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Perfect Reconstruction Formulas and Bounds on
Aliasing Error in Sub-Nyquist Nonuniform Sampling
of Multiband Signals
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Abstract—We examine the problem of periodic nonuniform of bandpass signals, it is not always possible to eliminate gaps
sampling of a multiband signal and its reconstruction from in the sampled spectrum, however, it is possible to minimize
the samples. This sampling scheme, which has been studiedham. Some results on bandpass sampling can be found in

previously, has an interesting optimality property that uniform . . .
sampling lacks: one can sample and reconstruct the clas8(F) [3], [4]. Thus while uniform sampling theorems work well

of multiband signals with spectral support F, at rates arbitrarily ~ for low-pass signals, they are quite inefficient for representing
close to the Landau minimum rate equal to the Lebesgue measure certain bandpass signals and, more generally, for multiband
of F, even whenF does not tile R under translation. Using signals, i.e., signals containing several bands in the frequency
the conditions for exact reconstruction, we derive an explicit §5main. We refer the reader to Papoulis [5] and Jerri’s tutorial

reconstruction formula. We compute bounds on the peak value N .
and the energy of the aliasing error in the event that the input [6] for some generalizations of the WKS sampling theorem.

signal is band-limited to the “span of F” (the smallest interval To quantify the sampling efficiency for signals with a given
containing F) which is a bigger class than the valid signal#3(:F), spectral supportF, we define its spectral spafF], as the
band-limited to F. We also examine the performance of the smallest interval containingF, and its spectral occupancy as
reqonstruction system when the input contains additive sample ¢, _ A(F)/A([F]), where(+) denotes the Lebesgue measure.
noise. . . . ; .

The Nyquist ratef,,, for signals with spectral suppof is

Index Terms—Error bounds, Landau-Nyquist rate, multiband,  defined as the smallest uniform sampling rate that guarantees
nonuniform periodic sampling, signal representation. no aliasing

l. INTRODUCTION Joyq =1nf{6 > 0: F N (n8 & F) =0, Vn € Z\{0}}
HE classical sampling theorem states that a signal ocomhere
pying a finite range in the frequency domain can be rep- def

resented by its samples taken at a finite rate. Often attributed b F={0+ffeTF}

to Whittaker, Kotelikov, and Shannon, a more precise state- . . .
ment of this so-called WKS sampling theorem is that a req) the translation of the séf by . Then, the Nyquist sampling

low-pass signal, whose Fourier transform is limited to the rang'&‘”’lete satisfies

(—fo, fo), can be recovered from its samples taken uniformly at AF) < fayq < MF]-
the ratef; = 2f, (the Nyquist rate) or higher [1]. - -

Sampling a signak(¢) uniformly at f; causes the resulting We say that# tessellate® or F is packableif f,,q = A\(F),
spectrum to contain multiple copies of the original spectruand nonpackableotherwise (., > A(F)). In other words,
X(f) located with uniform spacing of, between adjacent the Nyquist rate for nonpackable signals exceeds the total
copies. Hence the choick > 2f, guarantees no overlaps inlength of its spectral support. At the other extreme is the case
the sampled spectrum, and thus allows recovery of the origingl,, = A([F]) (totally nonpackable), where uniform sampling
signal by a low-pass filtering operation. This is the key idegannot exploit the presence of gapsAn
behind the classical sampling theorem. For efficient sampling, The general case of interest in this paper is thaFdfeing
it is desirable to attain the lowest sampling rate possible, andnpackable such that the Nyquist rate for samplitg) with
this is characterized by the absence of gaps or overlaps [2sifectral SUPpPOLE iS fuyq > A(F). On the other hand, Landau
the spectrum of the sampled signal. Unfortunately, in the cg5§ showed that the sampling rate of an arbitrary sampling

scheme for the class of multiband signals with spectral support
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X expansion is composed of time translates of a single function.

Simplicity of its implementation is an obvious advantage of
— their scheme. However, because it only works for a restricted
class of signals, we do not consider their scheme in this paper,
- . . ‘ focusing instead on multicoset sampling.

0 1 2 3 4 Herley and Wong [16], following [8], used filter bank theory
instead, to suggest a sampling scheme for minimum rate
Fig. 1. The spectrum of a nonpackable multiband signal. sampling. They choose the analysis filters of the filter bank to

be simple delaysH;(») = 2%, and then show that some of the

rate for this signal isfnyq = A([F]) = 4 (henceF is totally analysis channel outputs can be discarded, and yet, the input
nonpackable), whereas the Landau lower bount{i8) = 2. signal can be reconstructed from the other channels. It is clear
The spectral occupancy for this sign@l,= 0.5, suggests that that the reconstruction is performed by processing subsamples
it might be possible to sample the signal twice as efficiently #ebtained nonuniformly) of the original sample train at the
the Nyquist rate. We examine the problem of efficient samplifdyquist rates. As the number of channels goes to infinity,
of nonpackable signals in this paper. the average sampling rate converges to Landau’s minimum

Our results apply to the class of continuous complex-valusdmpling rate, as expected. In fact, all of the schemes proposed
band-limited signals of finite energy with spectral supp8it in [8]-[11], [16] achieve the Landau minimum rate asymptoti-

namely, cally. Although we do not adopt a filter bank approach and use
) a different notation, the work in [16] will be the basis for all
B(F)={xz(t) € L*(R) n C(R): X(f) =0,f ¢ F} the analysis in this paper.

