and gives
good results for mean-diameter calculations. But many data
show a deviation from the straight line (Figure 4) at high values
of 2. Also, the data indicate that it may be desirable to em-
phasize the existence of a maximum drop diameter zm, rather
than just considering extremely large drops to have extremely
low frequencies. These considerations lead us to seek a modifi-
cation of the relation of y to # (Equation 7.2).

In determining the new relation, we seek to fulfill the following
requirements:

(a) As y goes from — « to + «, z shall go from zo (minimum
sized drop in the distribution) to 2, (maximum sized drop)

(b) Qualitatively, the function shall be capable of ultimate in-
terpretation in terms of fundamental mechanisms—i.e., it shall
not prediet trends contrary to those reasonably established from
physical principles

(¢) Quantitatively, the resulting equations shall satisfy exist-
ing data within the accuracy of method and measurement

In addition to the above, we should like to find simplicity of
mathematical form in our function. This will permit ready
evaluation of the distribution parameters from the data, and of
the means, quartiles, ete., from the parameters, without the aid of
involved charts and tables.

Now several functions have been found which satisfy these
requirements. The most satisfactory class of such functions
appears to be:

axrs
T — x°

y =1In (8.1)
where a is a dimensionless constant and s a positive number.
Here the fulfillment of condition (a) above (with the assumption
zo = 0) is evident,

Table V. Comparison of Mean Diameters via Log-
Probability Equation

3 Z50/% Bn/% Raa/8 R30/%s Z21/%52
0.5 0.050 0.050 0.368 0.136 0.136
1.0 0.475 0.475 0.780 0.609 0.609
1.5 0.636 0.636 0.860 0.740 0.740

In regard to (b), we may think of z* as representing s simple
function of drop size—e.g., diameter, surface, or volume. Then
x5, i the same function of maximum drop size; so that z;, — z°
is & measure of ‘“‘size deficiency” or reduction from maximum
drop size.

Now if we consider a mechanism wherein “maximum” drops
originally exist but subsequently break into two fragments each,
we can represent the ratio of measures (whether by volume,
surface, or diameter) of these fragments (after they assume uni-
form shape) by z¢/(z;, — «°). Then we can reproduce the
argument which led to the log-probability equation, applying
it this time to the above ratio, so that the parameter y (the
quantity which distributes randomly) assumes the form given in
Equation 8.1,

In regard to condition (c), we find that for the data which have
been analyzed, Equation 7.1 gives good fits for s = 1, 2, or 3.

SPECIAL UPPER-LIMIT FUNCTION

As indicated above, application of Equation 8.1 to the data
has proved equally satisfactory for s = 1, 2, or 3, To fit the
mechanism which was suggested, we might favor ¢ = 3 as being
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most easily interpreted in terms of volume redistribution., But
unless evidence can be found substantiating this choice, we shall
do just as well to employ s = 1, for which the calculations are
somewhat simpler.

On this basis,

(9.1)

Equations 7.3, 7.4, 7.5, and 7.6 ave still valid for the present
case, even though y has been redefined.

10
st Xp = 1000 ,
Ty = xm/(l+ael/43\, =239
. 394
b =
7 . 852
log —2=Z
| g . %8 382
i =1.131
5
\a = 1/use = 2. 62
Xso = Xp/lat 1) = 2764
A ! i 1 . ! ! J
01 . 1 10 50 390 99 99.9 $9.99

100v

Figure5. Upper-Limit Analysis of Kolupaev Data(17)

Figure 5 illustrates the application of the upper-limit equation
to data. Here x, is determined by trial and error to give the
best alignment of data points when z/(z» — z) is plotted against
1002. Usually three or two trial values of z, will suffice, and
frequently one. However, if we wish to get a good approximation
for z, directly, we may proceed as follows:

Plot the data as z against 100y, drawing a smooth curve to fit
these points. From these curves read the 10th, 50th, and 90th
percentiles, 1, 50, and xee. Then calculate z,. from the formula

Tm _ Tl + @) — 2oty
50 rio — Tl

(9.2)

This equation is easily derived from the geometry of Figure 5.

The parameter a is readily determined from the line represent-
ing the distribution. Since y = 0 at the 50th percentile (where
x = s, the volume median), we have here

axse
Tm — Tso

0=In (9.3)

or

q = T T Es (9.4)

T30

The parameter & is determined by the slope of the line, hence by
any two points on it. Let us designate the coordinate on the log
scale by wu:

= —= (9.5)

Tm — &

Then if we read the values ug and us at the 90th and 50th per-
centiles (100 v = 90 and 50, respectively), we find:

0.394

= log (va/us) (9.6)

This results from consideration of a table of © (y) together
with Equations 9.1 and 7.3.  Application of Equation 9.6 is illus-
trated in Figure 5.