whereX (f) is the Fourier transform af(t). All the results ex- In this paper we contlnue along_the Ilqes of [16] to examine
the problem of nonuniform sampling. First, we present some

cept those about the peak aliasing error also apply to the big &W results about the sampling and reconstruction scheme it-

class self. Herley and Wong [16] suggest using an iterative projection
By(F) = {a(t) € L*(R): X(f) =0, f € F} onto convex sets (POCS) algorithm to design the reconstruction
filters, rather than derive an explicit reconstruction formula. Un-
if interpreted in the sense df? convergence. like in their analysis, we provide exact expressions for the inter-
polation filters, or equivalently the explicit reconstruction for-
A. Nonuniform Sampling mulas for the sampling scheme. Beyond their obvious practical

Uniform sampling is not well suited for nonpackable signal@dvantage, these expressions are useful for analytical purposes.
However, it turns out that there is a clever way of Samp|in§0r inStance, they are useful in a.) analyzing the reconstruction
the signal () called “multicoset sampling” or “periodic error of the system; b) quantifying the effects of signal mismod-
nonuniform sampling” at a rate lower than the Nyquist rat€/ing, i.e., computing the aliasing error and output noise; and c)
that captures enough information to recoveft) exactly. Optimizing the system for the given class of signals.

Multicoset sampling and reconstruction from the samples will

be described more fully in the following sections. First, w8. Error Bounds

survey some known work on nonuniform sampling. Kahn and gounds on sensitivity to mismodeling of the signal are im-
Liu [8] showed how to represent and reconstruct signals froﬂ%rtant to any sampling scheme. They are particularly impor-
a multiple-channel sampling scheme. They provide conditioggnt for the sampling schemes considered in this paper because
for exact reconstruction from the sampling trains and relatetfese schemes achieve what is impossible with other schemes:
to the maximum number of overlaps. Their sampling schemgyproach the Landau lower bound arbitrarily closely. This raises
which is essentially a filter bank, is more general than nonurhe question of a possibly increased sensitivity to signal mis-
form sampling since their “analysis filters” are not requireghodeling and sample noise, leading to an increased reconstruc-
to be simple delays. They express the reconstruction as i error. Using our new explicit reconstruction formulas, we
solution to a matrix equation, but do not provide an explicierive bounds on the peak amplitude or the energy of the error
interpolation formula. Cheung and Marks [9], [10] showedignal. We compute bounds on the aliasing error that results
that multicoset sampling allows sampling of two—dimensionglom input signals in the class of functio®([F]), which is

(2-D) signals below their Nyquist density. A similar treatmengrger than the clas8(F). We find that the upper bound on the
for one—dimensional (1-D) and 2-D signals was done by Feﬂgak aliasing error takes the form

and Bresler [11], and Bresler and Feng [12], respectively, in

the broader context of spectrum blind sampling. Filter bank .

theory and periodic nonuniform sampling was also used to Sup z(t) — £(1)] < Yoo /[f]\f|X(f)|df

obtain sampling rate reductions in [13]-[16]. Shenoy [17]

and Higgins [18] apply multicoset sampling to multibands it usually does for various other schemes. The bounding
signals that do not tessellate under translation. Their resuttnstanty., can be used as a performance measure of the
indicate that signals with certain spectral supports requiresgstem. Different systems can be compared based on their
single interpolation filter as opposed tmore than onen the corresponding bounding constants. In particular, Beaty and
other analyses of the problem. In other words, the sampliktiggins [19] derive a similar bound on the aliasing error for
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packable signals. The bounding constant for their case is
Yo = 2. We also derive a bound on the energy of the aliasing
error which takes the form /\'

/I T 1T 1 VAR
lo=alle <vmy| [ IX(RAL RN 5\/8 9 1
[FI\F

Finally, we derive an expression for the output noise power ()
when the input is contaminated by additive white sample noise
with variances?

(Ela(t) — (D) = thao™.

/ T T T I 1
It turns out that the constants,., 1>, ande,, depend on some 0123 4 WS 9 10
parameters that are free to be chosen. An optimal choice of these
free parameters would minimizg.., 12, or ¢,. These results (b)
can then applied to the design of sampling patterns, but this i . -

. .p) = (5,3). ={0,1,2}.
problem will be addressed elsewhere. ?b) 02: I}']V()ldlgs}f'HCI sampling patterns foF. ) = (5. 3). (2)C = {0.1,2}

II. MULTICOSET SAMPLING (5. 3). All other patterns for these parameters can be obtained by
We begin with a few definitions essential to the developmegyclic shifts of the patterns shown, namely= {0, 1,2} and
and analysis of the sampling scheme. The class of continuéus {0, 1, 3}. Patterns related to each other by cyclic shifts with
complex-valued of finite energy, band-limited to a real et or without reflections are essentially equivalent in terms of the
(consisting of a finite union of bounded intervals) is defined bgssociated reconstruction problems and their error sensitivities.