MEAN DIAMETERS FROM UPPER-LIMIT EQUATION

From Equations 9.1, 7.3, and 4.5 we may calculate expressions
or the mean diameters according to the upper-limit distribution.
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Table V1. Comparison of Mean Diameters via Upper-Limit

Equation
a 5 Ea/zs Ta/xee Eu/mse Rs/rsm Ka/Rse Kao/Fae Kor/Epe
1.0 0.5 0.2 0.099 0.122 0.538 0.475 0.184 0.227
1.0 1.0 0.798 0.708 0.727 0.876 0.911 0.809 0.830
1.0 1.5 0.880 0.83t 0.83% 0.924 0.932 0.898 0.907

Those most readily derived are those having ¢ = 3. The results
are

By = am/(1 + ael/4¥) (10.1)
T = an/(1 -+ 2ael/9% 4 glel/o%)1/2 (10.2)
By = @n/(1 4 Bael/40® 3 a2l /8% 4 e /45%)L/8 (10.3)

From these, values of &y, %20, and &0 may be caleulated via Equa-
tion 4.7.

Table VI summarizes certain mean diameters calculated for
particular values of 8.

The last two columns of the table indicate that the upper-
limit distribution predicts & slightly higher than xx. This
prediction is borne out by the data, giving the upper-limit law a
slight advantage in this regard over the log-probability law,
which predicts &y exactly equal to & (¢f. Table V).

COMPARATIVE FIT OF DISTRIBUTION EQUATIONS

The various distribution equations discussed may be compared
directly in terms of (@) numerical distribution, () volume dis-
tribution, (¢) cumulative droplet count, or (d) cumulative volume.
Comparisons (b) and (d) have been made of several representative
sets of data, Those of type (b) are illustrated in Figures 6, 7,
and 8.

.25 O

.ZOL

100dv
dx

1
100 260 350 450 5&0 600 700
* )
Figure 6. Comparison of Distribution Equations
with Houghton Data (8)

Spraco~T nozzle

These comparisons show that the upper-limit equation gives
the proper trend in all cases, as well as a good quantitative fit.
On the other hand, the equations of Rosin-Rammler, Nukiyama-
Tanasawa, and the log-probability are found to fit well in some
cases and poorly in others.

In particular, the Nukiyama-Tanasawa equation gives a com-
pletely wrong trend for volume distribution in some cases when
the parameters are calculated from numerical distribution data.
This is a basic weakness of this equation. Typical examples
of the poor volume distribution predicted by the Nukiyama-
Tanasawa equation using parameters obtained from numerical
distribution data are shown in Figures 6 and 8. For these
cases the Nukiyama-Tanasawa equation predicts too high a pro-
portion of large drops and actually caleulates a Sauter mean
diameter beyond the largest observed drop. This discrepancy
between numerical and volume distribution does not oceur in the
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case of distributions based on the Gaussian equation, as is in-
dicated in Figure 4,

Figure 9 summarizes the results of the cumulative distributions
of the types shown in Figures 6 to 8.

STANDARDIZED DESCRIPTION OF DROPLET SIZE DISTRIBUTION

From such comparisons as those of Figures 6 to 9, it is con-
cluded that the upper-limit equation fits the data better than
equations previously used. And from previous considerations,
we believe that it may be derived from theoretical considerations
(when the fundamental mechanisms of spray formation are better
understood). Therefore the upper-limit equation has been
adopted as a standard for describing distributions.

100y
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Figure 7. Comparison of Distribution Equations

with Lee Data (73)
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Figure 8. Comparison of Distribution Equations

with Johnstone-Kleinschmidt Data (710)

On this basis a distribution is completely characterized by (1)
the maximum diameter ., (2) the size parameter o, and (3)
the distribution parameter 5. From Equations 10.1 to 10.3
it is evident that these three parameters can be calculated from
any three independent mean diameters which are known. Or
if zn is known, a and 6 may be calculated from zg and s,

Data of fifty different runs made by nine different investigators
(7, 8 10, 11, 13-16, 18) have been analyzed as in Figure 5.
These data are all believed to fit the straight lines within ex-
perimental error of the individual runs. However, if each run
were repeated a number of times, the averages might show slight
trends away from the lines,

Figure 10 shows a similar analysis of some emulsion data.
Considering the extremely small size of emulsion droplets and the
difficulty of measuring them, the fit is satisfactory. This in-
dicates that the formation mechanism of emulsion droplets may
be closely similar to that of spray droplets. The data are those of
Cooper (3) and of Harkins and Beeman (5).

INDUSTRIAL AND ENGINEERING CHEMISTRY

1323

+.