B(F) Now, consider the following. discrete-time sequences ob-
tained by zeroing out all samplés(n7")} except those at =
B(F) ={a(t) € L*(R)NCR): X(f) =0, f ¢ F} (mL+1T, m € Z
where F = | J[ai,b:) (1) m(n) (D) Y 6(n— (mL+1), 0<I<L
i=1 mecZ
and whered(n) is the Kronecker delta function. Itis clear that the se-
oo ) quencez,, (n) contains the samples of tlith active coset with
(f) [ z(t) exp (—j2m ft) dt samples separated tiy— 1 interleaving zeros. It is straightfor-

ward to verify that the discrete-time Fourier transform ofitie
is the Fourier transform of(t). The span of 7, denoted by sequence is
[F], represents the convex hull 4, i.e., the smallest interval

containingF. J2mfTy _ s

Let z(¢) € B(F). We shall assume, with no loss of gener- Life ) n;oo zi(n) exp(=j2nnT)
ality, thatinf / = 0. In multicoset sampling, we first pick a 1 - j2mrl
suitable sampling perio@ (such that uniform sampling at rate =17 Z X (f + ﬁ> exp ( > (2)
1/T causes no aliasing), and a suitable intejer> 0, and rez

then sample the input signa(t) nonuniformly at the instants which, using the fact tha¥ (f) = 0 for f ¢ [0,1/T), gives us

t=(nL+c¢;)Tforl <i<pandn € Z. The se{¢;} contains ’ ’ '

p distinct integers chosen from the et 0,1,....L —1}. 277l

The sampling process just described canlt)e viewed as fir}st sam& (eI = T Z Xo(f)e (J L ) » f€F

pling the signal at the “base sampling rate” Iof7” and then

discarding all bup samples in every block aof samples peri-

odically. The samples that are retained in each block are SPRffiere X,.(f) is defined as

ified by {¢;}. The base sampling rate could be chosen equal to

the Nyquist rate, i.e.1/T = f,yq, but never lower. However, X () x (f + _) x(f € Fo) 4)

we choosd /T = A([F]), because, sampling at this rate always

guarantees no aliasing for aty. Fo &t {0’ i) (5)
For a givenc;, it is clear that the coset of sampling instants Lr

t = (nL + ¢;)T, n € Zis uniform with intersample spacing

equal toLT. We call this theith active coset. The sét =

{¢;:1 < ¢ < p}isreferredto as afL, p) sampling patterrand

®)

and x(f € H) denotes the indicator function of a real §ét
consisting of a finite union of bounded intervals

the integetl. as the period of the pattern. Fig. 2 shows two mul- ) def 1, iffeH
ticoset sampling patterns corresponding to paramélers) = x(feH) = 0, if f¢&H.
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In other words, the “spectral componer(;.(f) is obtained by ~, = 0 as a consequence @f = 0. We defineyy; 11 def 1/LT
first using an ideal bandpass filter to extract the signal in the get
frequency range/LT < f < r + 1/LT and then performing

a frequency shift to the left by/LT units. Denoting the in- O=m <72 < < Ym41 = 1
verse Fourier transform aX,.(f) by z.(¢), it is evident from Lr
the above definition that and a collection of interval§g,, } that partitions the sef,
= J2nrt G [ ) M
x(t) = c( . 6 m = |Ym> Ym+1), 1<m< .
0 =3 wes (T7) ©

We prove (in the Appendix) the following fact involving the
Another result that can be deduced from (2) or directly from thrdicator function ofF and these set’,,, }.

definition of z;(n’) is Lemma 1: For eachr € L andm € {1,2,..., M} the func-

Xl(ej27r(f+ﬁ)T) _ e(7j2w%)&l(ej27rfT>’ rez. @) tion x(f +»/LT € F) is constant over the intervél,,.

] ] o ) Equivalently, the theorem states that each of the “subcells”
We will use (6) and (7) Iqter in deriving the reconstruction equg; /1.7 g g,, for I € £ is either fully contained i or dis-
tions. We now let = c;,i = 1,2,...,pin (3) to get joint from it. This interpretation of the theorem motivates the
following definition of the “spectral index set<C,,, and their

L—1
o 1 j2me;r c .
X, (e2™T) = 7 Z eXP(J , )Xr(f), feF complementsCe, form € {1,2,...,M}:
=0 N
©® kn {7’ € L: L’—T ® G C j’-"} and K2, = £\Kp.

This is the main equation relating the spectral componenise index setiC,, tells us which subcells in the collection
X.,.(f) to the information contained in the observed sample§(r/LT)® G,:r € L} are “active,” whilex’;, indicates which
Note that (8) on the intervalF,, contains all the relevant of them are not. The following theorem, which is a restatement
information present in the samples since, from (7),(¢/27ft)  of the main theorem in [16] using our notation, provides a
is essentially “periodic” with period /LT. Reconstruction of necessary condition for reconstruction:

the original signale(t) is achieved if we recover its spectral Theorem 1: Equation (8) admits a unique solution (/)

components{z,.(t)}. only if the indicator function ofF satisfies
[ll. RECONSTRUCTION def L-1 r
) = — < . (10
We now focus on the problem of reconstructis@) € B(F) a(f) Z X (f + IT © ]:) =p J€Fo. (10)

r=

from its multicoset samples. Herley and Wong [16] considered
the analogous problem for real signals, but did not, howevétirthermore, an equality in (10) is necessary for attaining
provide an explicit reconstruction formula or system. We shalandau’s lower bound on the sampling rate.