R

.10

+

-.20:
4 [
S -40l
> L
-
o -
'{1; -.80% "
> +.20rp -
L7 U7
ok A
+.1oF U-L 1
-. 10 n n n L ]
0 .20 .40 60 80 1.00
Vobs
Figure 9. Deviations of Distribution Equations
from Data
L]
5
EMULSION *m
A OIL A 6p
QOIL B 25
) QoIL C
M
£ .5
)
=
A
.05 L 1 ! |
.01 .1 1 10 50 90 99 99.9 99.99
100v

Figure 10. Upper-Limit Analysis of Emulsion
Data (3, 5)

RELATION OF DISTRIBUTION PARAMETERS TO PHYSICAL
VARIABLES

The remaining problem in the drop-size distribution study
consists in correlating #m, @, and § (or the equivalent set ., s,
and %) with the physical characteristics of the spray-generating
system.

These characteristics, of course, include physical properties
of the droplet phase (subscript d) and of the continuous medium
(subscript ¢). Among these properties are densities ps and .,
viscosities ua and p., and interfacial tension, o,

Certain linear dimensions, D and I, associated with the origin
of the spray must also be included. In atomizers, these may be
the orifice diameter and channel length; in a packed column,
the nominal packing diameter or hydraulic radius, and the
volume-surface ratio; in an ocean spray, the wave length and
height.

Finally, must be considered an initial velocity, V, or veloeity
distribution f(V, 8.)—e.g., the ejection velocity of a nozzle, or
the Maxwellian distribution of velocities for colloid droplets.

Among the physical variables, various dimensionless groups
may be constructed which represent various aspects of the
behavior of the system. Hinze () suggests the following three
independent groups: pe/pa; paN opaD; and p.V2D/o—i.e., density
ratio, Z number, and Weber number—to characterize breakup
of a jet, hence composition of a spray. Hopkins (7) suggests the
independent groups DV pa/ua; ¢/uaV; a—i.e., Reynolds number,
surface-tension group, and cone angle—and the dependent group
Faopao/ua®.  Neither of these sets will be found adequate for a
general correlation. But such a correlation may be reached
by selecting groups characteristic of assumed mechanisms, then
relating these to groups containing the three respective diameters
which determine the distribution. -
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CONCLUSIONS

The foregoing discussion has analyzed several size-distribution
formulas for dispersed materials, and their applications to spray
data. A modification of the log-probability equation, called the
upper-limit equation, has been developed which has the following
properties: It introduces anew and physically significant param-
eter, Zm, the maximum stable drop diameter. It fits available
data accurately, probably within the experimental error in each
case. It calculates the mean diameters accurately. It in-
dicates the type of distribution function that may be derivable
from mechanical principles.

NOMENCLATURE

parameter in upper-limit Equations 8.1, 9.03
parameter in Equation 6.0

constant in Equation 6.0

anumber (Equations 4.6, 5.31)

derivative

orifice diameter

natural constant (2.718 ...)

atomizing efficiency

function

proportionality factor (Equation 4.01)

channel length

mass of droplet (Equation 4.01)

mass of average droplet (Equation 4.03)
numerical fraction of droplets having diameter <z
subseript for mean diameter (Equation 4.4)
pressure drop (Equation 4.04)

subscript for mean diameter (Equation 4.4)
exponent in Equation 8.1

time

dimensionless function of z (Equation 9.5)
variable of integration (Equations 5.31, 6.3, 7.4, 7.6)
volume fraction of droplets having diameter <z
initial or jet velocity

|3 ~E S gas ke
Tggwaanngunnn

<

1 O T

average velocity

droplet diameter

size parameter in Equations 5.1, 7.2
maximum droplet diameter
minimum droplet diameter

droplet diameter at v = 0,10
droplet diameter at v = 0.50
droplet diameter at v = 0.90

mean diameter (Equation 4.4)
dimensionless function of z (Equations 7.2, 8.1, 9.1)
spray cone angle

increment (asin An or Av)

gamma function (Equation 5.31)
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8 = size distribution parameter

8, = velocity distribution parameter
6 = probability integral

wue = viscosity of continuous phase
s = viscosity of droplet phase

= = natural constant (3.141...)

pe = density of continuous phase

pa = density of droplet phase

o = interfacial tension

¢ = afunction (Equation 7.1)
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DDT Dust Is Propelled with Carbon Dioxide
Gas Inside a Refrigerator Car Loaded with
Potatoes

A new treatment involves the application of DDT with
a special device in loaded cars or trucks and removes
previous requirements that hatches of cars must be
screened while they move through Japanese beetle
infested areas. Two shots, one before and one after
loading, give quick uniform distribution of the DDT.
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