derive the reconstruction equations formally and devise a mul-r o1 o the paper self-contained, we provide a Proof of The-

tirate system to perform the reconstruction. . e .
o . ; . orem 1 in the Appendix. Since, by Lemmagdlf) is constant
Our objective is to invert the set of linear equations (8) to ok?) bp y af)

. . >/ "~ 7'on eachg,,,, the inequality (10) reduces to
tain X,.(f). The recovery of:(¢) is then merely an application g quality (10)
of (6). Notice that, ifC andF satisfy certain conditions, the in- P> max gm, whereg,, = ¢(f), f € Gm (11)
version of (8) can be accomplished even though there are fewer =~ =~ ™

equations) than unknownsk) for eachf € Fo. This is pos- Evidently, g,,, is the cardinality of the set,,. We denote the
sible because our signals belong30¥), which is smaller than elements of,,, andke, by

B([F]).
Let F be the union of: bounded intervals as in (1) with the {km(): 1 <1< g}
additional assumption that and
1 E(D):1<I<L-qn
O:a1<b1<a2<b2<--~<an<bn=? {m() - - q}

. . ] o ] respectively. Later, we shall see that, for a suitable choicg of
made with no loss of generality. Consider the finitelsdefined  (11) is also sufficient for unique reconstruction. In the following
below example, we show how to construct the relevidrsets for the

def | LTa;] ' | LTb; ] ' spectrum illustrated in Fig. 3.
F'=<a;——:1<i<n ;U bj———=:1<i<n ]
{ Lr } { Lr } Example 1: Let the spectral support of our class of signals
(9) beF=10,1.3)U[2.7,3.7) U[4.5,5). Comparing this with (1),
we find that
where| -] is the floor function. Let” = {y1,72, ..., } be the
M < 2n elements of" arranged in increasing order. We havea; =0, a>=2.7, az3=4.5, by=1.3, by=3.7, and b3=>5.
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(12) makes it different. The “spectral componend;, ) (f)

is obtained by shifting the values oX(f) on the subcell
(k..()/LT) & G,, to the origin. For eachn, we define a
P X g,, Matrix 4,,,, and vectorg(f) € C?, z}.(f) € C? and

m

X

0 13 27 37 45 s f g (f) € CL74 as follows:
@ (N =(TVL)X.. (P T)x(f € Fo)
51 [z5,(Hl = X, (f)
[, (O] = Xae y(f)
1 g2meikm (1)
[A'm]zl - \/Z €xp ( L ) . (13)
(®) Note thatA4,, is the submatrix of the x L DFT matrix W,

obtained by extracting its rows indexed 8yand columns in-
dexed bykC,,,. We denote this by,,, = W (C, K). Next, using

) l the fact that,, (f) = 0 whenever(t) € B(F), we can rewrite
- B . (8) in matrix form over each subcell,, as follows:
y 3 4 5 f
© y(f) = Anzf(f)  Vf€Gm 1<m< M.  (14)
Fig. 3. (a) Indicator function of the spectral supp®tif spanl/T = 3. (b) At this point, we introduce the following two definitions that

Left-hand side of (10) give_s the number of overlapping pieces of the sampleHaracterize the sampling pattefnof sizep, in terms of the
spectrum (foi = 5) which is constant on each of the sgts. m = 1,...,4. L x L DET matrix W
L

(c) The active spectral subcells. For each = 1,...,4, the translates

r/LT) & G, v € K, are shown in th lor. . , ,
(r/LT) & G, € K are shown in the same color. Definition 1: Given an index set with || = ¢ < p, we call

o ) ) . C aK-reconstructive sampling pattern if the matW.(C, K)
The indicator functiony(f € F) of the setZ is shown in .« s.il row rank.

Fig. 3(a). The length of" is A\(F) = 2.8 and its span i§F] =

[0,5). It can be checked easily thatis nonpackable and hence Definition 2: A patternC with |C| = p > gis(p, ¢) universal
the Nyquist rate for signals i8(F) is 1/7 = A[F] = 5. Yet if the matrixW (C, K) has full row rank for every index set of
Landau’s lower bound gives a rated8 and the corresponding ¢ elements, i.e., wheneviC| = ¢. A (p, p)-universal pattern is
occupancy i€2 = 2.8/5 = 0.56. Suppose we pick. = 5. We simply called universal.

see that (9) yields
- = than the first. For even) andp < L, there always exists
= {v0,71,72,73} = {0,0.3,0.5,0.7 : = :
107592798 =4 5,07} a (p,p) universal pattern. The “bunched” sampling pattern

containingM = 4 elements, from which we construct sgts € = {0,1,...,p — 1} is an example since the resulting matrix

For fixed values op andgq, the second definition is stronger

that partitionF, = [0,1/LT) = [0, 1) A =W _.(C,K)is a Vandermonde matrix for any choice/of
This guaranteesank (A) = ¢ for any spectral support with
G, =1[0,0.3) G, =1[0.3,0.5) g < p active cells.
Gs =[0.5,0.7) Gy =[0.7,1). Equation (11) together with the assumption tHat has full
rank for eachn (i.e.,C being K ,,-reconstructive for each)
The following are immediately apparent: is necessary and sufficient for reconstruction. A simpler suffi-

cient condition is universality af. For convenience, we assume
throughout tha€ is universal. This guarantees the existence of
left-inversesA, ! of A,,. Therefore, inverting (14) gives

q1 = 35 ’Cl = {Oa 1a3}? ICf = {2’4}
@=2 Ky= {Oa 3}a IC% = {1a2a4}'
B=3 Kz= {Oa 3, 4}a IC% = {1a2}
=3, Ki={0,2,4}, Kj={1,3}. =t (f) = A, y(/)

Fig. 3(b) shows the left-hand side of (10) plotted on the interval z,,(f) = Cny(f)
[0,1). Note that this function is piecewise-constant, equalto \where, in order that— (f) = 0 hold,C,,, is any(L — ¢,,) X p
on each of the intervalg,,, } which are color-coded for conve- matrix satisfying

nience. Fig. 3(c) shows the indicator functionfcolor-coded

to show the active subcells derived by translaghg C.A,=0 (26)

feGnmell,...,M} (15)

In direct analogy to (4), we define for eachm. The matricesd,! andC,,, are nonunique unless
def Fem (1) p = gm. In other words, there is some freedom that can be used
Xi,(f) =X <f + ﬁ) x(f €Gm).-  (12) indesigning a reconstruction system. The actual choice of ma-
trices does not affect the reconstruction, but does influence the
However, beware of this definition since it is not equal to (4ounds on aliasing error, as described later. This suggests that
evaluated at = k,,({). The extra factor ofy(f € G,,) in finding the optimal matrices is of some interest. These equations
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Fig. 4. Multicoset sampling and reconstruction. The block “I” is an ideal sinc interpolator.

specify all the information required to reconstruct the spectrution of z(¢) would be exact. However, i(t) ¢ B(F) then
X(f) on all its spectral subcells, and hengg) itself. the signalz(t) reconstructed using the right-hand side of (17)
The interpolation equation may be calculated from (15) inwsould be in error. For example, this would happen if, in the
rather messy but straightforward manner. The result is sumnsgstem design, we underestimated the spectral support of sig-
rized in the theorem below, and we prove it in the Appendix. nals we expected to encounter, i.e., if we would choose to ignore
Theorem 2: Letz(t) € B(F) be sampled on &L, p) multi- certain frequgncies .that. containe'd negligible signal energy. The
coset patterd, andK,,, m = 1,2, ..., M be the spectral index purpose of this section is to obtain bounds on the aliasing error

sets ofF. Then, ifC is KC,,,-reconstructive for each, z(t) can oft) = i(t) — a(t) resulting from an underestimation of the

be uniquely interpolated from its multicoset samples a(:cordirsl;g(aCtraI support.
quey erp . P In the following analysisX(f) need not vanish ofiF]\F
to the following formula:

although we assume, for simplicity, th&t ) = 0for f ¢ [F].

P o In other words, we assume that the spectral $3iis correctly
xz(t) = Z e, (nT)pi(t — nT) specified, but the multiband structure to whielt) is band-
i=1 n=-00 limited within [F] may be misspecified. We shall first derive

i)

1l
gk

) ] bounds on the sup- arzinorms of the aliasing errat(¢) for
w((ci + Li)T)¢pi(t = (ci + Li)T)  (17)  the nonuniform sampling process described in the last section.
o Recall thatkCe, = {k¢,(1):1 <1 < L—q,,} tells us exactly
which spectral subcells in the collecti§(v/LT)®G,,:r € L}
are inactive. Now, for eactn € {1,2,...,M}, letB,, =
Wr(C,K,») denote the x (L — ¢,,) submatrix of thel x L
DFT matrixW r, with rows and columns indexed lByand/C¢,

=1 j

where the functiong;(t), ¢ = 1, ..., p have Fourier transforms
®,(f) that are piecewise-constant pf|

Fm (D)

-11 _jox Cikzn(l) .
B(f) TVLIA Tue! o WFET7®0m regpectively, ie.,
‘ B 3 "ZWCik'SL”(‘” H k:rz(l) 7 ke
TVL[C e , if fe T @ Gm- [B]u = 1 exp <M) . (19)
(18) vE -

We can then rewrite (8) in matrix form as

Corollary 1: The resultin Theorem 2 holdsiitax,,, ¢,, < p, _
andC is u?iversal. y(f) = Angl (f) + Bma,, (f), [ €Gn (20)

The reconstruction scheme is illustrated in Fig. 4. In th&herez,,(f) is the (L — g,,) x 1 vector defined in (13). If
figure U;(z) is a digital filter whose impulse response ig¢(t) € B(F) thenz,(f) would vanish. Denoting the recon-
$:(nT). The filters used are ideal. In practice, causal, possibijructed signal by:(t), it immediately follows from (15), (16),
finite impulse response (FIR) approximations are used, intrd0d (20) that
ducing some delay and distortion. The analysis of the resulting it (f) =z (f) + A Bz (f)
error is analogous to the truncation error in classical cardinal  z~ (/) — ¢ B, .z~ (f) [ €6, (21)
series expansion and is beyond the scope of this paper. Instead, N

we assume that the filters are ideal and concentrate on tieerez, (f) and,,(f) have definitions analogous ", (f)
aliasing errors due to signal mismodeling. andz,, (f), respectively. We define matricd3,,, and F',,, (of
Sizesg,, x (L—qp,) and(L — g¢,,) X (L—gy,), respectively) for
IV. ERRORBOUNDS eachm
i ~ i D, =A,'B
For a system designed to sample and reconstruct signals in m m Pm
B(F), itis necessary that (11) hold. In this case, the reconstruc- F,=¢C,B, -1 (22)
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In the following subsections, we present bounds on the peakereé,,..;, the out-of-band energy, equals
aliasing error, the aliasing error energy, and evaluate the perfor-
mance of the system in the presence of input noise. Eout = / |X(F))? df
[FNF

A. The Sup-Norm of the Error with both bounds being tight.
The following theorem provides the time-domain expression

for the aliasing error. Once again, the proof can be found in the Appendix. We are

particularly interested in the upper bound on theorm of the
Theorem 3: The aliasing erroe(t) takes the form error

5T e(t)ll2 & Nlellz = VT Te(O)? dt.
o) =33 fmi(Ore oy 8) lle®ll2 = llell2 le(t)]

m=1 =1 Itis clearly related to the spectral norm of the matrix composed

of F',,, andD,,, as
wherep,, i(t) foreachl < m < M andl <1< L —g,, are

ntin T-periodic function fin
continuous,LT-periodic functions defined as lells < o /Zom,  Where 1 — max <?m> . a)
L—qy, qm " " 2
J2mkE, (r)t G2k (Tt ) .
P, (t) = § (Folme 27 + E [Dn)e™ 27 . C. Performance in the Presence of Noise

=t =t Finally, we consider the effect of additive white sample noise,

Furthermore, the peak value &fft) satisfies the tight bound  representing, e.g., quantization noise. The sampled signal can be
modeled as

sgpk@ﬂf?¢A;NFLYU)tﬁ L) D) 4 o)

P = max( max | @) i ' i
= A 2 o, Hm i (1)) wherew(n) is a noise process with

_ ) ) _ _ Elw(mT)w(nT)] = a*6(m — n)
We prove this theorem in the Appendix. The tightness of this
bound is proved by demonstrating an input signal that satsad z(¢) is the actual signal we would like to be sampling.
fies the equality in the bound. Note that the constamtan be Owing to its linearity, (17) directly gives us the following ex-

bounded from above as follows: pression for the output noisg(t) which is independent af(¢):
" J2mke, (r)t L&
= I;Lu})g z_: '] rt €XP < T ) w(t) = ;J; (ci + Li)T)i(t — (c; + Lyj)T).
J27rkm(7 )t
+ Z m]t eXP ‘ Theorem 5: The output noisei(t) is possibly nonstationary,

r=

with average power given by

L—gm
< IHT:'}X <IH[&X <Z rn 7l|+z | 'm 7l|>> (b|w | >t:O'2’l/)n,

r=1
D‘"l
F’ﬂl 1
where|| - |1 is the maximum-column-sum norm for matrices (the norm|| - || » represents the Frobenius norm. Theorem 5 is

the £, norm for column vectors.) Hence we obtain the weakdproved in the Appendix.
but more tractable bound

o0 Sy [ XL,

M
where g, =1 % MGu) (14,17 + IC.nll)-

m=1

= Imax
m

V. CONCLUSION

We have presented the analysis of a scheme for sampling
D,, multiband signals below the Nyquist rate. The sampling scheme
<Fm> uses multicoset sampling and achieves the Landau minimum
sampling rate in the limif. — oo, whereL is the period of the
sampling pattern. However, for many spectra, the minimum rate
B. 2-Norm of the Error can be achieved for a finité. Typically, this scheme is useful
Theorem 4: The energy of the aliasing error is bounded byfor sampling signals with sparse and nonpackable spectra.
- We determined necessary and sufficient conditions for the re-
/ (1) dt < max Max(F5Fy, + D7D, E o construction of a multiband signal from its multicoset samples
—oo m and derived an explicit reconstruction equation. There are free

where 1o, = max (23)

1

> . ters in the reconstruction equation when the Landau min-
2 S - « parameters : _
/_ - o’(t) dt 2 e Powin(Fo Fon - Dy Do)} imum rate is not achieved for the particulachosen. We com-
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puted bounds on the aliasing error occurring in the event tH&) (repeated below) containg f) nonzero terms, for each
the signal lies outside the valid class of multiband signals arfde Fy
determined the sensitivity of the system to input sample noise. 5
The constants in the bounds and the noise-sensitivity factor pg;. (¢/>/7) = 7 Z (J T ) X.(f),
veal that some sampling patterns are better than others. In other
words, these bounds, which quantify the goodness of sampling t=1,...,p. (A.3)
patterns, can be minimized to produce the optimal sampling pgthese equations form a setpfinear equations witl( f) un-
tern and parameter choice in the reconstruction formula.  hown variables on the right-hand side, and solving them re-
quiresp > q(f). Hence,p > q(f),V f € Fp is necessary
APPENDIX for reconstruction of the spectral componehts f). Next as a
Lemma 2: If u, v are integers and, § € [0, 1/LT) satisfy ~consequence of > ¢(f) and the definition of;( ) in (10), we
can bound the average sampling dengity.7" from below by
the Landau minimum rate

| y oz [T and=x)
thenw < wv. Further ifu = v thena < 3 follows trivially. 0
Proof: Equation (A.1) implies that with equality holding if and only ip=q(f) for all fe 7. O

ﬁ+a<ﬁ+/3 (A1)

Proof of Theorem 2:To derive the interpolation equations,
we begin by expressing (15) in scalar form
P

(v—v)/LT < f—a<1/LT

where the strictness of the second inequality comes from the =+ _ -1 _
fact that[0, 1/LT) is open on the right. Hence — v < 1, or s (Pl ; A Tuly(F)
equivalentlyu < v. O P [ €Gm.

2 (Nl =D [Crluly(N):

i=1

We use the expressions fgff), =\, (f), andz;,(f) from (13)

Proof of Lemma 1:Let » andm be fixed. Then for each
i € {1,2,...,n} we can express; andb; uniquely as

v to obtain
Xk (I)(f) T\/_ Z m ]lz c; ( JzﬂfT) (f € gﬂl)a
wherew;, v; are integers andy;,/3; are elements of' with i=1
«;, B € [0,1/LT). Now we shall prove by contradiction that 1<1<gm

exactly one of the two conditions

ka (l)(f) Tf Z Om]lz eﬂﬂfT) (f € gm)a

1 S l S L — Gm
for f € G,,, and eachn. Or equivalently, using (12) we have

(7/LT) S gm - [ai7 bz)
and
(7/LT> D g’m N [ai; bz) =0

T\/> - (e j2m(f— 2y
holds. It is clear that both statements cannot be true simultane- Z ]h )
ously. So if neither of them holds, then it f Em (D)
i

Ym + 7/LT < a; < Ym41 + 7/L]j X(f) - L (fT

or T\/E;[Om]li e (P2PU=TTT),
m } LT bz ‘m " LT l

8t +7/ < <7 +1+7/ L |ff€ ()@grn
or both must hold. If the first condition holds then (A.2) alondor eachm, which in view of (7), leads to
with Lemma 2 implies that < u; < r. Thereforey = wu; ( p T
andy,, < @; < vms+1. The last observation contradicts € TVL Z[A;}]Mcf?“ T X, (e27IT),
I" because the’s are arranged in increasing order. Similarly, i=1
the second statement above would also lead to a contradiction. if f k(1)
This proves our claim that the “subcell*/LT) @ G,,, is either X (f) = . LT
contained in or disjoint fronja;, b;). This fact, being true for VL C.1. jzw“f"?n(”X jomfT
eachi, now implies that eithe(f + r/LT) € F for every VL ; [Craliic T ale )
f € G, oritis so fornosuchf. Thereforex(f +r/LT € F) ke,(D)
is constant over the intervél,, . O L it fe T © Gm.

Proof of Theorem 1:0bserve that the quantity (A-4)
q(f) in (10) equals the number of nonzero entries ifor 1 < m < M. Equations (A.4) specify the spectrulfy f)
{X,.(f):r = 0,1,....,L — 1}. Hence the summation in over the active subcellg:,,,(!)/LT) & G, that partitionF. For
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the rangef ¢ F, X(f) = 0 holds by our choice of’,,’'s. We Consider the spectral componettg_(;(f) andEy. y(f) of
multiply the right-hand sides of (A.4) by the indicator functiongne ajiasing errorg(f) % X(f) — X(f)) defined exactly as
corresponding to their regions of validity and add them togethgf. (12) with E( ) in place of X (f)

This gives us a single equation faf( /)

L—qm
qm Ekm(r)(f) = Z [Dm]ﬂngn(l)(f)
X(f)=1TVL Z ZZ —
m=1[=1 i=1 L—q
ek , - Ep. (. ] s1 X e A5
AT )Xc-(CJZWfT)X<f <l)€Bgm) ot Z ol -
‘ LT =1
M L—gm p for f € G, 1 <7 < gm, 1 <5< L— qn, and eachn. When
+TVL Z Z Z expressed in the time domain, (A.5) becomes
m=1 (=1 =1 (l> I—q
[O'm]lzeﬂ7T Xq (CﬂﬂfT)X <f @gm> Ckm(7‘)(t) = Z [Dm]rl[wkfn(l)(t)]
=1
=3 (DX ()
=2 ()X, ere (s)(t) = Z (Fm]st[zre iy ()] (A.6)
=1
where The total aliasing error can be obtained by modulating the errors
s on each subcell appropriately and adding. The result is that
®;(f)=1VL Z Z M
m=1 =1 C(t) _ Z e(rn)(t)
[A—l] Cj2777”km(‘l)x <f e tm\Y m([) Y ) m=1
N m 1l L m
Lr where
M L—qgn B L—g
+IVLY, 3. iy =3 kg SN e
m=1 121 M) = enw®e + > et :
‘ < =1 =1
“[Ciluie xl\fe T ®0n Employing (A.6) in the above equation gives
— o Cikm(l) P L—
T\/Z[AAml]liCﬂ7r kL , i J2mkm(r)t i
0 -3 S (YD o0
m=1r=1 =1
- TVLIC,.] jom it H M Ltm e o (BT
m|li€C ) LT m T
if f c krcn(l) e + Zl 231 € < ; [Fm]rlxkfn,(l)(t))
LT " M L—gq.,.
Each of the filtersd;(f), 1 < ¢ < p has a piecewise-constant = Z Z pm 1 (8) ks, @) (F) (A7)
frequency response. Therefore, the reconstruction equation is m=1 I=1
where,, ;(¢) foreachl <m < M andl <1 < L — g, are
N continuous LT -periodic functions defined as
2= Yz ()it - nT)
i=1 n=—oco L—gm 2k, _727\'km(7‘>t
P o . . /'Lm,l(t> = Z [Fm rl€ LT + Z m rle .
=3 > allei+ LiT)pilt — (ci + Li)T) =
=t mee The sup-norm oé(t) can be computed directly from (A.7) as
whereg;(t) is the inverse Fourier transform & (f). O follows:
. . M L—gq,.
Proof of Theorem 3:The following equations (for each
andf € G,,) are (21) rewritten in scalar form: Sup| 0] < (max|/“‘"” tl) Zl ; Sup|$k“ (@)
Lgm M L—gn
X () =Xn, (D) + D Dol Xae ((F), < (max (1)) > /|Xk oDl df
-1 m=1 =1
1<7 < gm Mo
L—qm Inax|um 1(1)] Z Z
kan(1)(f) :kan@)(f) + Z [F'rrz]1‘le$n(l)(f)a m=1 i= 1 (Z)
=t )X :
evei-u /[ X )a
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The double sum of the integrals reduces to the integridf 6f )| Now it readily follows from (A.5), (13), and the above equation
over the union of the subcellgke,(1)/LT) & G, }, or equiva- that
lently, over the out-of-band regidtF]\F. Hence

dt_ (m'rn f) m+D:an)x;z(f) df
swle® <0 [ XDl (A8) /—oo Z
t FNF M L—q.,
wheres) is the constant => Z/ | Xke ()1 df
dﬁf - m=1 =1 g
1/) = 1% (1<l<L . te[O |Un1 l( )|) :/ |X(f)|2 df (A.ll)
Hon

We have used the fact that,, ;(t) is a periodic function

of period LT to restrict the range fot in the above max- where, the last step follows from the definitionf,(f), and
imization. We demonstrate that is the smallest possible . is defined as

coefficient in the bound (A.8) for the sup-norm eft). First L—gm

note thaty) = |fim,.1, (to)| for somemg € {1,...,M} and Hyp = k) @D Gm- (A.12)
lo € {1,2,...,L — g, } andt, € [0, L] SINCE i (t) is o T

continuous orf0, LT]. Now define Note that the union of these setsH,, equals the total

out-of-band region)7]\F. Therefore, we deduce from (A.11)

. kg (lo)
X(f) = {e"p(_ﬂ’rf to),  iff€ =7 ®Gm, and (A.12) that
0, otherwise.
(A.9) P M . )
In the time domain this is equivalent to / (Hdt< /\mak(FrnFm""Dnsz)/H | X(HI”df.
e m=1 m

&(t) = A(Gum, ) sine (’\(kg"m()l(g t(l))) This bound is not very useful in this form. We can weaken it a
X exp <j27r ( nzTo +§(%lo +%lo+l)) (t— to)) little to express it in terms of the out-of-band signal enefigy
(A.10) / A(t) dt < max(Mnax(F Fpn + D7Dy )|€one (A13)

For the choice oX(f) in (A.9) it is clear that there is only one
nonzero term in the right-hand side of (A.7), namely, the ten
corresponding ten. = mg andl = ly. Hence we obtain

t
sup [e(t)] = Sup {1t 1o (D)1, 1) (B Fou Z /

whereé&,.,; is defined as

X(P]Fdf = / X(HIPdF (A1)

m=1

2 |ptmo 1o (F0)| X ks, 10 (Fo)] By a very similar argument, we obtain the following lower
bound on the ener t):
=0 G = [ Xl 0 af)
FNF

OO

In fact, both sides of the above inequality are equal since (A.8) e (t) dt > minAwin (£, F + D} Di)l€ous. (A.15)
holds. This proves that the bound in (A.8) is sharp with the ex-

tremalz(¢) in (A.10) achieving the bound. O These bounds are indeed sharp. The constants multipfing

are the best. To demonstrate this we construct extremal func-
Cions satisfying each of the above bounds. It is sufficient to
speC|fy the active and inactive spectral componesJig,f) and

<, B 9 z,,(f) rather thanX (f). After all, one can be determined in
/_Oo e’(t)dt = /[f] (ECHI df terms of the other. Consider the bound (A.13) first. Let

Proof of Theorem 4:We shall now derive a bound on the
energy of the errog(¢). First observe that by Parseval's theorem

= /[ - |E()I* df +/ \E(f)* df mo = arg max(Amax (F o, Fr + D D,))
F F m
LI ) and define for eactn
=2 Z/“ g, B
m=1 r=1 0’ f . gnl
33 if m # mg
2
$03 [ IBOPY {pw fmzm teg,
M L—q,. . . .
= Z Z | Eoe f)|2 df wherep,,, ' is the eigenvector ofF';, F,., + D;, D,,] cor-
m=1 r=1 ki) responding to its largest eigenvalue Starting from (A.11), one
M _qm can readily verify that the above function is an extremal for
+ / Er n(f) 2 qf. the bound (A.13). An extremal for (A.15) is constructed analo-
g_:hz:l B ( )( ) gously. O
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Proof of Theorem 5:Recall that M i )
b e where v, =7 % AGn)(| 4, IF + ICml13)
~ . . m=1
D)= > w((ei+ LiT)¢i(t — (ci + Lj)T)
i=1 j=—oo where|| - || ¢ is the Frobenius norm. |

It is clear that
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